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ABSTRACT The direction of arrival (DOA) estimation of multiple radio frequency (RF) coherent signals
using conventional algorithms such as Multiple Signal Classification (MUSIC), Estimation of the Signal
Parameters via the Rotational Invariance Technique (ESPRIT), and their variants is computationally complex
and usually requires a large number of data snapshots for accurate estimation. As the number of antenna
elements grows, particularly in massive MIMO systems, the complexity of real-time DOA estimation
algorithms significantly rises, placing higher demands on computational power and memory resources.
In this paper, we present an efficient approach that operates effectively with just a single snapshot for DOA
estimation ofmultiple coherent and non-coherent signals. The proposedmethod has the following advantages
over existing methods: 1) constructs a Toeplitz structure data matrix from a single data snapshot; 2) applies
forward-backward averaging operation to the data matrix instead of the covariance matrix constructed using
hundreds of snapshots; 3) resolves the differences in the noise elements of the data matrix, preserving the
conjugate symmetry property of the Toeplitz matrix; 4) converts the complex Toeplitz data matrix to a
real-valued matrix in an efficient way without unitary transformations; and 5) employs QR decomposition to
extract the signal and noise subspaces, eliminating the need for computationally complex eigenvalue (EVD)
or singular value decomposition (SVD). Finally, we establish the effectiveness of our proposed method
through both MATLAB simulations and real-time experiments. Compared to existing methods like Unitary
root-MUSIC, the proposed approach demonstrates significantly reduced complexity and faster estimation
times.

INDEX TERMS Single snapshot, DOA estimation, coherent sources, software defined radio, real-time
validation, USRP, Toeplitz matrix, decorrelation, computation time.

I. INTRODUCTION
Estimating the direction of arrival (DOA) angles of RF
sources impinging on an array of antennas has emerged
as a dynamic field of research with growing significance
across diverse practical applications, spanning both civilian
and military domains. These applications encompass crucial
tasks such as channel equalization and estimation, inter-
ference and echo suppression, precise source localization
within sonar and radar systems, the deployment of adaptive
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antenna arrays for intelligent beamforming inwirelessmobile
communication systems, as well as the integration of DOA
estimation in advanced technologies like MIMO systems and
next-generationwireless communication systems [1], [2], [3],
[4], as illustrated in Fig. 1. However, existing methods for
extracting the DOA estimates are computationally complex.
They invariable necessitate a large quantity of data samples
(snapshots) to achieve precise DOA estimation. Additionally,
as the number of antenna elements increases, as observed
in massive multiple-input multiple-output (MIMO) systems,
complexity increases manifold. Consequently, this places
extra requirements on the real-time implementation of DOA
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estimation algorithms, primarily due to increase in compute
power and memory requirements.

FIGURE 1. Some applications of DOA estimation.

Numerous methods exist for DOA estimation. Subspace-
based DOA estimation algorithms are frequently referenced
in the literature. These include widely known techniques
like MUSIC [1], ESPRIT [2], as well as their various
adaptations [3], [4], [5], [6]. These methods employ either
Eigenvalue Decomposition (EVD) or Singular Value Decom-
position (SVD) to extract the signal and noise subspaces.
However, while thesemethods have high estimation accuracy,
they have some drawbacks. These methods, along with their
multiple variants [3], [4], [5], [6], [7], exhibit significant
computational complexity. They require a large number of
snapshots, resulting in a high computational cost (typically
on the order of O(N 3), where N represents the size of the
received data matrix). This renders them impractical for
real-time hardware implementation due to the considerably
increased processing time and hardware resource require-
ments. Moreover, these classical DOA estimation methods
perform poorly in accurately computing the DOA angle esti-
mates when the incident signals are highly correlated or
coherent [8], [9].

Improving the estimation accuracy of coherent signals has
been an important research topic when addressing the chal-
lenge posed by signals in multipath environments. Typically,
preprocessing steps are necessary for estimating the DOA
of coherent sources, as the covariance matrix becomes sin-
gular and becomes rank deficient, rendering accurate DOA
estimation of such signals very difficult [8], [9]. Specific
approaches, like spatial smoothing, can be employed during
the preprocessing phase to enhance the rank of the covari-
ance matrix [10], [11], [12], [13], [14], [15], [16], [17],
but their performance and computational complexity exhibit
much variation. These operations add to the complexity and
computation cost of DOA estimation. Moreover, the effect
of spatial smoothing operations on estimation performance
degrades owing to reduced array aperture [13]. Alternative
techniques for decorrelation of coherent sources have been
proposed which employ Toeplitz matrix theory [17], [18],

[19], [20]. These techniques known as Toeplitz decorrelation
techniques do not reduce array aperture and yield better
performance compared to conventional spatial smoothing
techniques.

Direction finding or DOA estimation along with beam-
forming are enabling technologies for 5G communications
and beyond. However, these next generationwireless commu-
nication technologies use a very large number of antennas for
providing computing, localization, sensing services (massive
IoT), higher multi-Gbps peak data speeds, high throughput,
and massive network capacity. The need for hundreds of
antennas presents formidable challenges in DOA estimation,
particularly when dealing with the computation of very large
array matrices generated from the signals received by these
antennas. In recent years, there have been attempts at using
machine learning (ML) based methods [21], [22], [23], [24],
[25] for DOA estimation which seem promising and viable.
However, ML-based methods require large datasets for train-
ing these ML models to work effectively under all possible
yet unpredictable real-world scenarios. Such datasets are not
easy to obtain or generate. This and the inherent complexity
of ML-based methods pose challenges to a wider adoption of
these methods for real-time practical applications. However,
it is expected that in future ML-based methods will become
more efficient and feasible for deployment.

Reducing computational complexity while maintaining
high estimation accuracy is critical for practical implemen-
tation in many applications such as in MIMO systems and
for the next generation wireless communication systems.
To this end, several approaches have been reported in the
literature that avoid computationally complex EVD and SVD
and have instead used computationally light matrix decom-
position methods such as QR [26], LU [27], LDL [28], and
Cholesky [29]. LU-based method is claimed to be superior
to other methods in terms of hardware resources consumed
and computation speed for FPGA hardware implementation
as reported in [30]. However, they still require a large number
of snapshots.

Using minimum number of snapshots of the received
signals at the antenna array can significantly reduce the
computational complexity of DOA estimation algorithms and
make them suitable for fast real-time response as required,
for instance, in the case of tracking moving targets, for
sonar and in automotive radar applications. However, single
snapshot-based methods suffer from performance issues and
work well only at a high SNR. Several methods have been
reported in the literature that proposed computing the DOA
estimates using a single snapshot [31], [32], [33], [34], [35],
[36], [37], [38]. However, their complexity and performance
vary. More research is needed to further investigate this
approach and this paper is a step in that direction.

The work reported in [31] proposes an approach that
requires a pre-processing step involving covariance matrix
reconstruction and manipulation of the structural informa-
tion of the covariance matrix to improve DOA estimation
performance using a single snapshot. This method presents
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an improvement over existing methods such as root-MUSIC.
However, it requires several stages of computing the DOA
estimate. In the first stages, an initial estimate of the DOA is
obtained which is then used in the subsequent stage which
involves an iterative approach to minimize the difference
between the estimated DOA and the initial DOA. While this
approach improves the performance, it is inherently complex
and its multistage and iterative approach increases the com-
putation time.

R. Wu et. al. in [32] proposed methods that transform
the DOA estimation task into Frobenius-norm-based opti-
mization problems. These methods initially construct the
Khatri-Rao product-like data vector, and subsequently apply
a row elementary transformation to the structured data vector.
While these methods have good estimation performance, they
have high computational requirements.

The work presented in [33] for estimating the DOA angles
from a single snapshot leverages a deterministic identification
algorithm as a performance metric. This choice enhances
the robustness of the DOA estimator, ensuring its ability
to withstand modeling inaccuracies and noise by employ-
ing a trial-and-error approach. However, this technique has
several limitations. Firstly, it is recursive in nature and is
computationally intensive due to its high snapshot sampling
requirements. Furthermore, it necessitates access to the phys-
ical structural details of the array to set the initial parameters.
Additionally, when multiple signal sources of interest require
a considerably extensive antenna array aperture, this method
becomes vulnerable to estimation errors.

In the research work presented in [34], the authors intro-
duce a single-snapshot DOA algorithm that relies on the
Alternating Direction Method of Multipliers (ADMM) [39],
which has been adapted to accommodate complex-valued
data. ADMM is a numerical technique employed for solving
convex optimization problems through iterative calculations,
repeating until a specific termination condition is met or a
pre-defined number of iterations is reached. The proposed
method which requires sequential and iterative computation
of several variables of interest, seems to have good estimation
performance. However, the iterative nature of the algorithm
increases computation time and makes it somewhat unpre-
dictable.

Another method is proposed in [35] for DOA estimation
using a single snapshot. This method can be applied to arbi-
trary array configurations and works well for both coherent
and noncoherent sources. The method suggested calculates
the DOA by initially transforming a multidimensional atomic
norm minimization problem from the continuous angle
domain into a dual maximization problem. Subsequently, the
dual function is approximated as a finite trigonometric poly-
nomial through the utilization of a truncated Fourier series.
These operations increase the complexity of the proposed
algorithm.

In [36], the authors introduced an algorithm based on the
Matrix Pencil method. This approach involves averaging the

received signal from the antenna array over N snapshots by
computing the mean phase difference between the antennas.
While this method improves the DOA estimation accuracy,
it works only for noncoherent sources. S. Mazokha et. al.
in [37] proposed an approach based on data Hankelization
and singular value decomposition (SVD) to estimate theDOA
angles using a single snapshot of the received data. The
drawback of this method is its high computation cost due to
the use of SVD.

In a different study cited in [38], an alternative multi-stage
algorithm for single-snapshot DOA estimation was intro-
duced. It begins by employing the traditional low-resolution
discrete Fourier transform (DFT) spectrum to derive an initial
estimate of the DOA. In the subsequent stage it refines the
search region for the target DOA. However, a drawback of
this technique is that it works well only when the number of
antennas in a uniform linear array (ULA) exceeds 128.

Another class of DOA estimation methods that has gar-
nered a lot of interest recently is based on the compressed
sensing (CS) technique [40], [41], [42], [43], [44], [45],
[46], [47], [48] which exploits signal sparsity to reduce
the number of required measurements, aiming to achieve
accurate angle estimation with fewer snapshots. However,
some CS-based methods such as l1-norm minimization [44],
[45], [46] or iterative methods [47], [48] can be computa-
tionally intensive. The complexity might also increase with
larger problem sizes or higher levels of sparsity. Another
drawback of CS-based methods is that convergence of iter-
ative algorithms used in CS may require multiple iterations
to reconstruct sparse signals accurately, leading to longer
computation times, especially for signals with lower spar-
sity levels. Moreover, achieving real-time CS-based DOA
estimation might be challenging due to the computational
demands of the reconstruction algorithms, especially in sce-
narios where rapid and continuous estimation is required.

In this paper, we address two main challenges facing DOA
estimation – 1) increasing computational complexity for large
antenna arrays (such as for MIMO systems) using multiple
snapshots of received signals which require the processing
of extensive array matrices generated from signals received
by hundreds of antennas, 2) accurate estimation of highly
correlated sources without increasing computational com-
plexity. In an attempt to address these challenges, we propose
in this paper a new low complexity algorithm that accu-
rately estimates the DOA of multiple coherent signals using
only a single snapshot from a uniform linear array (ULA).
First, a single snapshot of the received signals at the antenna
array is used to construct a Toeplitz structure matrix. The
complex-valued Toeplitz matrix is converted to a real-valued
matrix using a novel method which does not require unitary
transformations. QR decomposition method is used to extract
the signal and noise subspaces. The noise subspace is utilized
in the subsequent steps based on polynomial rooting to obtain
the DOA estimates. Use of real-valued matrices reduces com-
plexity of matrix operations by a factor of four.
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Prior to deployment, it is of vital importance to vali-
date DOA estimation algorithms experimentally for real-time
response under realistic scenarios. Majority of the work
reported in the literature validated algorithms only numeri-
cally using computer simulations. A few works have looked
at experimental validation of DOA estimation algorithms on
different hardware platforms [49], [50], [51], [52], [53], [54],
[55]. Owing to its practical significance, the performance of
the proposed method has been validated through real-time
experiments on a software defined radio platform using NI
USRPs and LabVIEW, in addition to computer simulations
using MATLAB. The following are the advantages of the
proposed method:

• Requires only a single snapshot to yield accurate estima-
tion.

• Does not require computationally complex EVD/SVD.
• Does not require the covariance matrix to be computed.
• Has low complexity and fast computation time.
• It works well for both noncoherent and coherent sources.
• Converts complex-valued data to real-valued data using
a novel method.

• Works with real-valued data reducing computation cost
by a factor of 4.

• Highly suitable for practical real-time implementations.
• Highly suitable for use in MIMO systems and next
generation wireless communication systems.

The rest of this paper is organized as follows: Section II
presents the system model and the proposed algorithm;
Section III analyses the computational complexity of the
proposed algorithm in comparison with the unitary root-
MUSIC method; Section IV presents the MATLAB simula-
tion results; Section V describes the prototype testbed using
a 9-element ULA for real-time experimental validation; and
Section VI presents the results of real-time experiments on
the prototype testbed; the paper ends with conclusions in
Section VII.

II. SYSTEM MODEL AND PROPOSED ALGORITHM
The systemmodel is built around a centro-symmetric uniform
linear array (ULA) consisting of 2N + 1 receiving antennas.
The antenna element in the center of the array is considered as
the reference position (#0). This leaves N antenna elements
on either side of the reference position, as shown in Fig. 2.
The separation between antenna elements, d, is equal to half
the wavelength of incident signals. The signals whose DOAs
are to be estimated are considered to be in the far-field region
of the antenna array.

Consider K narrowband source signals impinging on the
array at angles of incidence (θ1θ2,, . . . θK ), with K <2N + 1.
It is assumed that all incident sources have the same carrier
frequency. The output signal from the nth element on the ULA
for a given snapshot at time t is given by:

yn (t) =

K∑
i=1

e
−j

(
2π
λ
(n)

)
dcosθisi(t) + nn (t) (1)

FIGURE 2. Centro-symmetric uniform linear array with 2N+1 elements.

where
si (t) = ith source signal incident on the ULA,
nn(t) = additive white Gaussian noise (AWGN) at the nth

element,
yn(t) = received signal at the nth element at time t where

−N≤n ≤ N .

Taking the element at the center of the array as the refer-
ence point, we can express the output vector from the (2N+1)
antenna elements positioned along the linear axis as follows:

Ŷ (t) =



Y−N (t)
...

Y0 (t)
...

YN (t)

 = A (θ) s (t) + n (t) (2)

where dimension of Y(t) is (2N +1) x 1, and

A (θ) =
[
a (θ1) a (θ2) . . . a (θK )

]
(3)

is the array response matrix of dimension (2N + 1) × K ,
where

a (θk) =
[
(u∗
k )
N

· · · 1 · · · uNk
]T

(4)

is the corresponding array transfer vector of size (2N +1) ×

1, where

uk = e
−j

(
2π
.λ

)
dcos(θk ) (5)

s(t) is the vector of K received signals

s (t) = [s1(t) s2 (t) · · · sK (t)]
T (6)

and,

n (t) =
[(
n−N (t) · · · n0 (t) · · · nN (t)

)]T (7)

where
n (t) is the noise vector of size (2N + 1) × 1. The super-

scripts (·)H, (·)T, and (·)∗, denote the Hermitian, transpose,
and conjugate operations, respectively.
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In the proposed method, first we average the received
signal data vectors Y (t) over L samples, as:

z (t) =
1
L

L∑
i=1

Ŷi(t) =



z−N (t)
...

z0 (t)
...

zN (t)

 (8)

Next, we construct the Toeplitz structure datamatrixZwith
dimension (N +1) × (N +1) using the sample-averaged data
vector z(t) as follows:

Z =


z0 z−1
z1 z0
z2 z1

· · ·

z−N
z−(N−1)
z−(N−2)

...
...

. . .
...

zN zN−1 · · · z0



=


x0 x−1
x1 x0
x2 x1

· · ·

x−N
x−(N−1)
x−(N−2)

...
...

. . .
...

xN xN−1 · · · x0



+


n0 n−1
n1 n0
n2 n1

· · ·

n−N
n−(N−1)
n−(N−2)

...
...

. . .
...

nN nN−1 · · · n0

 (9)

where
xi = source signal component at the ith element of the ULA
ni = noise signal component at the ith element of the ULA
Considering the noiseless case for the sake of simplicity,

the Toeplitz structure matrix Z can be decomposed according
to the Vandermonde decomposition theorem [56], as:
Z = ÃSpÃ

H

In the presence of noise, we have:

Z = Zx (t) + Zn(t) = ÃSpÃ
H

+ ÃNpÃ
H

(10)

where Ã = [Ã (θ1) Ã (θ2) · · · Ã (θK )] is the (N + 1)
x K Vandermonde array steering matrix with Ã (θk) =[
1e

−j
(
2π
.λ

)
dcos(θk ). . .e

−j
(
2π
.λ

)
Ndcos(θk )

]T
,Sp = diag[s1, . . . ,

sK ] is a positive definite diagonal matrix with dimension K
x K where sk > 0 (k = 1, . . . , K ) are the incident signal
sources, and Np = diag[n1, . . . , nK ] is diagonal matrix of
noise signals. The Vandermonde decomposition theorem first
introduced in [57] is stated below:
Theorem: Any positive semidefinite (PSD) Toeplitz matrix

T (x)∈ CNxN of rank r ≤ N admits the following r-atomic
Vandermonde decomposition:

T = ASAH

where S= diag(s1, . . . , sk) is an K× K positive definite diag-
onal matrix of signal powers and A is an N×K Vandermonde
matrix.
Analysis: Consider two sources s1(t) and s2(t) impinging

on a 5-element ULA. For the sake of simplicity and constraint
of space, consider noiseless signals.

Let
Hence, Z = ÃSpÃ

H
.

Likewise, in the presence of noise, it can be shown that
Z = ÃSpÃ

H
+ ÃNpÃ

H

The Vandermonde decomposition, a foundational finding
attributed to Caratheodory and Fejér in 1911 [57], has gar-
nered significance within the realms of data analysis and
signal processing. Its prominence has grown since the 1970s,
following its rediscovery by Pisarenko, who harnessed it for
the purpose of extracting frequencies from the data covari-
ance matrix [58].

Since Z = ÃSpÃ
H

and the diagonal signal matrix Sp is
of full rank, the rank of Z is the same as that of Ã. The
matrix Ã in (9) has the structure of a Vandermonde matrix
and its rank cannot exceed K ; hence, rank of Z is equal to
K . This means that the rank of the Hermitian Toeplitz data
matrix Z is equal to the number of sources whose DOAs are
to be estimated, regardless of the sources being non-coherent
or highly correlated. Therefore, DOAs of all the incident
sources can be successfully estimated because the Toep1itz
data matrix structure is preserved in either scenario (i.e.,
coherent or non-coherent sources).

Since the real-time data is noisy and the noise is random
at each of the antenna elements in the array, the off-diagonal
elements of Z are not conjugate of each other. For example,
the off-diagonal noise matrix elements n−1 and n1 in (9) are
not equal (n−1 ̸= n1∗). In preparation for converting the
complex-valued matrix Z to a real-valued one, we apply a
conjugate smoothing operation (CSO) by adding Z to its Her-
mitian keeping the Toeplitz structure of the matrix unchanged
even in the presence of noise.

Ẑ =
1
2
(Z+ ZH ) =

1
2
(Z+ JZ∗J) (11)

where J is (N + 1) × (N + 1) matrix with ones in the
off-diagonal elements and zeros elsewhere.

The operation in (11) is equivalent to the forward-backward
averaging of the data matrix Z to produce Ẑ.
Analysis: Consider the two sources s1(t) and s2(t) to be

coherent (s1(t)= s2(t)= s(t)). In the presence of noise, Z can
be expressed as: shown in the equation at the bottom of the
next page.

Let ejα1+ejα2 = cosα1+jsinα1+cosα2+jsinα2 = µ1+jγ1
where µ1 = cosα1 + cosα2 and γ1 = sinα1 + sinα2
and ej2α1 +ej2α2 = cos2α1+ jsin2α1+cos2α2+ jsin2α2 =

µ2 + jγ2
where µ2 = cos2α1 + cos2α2 and γ2 = sin2α1 + sin2α2
Similarly,

e−jα1 + e−jα2 =cosα1 − jsinα1 + cosα2 − jsinα2=µ1 − jγ1
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e−j2α1 + e−j2α2 =cos2α1 − jsin2α1 + cos2α2 − jsin2α2

= µ2 − jγ2

Matrix Z can now be rewritten as: shown in the equation at
the bottom of the next page.

Now, the off-diagonal elements of Ẑ are conjugate of each
other. For example, Ẑ21=Ẑ

∗
12

Next, it will be shown that JZ∗J = ZH

Let

Z =

 z0 z−1 z−2
z1 z0 z−1
z2 z1 z0

 H⇒ZH=

 z∗0 z∗1 z∗2
z∗
−1 z∗0 z∗1
z∗
−2 z∗

−1 z∗0


JZ∗J =

 0 0 1
0 1 0
1 0 0

  z∗0 z∗
−1 z∗

−2
z∗1 z∗0 z∗

−1
z∗2 z∗1 z∗0

  0 0 1
0 1 0
1 0 0


=

 0 0 1
0 1 0
1 0 0

  z∗
−2 z∗

−1 z∗0
z∗
−1 z∗0 z∗1
z∗0 z∗1 z∗2


=

 z∗0 z∗1 z∗2
z∗
−1 z∗0 z∗1
z∗
−2 z∗

−1 z∗0

 =ZH

Thus, JZ∗J = ZH and Z+ ZH= Z+JZ∗J
Next, in the proposed algorithm a novel method [59]

is developed to convert the complex-valued data matrix Ẑ
in (11) into a real matrix without any additional signal pro-
cessing steps, as:

Ẑr= real
(
Ẑ

)
+imag

(
Ẑ

)
∗J = T + H (12)

where T is a symmetric Toeplitz matrix, H is a Hankel skew-
centrosymmetric matrix, and J is (N + 1) × (N + 1) matrix
with ones in the off-diagonal elements and zeros elsewhere.
The conversion of complex-valued data to real data using

this novel method is illustrated in the following numerical
example.
Example:
Let

Ẑ=

 8 3 + j2 5 + j7 4 + j
3 − j2 8 3 − j2 5 − j7
5 − j7 3 + j2 8 3 − j2
4 − j 5 + j7 3 + j2 8


Ẑr =

 8 3 5 4
3 8 3 5
5 3 8 3
4 5 3 8

 + j

 0 2 7 1
−2 0 2 7
−7 −2 0 2
−1 −7 −2 0

 ∗ J

α1 =
2πdcosθ1

λ
;α2 =

2πdcosθ2
λ

;Sp =

[
s1 (t) 0
0 s2 (t)

]
x0 = s1 (t) + s2 (t)
x1 = e−jα1s1 (t) + e−jα2s2 (t)
x−1 = ejα1s1 (t) + ejα2s2 (t)
x2 = e−j2α1s1 (t) + e−j2α2s2 (t)
x−2 = ej2α1s1 (t) + ej2α2s2 (t)

Ã (θ) =

[
1 1

e−jα1
e−j2α1

e−jα2
e−j2α2

]
; Ã

H
(θ) =

[
1 ejα1 ej2α1

1 ejα2 ej2α2

]

Z =

 x0 x−1 x−2
x1 x0
x2 x1

x−1
x0


=

 s1 (t) + s2 (t) ejα1s1 (t) + ejα2s2 (t) ej2α1s1 (t) + ej2α2s2 (t)
e−jα1s1 (t) + e−jα2s2 (t) s1 (t) + s2 (t) ejα1s1 (t) + ejα2s2 (t)
e−j2α1s1 (t) + e−j2α2s2 (t) e−jα1s1 (t) + e−jα2s2 (t) s1 (t) + s2 (t)


ÃSpÃ

H
=

 1 1
e−jα1

e−j2α1
e−jα2

e−j2α2

 [
s1 (t) 0
0 s2 (t)

] [
1 ejα1 ej2α1

1 ejα2 ej2α2

]
=

 s1 (t) s2 (t)
e−jα1s1 (t) e−jα2s2 (t)
e−j2α1s1 (t) e−j2α2s2 (t)

 [
1 ejα1 ej2α1

1 ejα2 ej2α2

]

=

 s1 (t) + s2 (t) ejα1s1 (t) + ejα2s2 (t) ej2α1s1 (t) + ej2α2s2 (t)
e−jα1s1 (t) + e−jα2s2 (t) s1 (t) + s2 (t) ejα1s1 (t) + ejα2s2 (t)
e−j2α1s1 (t) + e−j2α2s2 (t) e−jα1s1 (t) + e−jα2s2 (t) s1 (t) + s2 (t)



Z =


2s (t) + n0 (t) (ejα1 + ejα2 )s (t) + n−1 (t) (ej2α1 + ej2α2 )s (t) + n−2 (t)

(e−jα1 + e−jα2 )s (t) + n1 (t) 2s (t) + n0 (t) (ejα1 + ejα2 )s (t) + n−1 (t)

(e−j2α1 + e−j2α2 )s (t) + n2 (t) (e−jα1 + e−jα2 )s (t) + n1 (t) 2s (t) + n0 (t)


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Ẑr =

 8 3 5 4
3 8 3 5
5 3 8 3
4 5 3 8

 +

 0 2 7 1
−2 0 2 7
−7 −2 0 2
−1 −7 −2 0


×

 0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0



Ẑr =


8 3 5 4
3 8 3 5
5 3 8 3
4 5 3 8

 +


1 7 2 0
7 2 0 −2
2 0 −2 −7
0 −2 −7 −1



=


9 10 7 4
10 10 3 3
7 3 6 −4
4 3 −4 7


The above novel method of converting a complex-valued

matrix to a real-valued matrix takes fewer operations com-
pared with the unitary transformation method. The advantage
of converting the complex-valued matrix to a real-valued
matrix is that it reduces the computation time by a factor of
four and memory resources consumption by a factor of two.
For subsequent steps in the proposed algorithm for computing
the DOA estimates, using a real-valued matrix reduces the
computation cost by a factor of at least four.

In the next step, the signal and noise subspaces are
extracted from Ẑr by using QR decomposition method.

QR(̂Zr) =
[
Qs Qn

] Rs
...

O

 (13)

where
Qs = signal space matrix of size (N + 1) × K ,
Qn = noise space matrix of size (N + 1) × ((N + 1)-K )),

Rs = upper triangular signal spacematrix of size (K ×N +

1),
O= lower triangular matrix of size ((N +1)-K ) × (N +1)

with all elements as zeros.
The column vectors of matrix Q form an orthonormal

basis. The noise subspace matrix Qn is used to compute the
power spectrum P (θ) similar to the MUSIC method.

P(θ ) =
1

UÃ(θ)
H
(QnQ

H
n )Ã (θ)UH

(14)

where U is a unitary matrix with dimensions (N +1) × (N +

1).

U = Ij+ J =



j 0 0 · · · 1
0 j 1 · · · 0

0
...

... · · · 0
... 1 j

. . .

1 0 0 · · · j

 (15)

where I is the identity matrix and J is a matrix with ones
in the off diagonal elements and zeros elsewhere, both of
dimension (N + 1) × (N + 1).
As indicated in equation (14), we can determine the DOA

of incoming signals by performing a 1D spectrum peak search
across the range of θ . To further decrease computational com-
plexity, we can adjust the spectrum search in equation (14)
to compute DOAs using polynomial roots. The modified
estimator can be defined as follows:

Assuming w = exp
(

−j2πdcos(θk )
λ

)
, we can rewrite Ã (θk)

as:

a (w) =

[
1 w . . . wN

]T
(16)

Z =


2s (t) + n0 (t) (µ1 + jγ1)s (t) + n−1 (t) (µ2 + jγ2)s (t) + n−2 (t)

(µ1 − jγ1)s (t) + n1 (t) 2s (t) + n0 (t) (µ1 + jγ1)s (t) + n−1 (t)

(µ2 − jγ2)s (t) + n2 (t) (µ1 − jγ1)s (t) + n1 (t) 2s (t) + n0 (t)



ZH =


2s∗ (t) + n∗

0 (t) (µ1 + jγ1) s∗ (t) + n∗

1 (t) (µ2 + jγ2)s∗ (t) + n∗

2 (t)

(µ1 − jγ1)s∗ (t) + n∗

−1 (t) 2s∗ (t) + n∗

0 (t) (µ1 + jγ1)s∗ (t) + n1 (t)

(µ2 − jγ2)s∗ (t) + n∗

−2 (t) (µ1 − jγ1)s∗ (t) + n∗

−1 (t) 2s∗ (t) + n∗

0 (t)



∴ Ẑ= Z+ZH =



2(s (t) + s∗ (t))+
n0 (t) + n∗

0 (t)
(µ1 + jγ1) (s (t) + s∗ (t)) +

n−1 (t) + n∗

1 (t)
(µ2 + jγ2)(s (t) + s∗ (t))+

n−2 (t) + n∗

2 (t)

(µ1 − jγ1) (s (t) + s∗ (t)) +

n1 (t) + n∗

−1 (t)
2(s (t) + s∗ (t))+
n0 (t) + n∗

0 (t)
(µ1 + jγ1) (s (t) + s∗ (t)) +

n−1 (t) + n∗

1 (t)

(µ2 − jγ2)(s (t) + s∗ (t))+
n2 (t) + n∗

−2 (t)
(µ1 − jγ1) (s (t) + s∗ (t)) +

n1 (t) + n∗

−1 (t)
2(s (t) + s∗ (t))+
n0 (t) + n∗

0 (t)


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The denominator in (14) expressed in polynomial form:

f (w) = UÃ
H
(w)QnQ

H
n Ã (w)UH (17)

Like root-MUSIC, the roots zk of the polynomial function
in (17) can be used to calculate the DOAs of the incident
sources as follows:

θk = arccos
(

λangle (wk)
2πd

)
(18)

The following steps summarize the proposed method:
Step 1: Construct the Toeplitz structure data matrix Z

using the sample-averaged data vector z(t)
Step 2: Compute Ẑ as in (11)
Step 3: Convert the complex-valued data matrix Ẑ to a

real-valued matrix Ẑr as in (12)
Step 4: Extract the signal and noise subspaces from

Ẑr using QR decomposition as in (14)
Step 5: Compute the roots of the polynomial in (18)
Step 6: Compute the DOAs according to (19)
In this paper, the proposed method is compared with an

existing method called unitary root-MUSIC (URM) [60]
which is a real-valued search-free variant of the popular and
classical subspace-based DOA estimation algorithmMUSIC.

In URM, a covariance matrix of size N x N is computed
from a large number of data samples as:

R =
1
L

∑L

k=1
Y (k)YH (k) (19)

In comparison, the proposed method can accurately estimate
the DOAs from a single snapshot, thus, significantly reducing
the complexity.

Next, forward-backward averaging smoothing (FBSS)
operation is applied to the covariance matrix as:

RFB =
1
2
(R+ JR∗J) (20)

where J is N x N matrix with ones in the off diagonal
elements and zeros elsewhere.

In order to convert the complex-valued RFB to a real-
valued matrix, it is left- and right-multiplied by a unitary
transformation matrix Uu as:

R̂R = UH
u RFBUu (21)

where

Uu =
1

√
2

[
IM iIM
JM −iJM

]
Uu

=
1

√
2

 IM OMx1 iIM
O1xM

√
2 O1xM

JM OMx1 −iJM

 (22)

whereM = N /2 for even N, andM = (N -1)/2 for odd N.
Conversion from complex-valued to real-valued data

matrix in the proposed method is less complex and takes
fewer operations compared with the one in (21) for URM.

Next, the signal and noise subspaces are extracted by
applying eigenvalue decomposition to the real-valued matrix

R̂R. In contrast, the proposed method uses QR decomposition
resulting in lower complexity and computation cost since
QR requires O(2N 3/3) operations whereas EVD requires
O(N 3) operations. Another drawback of applying EVD in the
existing methods such as URM is that complex eigenvalues
may cause the real matrix obtained by applying the unitary
transformation in (21) to revert to a complex-valued matrix
again since complex eigenvalues will yield complex eigen-
vectors.

The subsequent steps in URM are similar to the
root-MUSIC method which involves polynomial rooting and
finally computing the DOAs.

FIGURE 3. Flowcharts of URM and proposed algorithms.

Fig. 3 illustrates the major steps involved in computing the
DOA estimates using the URM and the proposed algorithm.
For the proposedmethod, the Toeplitzmatrix Z is constructed
using the sample-averaged data vector z(t) as shown in (9).
The next section will analyze the computational complexity
of the proposed algorithm and URM and show why the
proposed method is superior in terms of lower computation
cost.

III. COMPLEXITY ANALYSIS
In this section, we delve into the computational complexity
of the proposed algorithm (PM) and unitary root-MUSIC
(URM). We will show why the proposed method outper-
forms URM in terms of the computational cost associated
with obtaining DOA estimates. Our analysis considers K
signal sources, 2N + 1 antenna elements, and L snapshots
as parameters for formulating the cost equations. Table 1
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TABLE 1. Computational cost for proposed method and unitary
Root-MUSIC for major signal processing steps for DOA estimation.

TABLE 2. Computational cost with varying N.

presented below provides a breakdown of the computational
costs for the major signal processing steps for both the pro-
posed method and the URM.

For a numerical comparison of computation cost for the
proposed method with URM, we calculate the total number
of arithmetic operations for the case of K = 3, L = 2, and N
varying from 8 to 256, as listed in Table 2 below. It is to be
recalled that number of antenna elements is equal to 2N+1.
Table 2 clearly illustrates the superiority of the proposed

method, which requires significantly fewer operations when
compared to the unitary root-MUSIC method. Specifically,
the proposed method requires only around 10% of the opera-
tions that URM does. Furthermore, this percentage decreases
as the number of antenna elements increases, starting at
10.9%. This makes the proposed method highly suitable for
practical real-time applications and its deployment in MIMO
systems. In column 6 of Table 2, we also calculate the number
of operations required for URM when the number of antenna

elements is halved and compare it with the values for PM in
column 2. Even with twice the number of antenna elements,
the proposed method only requires roughly 70% of the oper-
ations necessary for URM.

IV. MATLAB SIMULATION RESULTS
This section presents the results from several MATLAB sim-
ulations conducted to thoroughly investigate the performance
of the proposed method and help verify and establish its
estimation accuracy under different simulation scenarios. The
performance of the proposed method is examined by calcu-
lating RMSE values against varying SNR, antenna elements,
and the number of snapshots. Simulations are conducted for
the cases of three and two sources. Both coherent and nonco-
herent are considered for direction estimation with a single
snapshot as well as multiple snapshots varying from 2 to
100 and SNR varying from 0 dB to 40 dB. The ULA consists
of 25 antenna elements (N = 12). Additive white Gaus-
sian noise (AWGN) is considered for generating the data
signals received at the ULA. The simulations are run for
100 iterations for each value of the simulation parameter
that is varied. Results of MATLAB simulations are shown in
Fig. 4 through Fig. 9, which include RMSE vs SNR graphs,
a histogram, an RMSE vs Snapshots graph, and RMSE vs
Antenna Elements graphs. The performance of the proposed
method is compared with that of URM.

FIGURE 4. RMSE vs SNR: DOA estimation of three coherent sources with
a single snapshot.

Fig. 4 shows the RMSE values plotted against SNR for the
case of a single snapshot (L = 1) for three coherent sources.
The blue curves are for the proposed method and red for
URM. It is clear from the graph that URM fails to estimate
the DOAs while the performance of the proposed method is
impressive. Its performance improves with increasing SNR
values while that of URM is unaffected. The single snapshot
performance for noncoherent sources is very similar to that
of coherent sources depicted in Fig. 4.
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Fig. 5 and Fig. 6 show the RMSE values plotted against
SNR for the case of 100 snapshots (L = 100) for coherent
and noncoherent sources, respectively.

FIGURE 5. RMSE vs SNR: DOA estimation of three coherent sources with
100 snapshots.

FIGURE 6. RMSE vs SNR: DOA estimation of three noncoherent sources
with 100 snapshots.

It is clear from Fig. 5 that even for multiple snapshots,
URM fails to estimate the DOAs for coherent sources at all
SNR values while the proposed method demonstrates higher
estimation accuracy compared with the single snapshot case.
Its performance improves with increasing SNR values.

The graph in Fig. 6 below is for the DOA estimation of
noncoherent sources with multiple snapshots where URM
shows good performance in contrast with its performance for
coherent sources. In this case, the performance of URM is on
par with the proposed method.

The histogram chart in Fig. 7 below shows the estimation
accuracy of the proposed method for three coherent sources
located at 40o, 60o, and 80o from the ULA. DOA estimates
are computed using only a single snapshot, 25 antenna ele-
ments, and SNR is 20 dB.

FIGURE 7. Histogram of DOA estimates of the proposed method for three
coherent sources lying at 40◦, 60◦ and 80◦ from the ULA.

The plots in Fig. 4 through Fig. 7 clearly demonstrate the
superior performance of the proposed method for a single
snapshot as well as multiple snapshots. While URM fails to
estimate the DOAs of coherent sources for any number of
snapshots, it accurately estimates the DOAs of noncoherent
sources.

Simulations were also carried out for the case of two coher-
ent sources to determine if URM shows better performance
and estimates the DOAs correctly for a smaller number of
sources. Fig. 8 below shows the DOA estimation performance
for two coherent sources with a single snapshot. URM again
fails to estimate the DOAs correctly while the proposed
method shows high accuracy.

FIGURE 8. RMSE vs SNR: DOA estimation of two coherent sources with a
single snapshot.

Next, the DOA estimation performance for URM was
evaluated in the case of multiple snapshots. Fig. 9 shows
the RMSE vs SNR graph for DOA estimation of two coher-
ent sources with 100 snapshots. URM shows significantly
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improved performance almost on par with the proposed
method. This leads us to conclude that URM can accurately
estimate up to two coherent sources with multiple snapshots
but fails when only a single snapshot is used just as it did for
the case of three coherent sources.

FIGURE 9. RMSE vs SNR: DOA estimation of two coherent sources with
100 snapshots.

The next graph in Fig. 10 shows the DOA estimation
performance of the proposed method and URM for coherent
sources with varying number of snapshots at 20 dB with
25 antenna elements. Snapshots are varied from 1 to 100 in
steps of 8. The proposed method demonstrates consistent
performance with high estimation accuracy while the RMSE
values for URM hover around 10 degrees indicating high
error in DOA estimation for coherent sources.

FIGURE 10. RMSE vs Snapshots: DOA estimation of three coherent
sources with 25 antenna elements and 20 dB SNR.

Fig. 11 shows the DOA estimation performance for non-
coherent sources with varying number of snapshots. While
URM fails to estimate correctly with a single snapshot,

it accurately estimates the DOAs with multiple snapshots
with its performance matching that of the proposed method.

FIGURE 11. RMSE vs Snapshots: DOA estimation of three noncoherent
sources with 25 antenna elements and 20 dB SNR.

DOA estimates were also computed for varying antenna
elements. Fig. 12 below shows the RMSE values plotted
against varying antenna elements for DOA estimation of
coherent sources at 20 dB with a single snapshot. The three
coherent sources were located at 40o, 60o, and 80o from the
ULA. The graph in Fig. 12 (and Fig. 13) shows the number of
antenna elements on the X-axis which are varied from 11 to
201 in steps of 10. While the proposed method demonstrates
high estimation accuracy with its performance improving
with increasing antenna elements, the URM suffers from
high estimation error with no effect of increasing antenna
elements.

FIGURE 12. RMSE vs Antenna Elements: DOA estimation of three
coherent sources with only 1 snapshot.

It also worth mentioning here that the performance of both
methods for noncoherent sources using a single snapshot
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FIGURE 13. RMSE vs Antenna Elements: DOA estimation of three
noncoherent sources with 100 snapshots.

is very similar to the case of coherent sources depicted in
Fig. 12. However, the performance of URM for noncoherent
sources for multiple snapshots is on par with the proposed
method as depicted in Fig. 13 below.

The plots presented above provide strong evidence that
the proposed method provides accurate DOA estimates for
both coherent and non-coherent sources, even in scenarios
with low signal-to-noise ratios (SNR), all achieved with just
a single snapshot for computing the estimates.

Lastly, we assess the performance of the proposed method
in terms of computation speed by examining the time required
to compute the DOA estimates with respect to varying num-
ber of antenna elements in the ULA. We determined the
computation times for both the proposed method and the
URM method for DOA estimation involving three nonco-
herent sources with 100 snapshots, using MATLAB. The
computation times are calculated over 100 iterations for each
set of antenna elements in the ULA. Fig. 14 below illustrates
the graph depicting Computation Time vs. Antenna Elements,
providing clear evidence that the proposed method is signifi-
cantly faster in computing DOA estimates and the contrast in
computation time with URM becomes increasingly evident
as the number of antenna elements grows.

V. PROTOTYPE USRP SDR TESTBED
The validity of the proposed method has been confirmed
through experimental testing conducted on a prototype
setup constructed using the USRP-2901 [61], which is
a software-defined radio platform developed by National
Instruments (NI). This section outlines the configuration of
the testbed, with Fig. 15 illustrating the prototype testbed that
includes three transmitting antennas in the foreground and a
9-element uniform linear array of receiving antenna elements,
as depicted in Fig. 16. The receiver block diagram depicting
the internal modules of the USRP is shown in Fig. 17.

This testbed has been built using six (6) units of USRP-
2901 and one (1) unit of Octoclock CDA-2990 as shown in
Fig. 18. The USRP-2901 is used for signal acquisition and
it consists of two channels (0 and 1) with two ports each for
signal reception/transmission, as shown on the front panel of
the device in Fig. 19. The CDA-2990 [62] is a multi-clock
signal generator and is used for generating the timing signals
required for the time synchronization of the signals received
at the ULA, as shown in Fig. 20.

FIGURE 14. Computation Time vs Antenna Elements: DOA estimation of
three noncoherent sources with 100 snapshots.

FIGURE 15. Prototype testbed consisting of a 9-element ULA for DOA
estimation of up to 3 sources.

FIGURE 16. The 9-element ULA in the testbed.
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FIGURE 17. Receiver block diagram for the 9-element ULA.

FIGURE 18. Prototype testbed built using six USRP-2901s and one
CDA-2990.

FIGURE 19. USRP-2901 front panel (top) and back panel (bottom).

FIGURE 20. CDA-2990 front panel showing ports for PPS and REF IN.

The back panel of the USRP-2901 has ports for connecting
a REF IN and PPS signals for timing synchronization. These
signals are sourced from the CDA-2990 for each USRP unit.
The CDA-2990 can support up to eight USRPs.

Fig. 21 illustrates the hardware connections within the
receiver testbed designed for a 9-element ULA. This testbed
is composed of five USRP-2901 Software-Defined Radio
(SDR) units, and signal processing is managed by a host PC.

The ULA, consisting of nine antennas, is linked to nine out
of the ten available TX1/RX1 channels distributed across the
five USRP-2901 units. An additional sixth USRP-2901 unit
is employed for generating the reference signal for phase
synchronization. This signal is input into RX2 ports of the
remaining five USRP-2901 units. All USRPs establish con-
nections with the host PC via USB ports.

A. PHASE SYNCHRONIZATION OF RX CHANNELS
Before acquiring the target data signals required for DOA
estimates based on the phase delay between receiving chan-
nels, it is imperative to carry out both time and phase
synchronization for eachUSRP device. Time synchronization
is established through the use of the CDA-2990 mod-
ule, a high-precision 8-channel timing reference system.
To achieve this synchronization, a 10 MHz REF signal (indi-
cated by the cyan-colored line) and a PPS (Pulse Per Second)
signal (represented by the maroon-colored line), both from
the CDA-2990, are connected to the REF IN and PPS inputs
on each USRP-2901 unit, ensuring synchronization across
this 9-channel system. It’s noteworthy that a single CDA-
2990 unit can support up to 8 USRP-2901 units.

Attaining phase synchronization is a vital but complex task
when working with USRPs. These devices lack a shared local
oscillator (LO), resulting in gradual phase drift over time.
As a result, it becomes necessary to conduct phase calibration
before each instance of data signal acquisition for further
processing. It is important to note that phase synchronization
can only commence after successful time synchronization of
the USRPs has been achieved. The phase synchronization and
signal acquisition procedures are illustrated in Fig. 22 below.

In the receiver part of the testbed depicted in Fig. 18,
the task of achieving phase synchronization is accomplished
using a single USRP-2901 unit, denoted as USRP #0. This
unit is employed to generate a 10 kHz reference signal,
which is subsequently up-converted to 1 GHz. As illustrated
in Fig. 21 and Fig. 22, this reference signal (indicated by
the green-colored line) is supplied to the RX2 channels on
the remaining USRPs, numbered from 1 to 5 in Fig. 18.
To execute this synchronization, a LabVIEW [63] graphical
program has been developed that reads the reference signal
and calculates the phase offset between the reference channel
(channel 0) and each of the adjacent receive channels on
both sides of the reference channel. This phase offset is then
added to the data signals received from the 9-channel ULA
(antennas connected to the TX/RX ports on the USRPs) to
achieve phase synchronization. The phase synchronization
and signal acquisition process is shown in Fig. 22 while the
real-time phase synchronized signals are depicted in Fig. 23.
The two sets of signals observed in Fig. 23 are the synchro-
nized signals on either side of the reference channel.

After phase synchronization of the receive channels, the
system is now ready to acquire the source signals from the
ULA and compute the DOA estimates of the incident source
signals.
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FIGURE 21. Detailed connection diagram of the 9-element ULA receiver testbed.

FIGURE 22. Phase Synchronization of five USRP-2901s using a reference signal generated by another USRP-2901.

VI. REAL-TIME DOA ESTIMATION
The proposed algorithm has been experimentally validated
on the prototype testbed shown in Fig. 15. Three coherent
sources were placed at arbitrary locations in the far-field
region of the ULA. One USRP-2901 unit was used as a
transmitter and connected to three omni-directional antennas
using an RF splitter. The frequency of the signal was chosen
as 1 GHz and the antenna elements on the receiving ULA
were placed 15 cm apart corresponding to half the wavelength
of the signal. The proposed algorithmwas implemented using
linear algebra and signal processing modules available in
LabVIEW.DOA estimates were computed using only a single
snapshot on the host PC. SNR of the source signals was varied
from 5 dB to 40 dB in steps of 5 dB and 100 iterations were
performed for each SNR value.

In Fig. 25, a screenshot of the user interface (UI) is
shown for the real-time direction of arrival (DOA) estima-

tion program developed in LabVIEW. The top left chart
displays the received reference signals in real-time, before
phase synchronization, while the bottom left chart depicts
the signals after synchronization has been performed. On the
top right, synchronized target (source) signals are shown.
Finally, in the bottom right corner, the real-time DOA esti-
mates computed for both the proposed method and URM are
displayed.

After phase synchronization of all RX channels with
respect to the reference channel, data signals acquired from
the ULA are processed by the host PC and DOA estimates are
computed for the proposed method and URM. Fig. 24 below
shows the location of three source signals placed at 20o, 65o,
and 110o from the 9-element ULA.
One USRP-2901 unit is used as a transmitter and three

transmit antennae connected to the TX/RX port of the USRP
using a 4-way RF splitter are used to generate the three
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FIGURE 23. Reference signals before and after phase synchronization.

FIGURE 24. Three RF signals located at 20◦, 65◦, and 110◦ from the ULA.

coherent signals (freq.: 1 GHz, gain: 20 dB). The data signals
received at the ULA are used for computing the real-time
DOA estimates by the proposed algorithm as well as uni-
tary root-MUSIC (URM). Fig. 26 shows one instance of
the real-time DOA estimates computed for the three source
signals for the proposed method and URM.

Fig. 27 displays a chart depicting the root mean square
error (RMSE) in relation to SNR for DOA estimates derived
from real-time experiments carried out on the prototype
testbed. These experiments calculate the DOA estimates for
both the proposed method and the URM method, and they
involve three coherent signals positioned at 20o, 65o, and
110o, respectively, relative to the ULA. The SNR values are
represented on the horizontal axis, ranging from 0 dB to
35 dB. For each SNR value, RMSE values are computed for
every DOA estimate, considering 100 successful trials, with

TABLE 3. Mean DOA estimates from real-time experiments for DOA
estimation of three sources at 20 dB.

one snapshot taken in each trial. The chart shows average
RMSE values for all sources together on a logarithmic scale.

Table 3 shows real-time DOA estimates on the host pro-
cessor for three sources placed at arbitrary locations from the
ULA reference. The source signals are transmitted at SNR of
20 dB. The table displays mean DOA values for the proposed
method from 100 iterations with 1 snapshot in each iteration.
DOA estimates for URM are not shown in the table due to the
fact that all estimates deviate from the true values by around
±9 to ±18 degrees

It is clear from Fig. 26, Fig. 27, and Table 3 that the
proposed method works well even with a single snapshot and
it has higher estimation accuracy since the DOA estimates for
the proposed method are closer to the actual locations of the
three source signals compared with those of URM. It works
well even at low SNR values.

The performance of the proposed method has been suc-
cessfully validated experimentally in real-time using the
9-element ULA. However, the real-time estimation accuracy
can be improved with a bigger ULA consisting of more
antenna elements. Limited hardware resources allowed for
only a 9-element ULA to be deployed on the prototype
testbed.

VII. CONCLUSION
This paper presents a novel DOA estimation method that
can accurately estimate the angles of arrival of multiple
narrowband RF signals using only a single snapshot. It can
accurately estimate both coherent and noncoherent signals.
The proposed method offers several advantages over exist-
ing methods such as the unitary root-MUSIC. It has high
estimation accuracy and low computation cost. It uses a
Toeplitz structure data matrix and does not require the com-
putation of a covariance matrix. The proposed method also
employs a novel method for converting a complex-valued
matrix to a real-valued matrix without the need for unitary
transformations. Use of real-valued matrices reduces compu-
tation cost by a factor of 4 when compared with processing
complex-valued matrices. The proposed method reduces the
complexity further by employing QR decomposition method
for extracting the signal and noise subspaces instead of the
computationally expensive EVD or SVD. Another advantage
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FIGURE 25. Graphical User Interface (GUI) of the LabVIEW program developed for real-time DOA estimation using a single snapshot.

FIGURE 26. Screenshot - Real-time estimates for three source signals
located at 20◦, 65◦, and 110◦ from the 9-element ULA.

of QR over EVD/SVD is that it avoids real-valued matrices
from reverting to complex-valued matrices which happens
due to complex eigenvalues yielding complex eigenvectors.
The proposed method was validated for estimation accuracy
through both MATLAB simulations and real-time experi-

FIGURE 27. RMSE vs SNR for DOA estimation of three source signals
located at 20◦, 65◦, and 110◦ from the 9-element ULA.

ments. Its performance was benchmarked against unitary
root-MUSIC and found to be superior.

DOA estimation using a single snapshot, the use of
real-valuedmatrices andQR decomposition for extracting the
signal and noise subspaces results in significantly reduced
computational complexity for the proposed method allowing
for faster estimation and fewer resources consumption while
providing very high estimation accuracy. These advantages of
the proposed method render it highly suitable for deployment
in massive MIMO systems, advanced wireless communica-
tions networks, and related practical applications.
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