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Abstract

A kernel function is an important component in the support vector machine (SVM)-kasezclassifier
This is due tathe elegant mathematical characteristafsa kernel which amount to the mappingf non
linearly separablelasseso an implicit higherdimensional feature space whehey can become linearly
separable, and hence eas@classify Suchcharacteristicarethoseprescribed by the underpinning positive
semidefinite (PSD)property The poperties of this feature spacan however be difficult to interpretto
customize orselect an appropriate kernel for the clasaifien task at hand. Moreover, the high
dimensionality of the feature space does not usually provide apparent and intuitive information about the
natural representations of the data in the input setke construction othis feature spaces only implicit.
On the other had, SVM kernek have also been regarded sisnilarity functions in manycontextsto measure
theresemblancéetween twgaterns which can be from the same different classedHowever, despite the
elegant theory of PSD kernels, artd remarkable implicationsn the performance ofmany learning
algorithms, limitedresearchefforts seem to have studied kernels frois fimilarity perspectiveGiven that
patternsfrom the same class share more similar characteristics than those hglmgifferent classedhis
similarity perspective cathereforeprovide moretangiblemeans to craft oselectappropriate kernelthan

the properties of the implicit higdimensional featursepaceghat one might not even be able to calculate

This thesis therefore aims to(i) investigatethe similarity-based propertieswhich can be exploited to
characterise kernelfsvith focusonthesec al | ed @A or t hogonawhenpset gsrsimitafity | k
functions, and(ii) assesghe influence of these popertieson the performanceof the SVM classifer. An
appropriatesimilarity-basedmodel is therefore definedn the thesisbased on howhe shapeof an SVM
kernel should ideally look like when usedto measure theimilarity between its wo inputs The malel
proposes that theimilarity curve shouldoe maximized wherhe two kernel inputs are identicaland it
should decay monotonicallyas they differ more and mordrom each otherMotivated by the pictorial
characteristics of the Chebyshev kernedported in the literature the thesis adoptshis kernelshape
perspective to also studsome other orthogonal polynomial kernétaich as the Legendre kernelad
Hermite kernels), to underpin the assessment of the proposed ideal shape of the similarityr deanwreef
based pattern classification by SVMs

The analysisof thesepolynomial kernelgevealed that thegre naturallyconstructedfrom smaller kernel
building Hocks, which arecombinedby summationand multiplication operations. A novel similarity fos
framework is therefore developed this thesisto investigate the effect of these fusiopecations on the

shape characteristiag the kernelsaandon their classification performance. THimmeworkis developedn

three stages, where Stage 1 kerretsthose building blocks constructed from only the polynomial arder

(the highest order under considerationhereas Stage 2 kernels combinetaiStage lkernelblocks (from

order 0 ton) using a summation fusion operation. T®age 3 kernelfinally combine Stag 2 kernels with
another kernelia a multiplication fusion operation. The analysis of the shape characteristics of these three
stagepolynomialkernels revealed that their inherent fusion operations are synergistic in nature, as they bring
their shapes closer to the ideal similarity function model, and hence enable the calculation of more accurate

similarity measures, and accordingly score better classification performance. Experimentakshesuttd



that these summative and multiplicatiftesion operations improved the classification accuracy by average

factors of 17.35% and19.18%, respectively, depending on the dataset and the polynomial function employed.

On the other hand, the shapef the Stage 2polynomial kernels have also been shotw oscillate after a
certain threshold with the standarchormalized input spacef [-1,1]. A simple adaptive data normalization
approach is therefore proposed to confine the dathetthreshold window where tle kernek exhibit the
sought after iddashape characteristichence eliminatéhe possibility of any data point to be locatadside
the rangewhere theseoscillationsare observed. Thanplementation of theadaptivedata normalization
approachaccordingly leads to a moraccurate calculatio of similarity measures and improves the
classification performancahen compared to the standard normalized input spaperimental results
(performed on the Stage 2 kerjelemonstrate the effectivenessttoé proposed adaptive data normalization
approach with an averageaccuracyimprovementfactor of 11.7726, depending on the dataset and the
polynomialfunction utilized.

Finally, a new perspective is also introducglereby the utilization of orthogonal polynomials is perceived

as a way of transfaming the input space to another vector space, of the same dimensiasalitg input

space prior to the kernel calculation stepased on this perspective, a novel processing approach, based on
vector concatenation, is proposed which, unlike the prevapsroaches, ensures that the quantities
processed by each polynomial order are always formulated in vectorTbignwvay the attributes embedded

in the structure of the original vectors anaintained intactThe proposedoncatenateg@rocessing approac

can also be used with any polynomial function, regardless of the parity combinationnaodritsnials
whether they ar®nly odd only even or a combination of botHMoreover, the Gaussian kernel is also
proposed to be evaluated on vectors processeldebydlynomial kernels (instead of the linear kernel used in
the previous approaches), due to the more accurate similarity shape characteristics of the Gaussian kernel,
well as its renowned ability to implicitly map the input space to a feature spdighefr dimensionality
Experimenal resultsdemonstrate the superiority of the concatenated approach for all the three polynomial
kernel stages of the developed similarity fusion framework fandall the polynomial functions under
investigation When theGaussian kernel is evaluatedh the vectors processedusing the concatered
approach the observed results show a statistically significant improvement in the average classification
accuracy of2226%6, compared to when the linear kernel is evaluatedhe vectors processed usitiee
previously proposed approaches
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Chapter 1
Introduction

This chapter presesmthe context and rationale of the research work undertaken in this
thesis. It alsohighlights the research probleaddressa, the aim and objectives, the
research methodology, and the novel contributions to knowledge introduced by the

conducted research.

The chapter starts with a generic background on pattern recognition systems and kerne
methods in general and as applied toe Support Vector Machine (SVM) kerrAshsed
classificationalgorithm in @rticular. The research problemmd motivations of this work

are then clarified, followed by the aim, objectives, and the methoddidigyed by the
conductedesearch. Finally,hie main contributions of the work are highlighted, followed

by the outline of the thesis.

1.1 Background Concepts

1.1.1 Pattern Analysisand Recognition

Pattern analysis deals with tl@tomatic search, detection, mcognition of patterns in

data, and plays a ceal role in many modern artificial intelligence (Al) and computer
science problem§l]. Patterns are defined as any characterising relations, regularities, or
structure in the data. Therefore, by detecting a pattern in some available data, a system ce
expect to make predictions about new (unseen) data coming from the sawce sbich
produced the data that was originally availablais way, the system is said to have
acquired some 6generalizationd power by
the data. Generalization is therefore defined as the activity ofrindgefrom specific
examplesa general rulevhich can also be applied to new exampisAs such, building

a model capable of generalizing requires detecting and exploiting regularitiestéongat

in the data.

The general task of pattern analysis re@cognitionis thereforeto find and study general
types of relations or regularitisdepending on the task at ha(alg., clusters, rankings,
principal components, correlations, classificatioms)general types of data (e.g., text

documents, sets of points, vectors, graphs, images, videgs,Tatre are many complex
1



problems in Al and computer science that carrentlybe solved usingnly this approach,

as it is often difficult or even ingssible to specify an explicgtandard theoretical @xact
closed formsolution for them (e.grecognising genes in DNA sequences or recognising a
face in a photo). Learning systems, therefore, can offer an alternative methodology by
exploiting the knowldge extracted from a sample of data to infeapproximatesolution

for tackling such problemsn general, his learning approach is usually referred to as the
fidata drive®@ appr oac h, i theory drivetdr aasptprto@achhe hat
specifcations for an explicitly defined problem. Examples of problems thatofnbe
tackled using this data driven approach are: text categorization, email filtering, gene

detection, protein homology detection, image classification, handwriting recogmtmn,

[1].

A pattern recognition sysm is thereforea system that adopthis data driven learning
methodology to discover patterns in the data, and hence gain the abilityake
predictons when presented withew data. Pattern recognition is the study of how to
implement such systemato machines to get them to observe ¢ém@ironment, learn to
distinguish areasr aspectf interest, and make reasonable decisions about the different
categories observd@, 4]. Overall, he best pattern recognizers that are currently available

are humans, yet it &ill not fully understood how humans recognize patterns.

1.1.2 Pattern Classfication

The aim ofmany pattern recognition systenis classification, in which an observation is
assigned to one of known predefined pattern classes. In statistical learning methods o
patternrecognition where it is mostly assumed that the data isesgmted in vector form,

the relations (or patterns) in the data can be represented as classification rules, regressic
functi ons, or cluster structures. Many o°
pattern recognitiosgnt ®at itcheael 60tdrer 6 htarmnudg
represents an alternative approach that aims to delassificationrules among for
example stringswhich are often represented in the form of grammars or equivalent
abstractiong1, 3]. A pattern is therefore understood as aghatron presentni the data,
whether it is exact oapproximate, depending on the nature of the recognition problem at
hand.The basic design of an operating (machined) pattassificationsystem usually
consists of the following main components, as shdw Figure 1.1: sensor ordata
acquisition device, prprocessing, feature extraction and selection, classifier, and post
processing.
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Figure 1.1 Main components of a pattectassificationsystem.

The sensor or the data acquisition device (@.gamera) aims to gather raw information
about the surrounding environment or the physical observation of intwtreste patterns

are sought. &ne preprocessing is usually carried out on this raw data to assist in the
better representation of the acquired information and hence facilitate the detection of
patterns. Examples of these processes include, but are not limited to, separating (within al
image) the areas of interest from the background or any insignificant information,
removing noise, and normalizing the data. As the name implies, the feature extraction anc
selection step theraims to extract and select the most appropriate features that
significantly discriminate the potential classes within the pattern sought and represent thern
in a feature space suitable for theployedclassifier. In statistical pattertiassification

for example, this feature space is an abstract spdme the da is usually represented in

a vector formwherdy each data input is represented by a seh édatures, or attributes

This isviewed as a m-dimensional feature vector in a multivariate (or mdithensional)

space where the number of dimensions instlspace is equal to the number of extracted

and selected features used to describe the input data.

The classification process then comes at the heart of the pattern recognition systesn

each input data is recognised as belonging to one of many gmedetd classe®s the
number of classes and the similarity between these classes increase, the pattern recognitic
task becomesnore challengingThis is known as the multlass classification. Binary
classification, on the other hand, the case wherthe feature space contains only two
classesand it is a much easier classification task to solve than its-ohasgs counterpart

Some recognition systenassorequire some sort of peptocessing before a final decision

about the class label of the utpdata can be made. For example, when more than one



classifier is used to solve a mutiass classification problem, a pgsbcessing unit is
required to combine the decisions of individual classifiers.

A number of commercial products are already abéaldor use, based on the utilization of

the above described statistical pattefassificationapproach, such as: machine printed
character recognition, speech recognition systems, and automatic number plate recognitio
systems[3]. The process of constructing such operational systems, however, includes
many challenging tasks, whemesidng at the core of the classifier is thatilization of a
learning algorithm that produces the classifier used in the categorization process. This is

commonly referred to as the training or the learning step.

In this step, the learning algorithm usually utilizégsme available data from the same
operating environmeénknown as the training set, to partition the selected feature space
into classlabelled decision regions, such that examples from the same region share similar
feature valugsand examples from different regions have dissimilar feature valines
classfication of a new input data includes finding out which decision region this input data
belongsto andassigning it to that clas#\s such, lis partitioning process involves the
construction of an abstract function, sometimes referred to as a decisiypaihesis
function, which separates each of the recognised classes. Statistical learning theory mode
this process as a function estimation probjémnand the produced ffigtion is actually the
classifier that will eventually be used to classify future data points.

The input feature spacéor the learning algorithm should be the same as the one used in
the classification or operational process, and hence one of thel @liéipa of the training
process is also to determine beforehand the begprpoessing, feature extraction, and
featureselection procedures to be used in a given environment or pattern classification

problem.

Following the training step, the classifiarthen tested using a separate dataset, referred to
as the test datasethose data points are nptesent in the original training dataset. This
test method primarily determines the generalisation ability of the clasaiitgrrovides an
indication aboutits performance in classifyinfuture data pointsvhich were not used
during the training stage. If the results are not satisfad@acgording to a predefined
performance measuteg feedback strategy might be used to optimize not only the model
parametes of the learning algorithm, but also the-precessing and feature extraction or
selection strategiesf need be to produce abetter classification perfomanceThis
optimization process is usually repeated several times before the overall pattern

classificationsystem can have a robust performance for a given problem.
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As such,each of the components of the pattedassification systembearsits own
responsibility towards determining the overall performance of the sy®esides the
nature and compléty of the environment or thelassificationproblem itself, there are also
many other system factors and parameters that collectively contribute towards determining
such a performancé&or example, @egradation of the performance could be attributed to
the misclassification of someor all of, the new unseen input test samples. As the
classification of such test samples @rreed out using the classifier alecision rule
constructed during the training stage, this therefore means that sledision rué may

not have been constructed properly to separate the different classes in the patter

classificationproblem under consideration.

The impror construction of a classifier decision rule, which eventually leads to poor
generalization ability, can bagttributed tomanyfactors. These include, but are not limited

to [3]: (1) insufficient number of available training samples, (2) noisy or randdnes of

the training samples themselves, (3) the number of features is too large compared to th
number of training samples (the curse of dimensionality problem), (4) the classifier is too
intensively optimized on the training set (the overtraining @rfitting problem), (5) large
number of unknown classifier model parameters compared to the number of training

samples.

There is an ample amount of research approaches in the literature that try to address ea
of the abovementionedsystem problems (whichre outside the scope of this thesis). In
many reatlife applications, however, it is usually the complex structure of the patterns
which are hidden in thelatg which really makes theclassificationtask itself a quite
challenging problem to solve. Inaftern classification terms, this is usually due to

overlapped or nofinearly separable classes.

1.1.3 Kernel Methods and SVM

Classifying patterns that are linearly separable represents the first evolution of automatec
algorithms (e.g., the Perceptron) for teat recognition in the 19604, 2]. Nowadays,
linearly separable classespresent relatively easy andwell-foundedclassification task.
Non-linearly separable classes, on the other hand, require the construction of more
complex classifiers to enable their separation in the input feature space, which is a lot more
challengimg than the linear cas8everalreasons can lead to the classes beinglinearly

separable, such as: the actual classes themselves are inddatkauby separable, noise
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intrusion (e.g.during the data acquisition process), poor extraotioselection of input
features, etc.

In the mid 1980s, the field ahachine learninpgn d er we nlti nae adn orne v o |
tackle this problem with the introduction ah ample of pattern recognition and learning
algorithms. These include, but are not limited touraé network (NN) algorithms (e.g.,

feed forward NNs, Multiayer perceptron NN, Recurrent NN, Back propagation NN, etc.),
decision tree predictive models (e.g., the iterative Dichotomiser 3 (ID3)trendC4.5
algorithms), instancbased learning algorithen(e.g., thek-nearest neighbour algorithm

and RBF networks)and Bayesian classifierSuch approaches for the first time made it
possible toefficiently learnnonlinear decision rules and hencedeeply influenced the
evolution of many fields and paveldet way for the creation of entire fields such as data
mining and bioinformatic§2]. However, despite the huge amount of research attracted by
the powerful setting of the ndmear rules deviselly such algorithms, yet, most of them
were based, to a great extent, on gradient decent and greedy heuristics, as opposed to t
attractive theoretical elegance and practical convenience of the linear systems of the 1960«
As such, most of thenfrequently suffered fromsuch problems ascal minima and

overfitting[1, 2].

It was rot until the mid 1990s when the emergence of an innovative class of algorithms,
known askernetbased learning methods kernel methodsmanaged to introduce a more
systematicapproach to address the problem of Hiogarly separable classes. These
kernetbased learning algorithms utilize techniques from optimization, statistics, and
functional analysis to achieve maximal generality, flexibility, and performance, both in
terms of generalization and computational cfgt They are explicitly based on a
theoretical model of learning rather than on loose analogies with natural learning systems
or other heuristics. Such methods enabled researchers to classlipaaoly separable
patterns with theféiciency, foundational concept, and computational convenience that had
previously been a characteristic for linear algorithtjs They were also able to overcome
the problems of local minima and overfitting that were typical to neural networks and
decision trees, as their training amounts to convex optimization. Moreogse, kernel
based algorithms have also proved to be effedétva wide variety of data types ranging
from strings, text documents and images to more complex data fgpexample those

associated with biosequences, graphs, and granjfijars

Kernel methods araow well renowned for tacklingeveral machine learning taskss

their ease of use, theoretical appeal, and remarkable performance have maaleygiem
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of choice for many machine learning problef8s Research efforts have shown that they
have been succdafly applied to solve a wide range of practical applications from text
categorization through handwriting recognition, to classification of gene expressions. A
wide range of algorithms (e.g., kernel principal component analysis (KPCA), and kernel
Fisher dscriminant analysis) havalso appeaed in the machine learning community as
successful examples of implementing the kebasded learning method§é-8]. The first

and most popular implementation of the kesbba@sed approach, howeverasthe support
vector machine (SVM), a supervised learning algorithm for pattern classification; which is

the focus of the research work conducted in this thasisvillbe explained irfSectionl.2

The principal idea behind this kerAmhsed class of algorithms emerged from the
observation that complex (or ndinear) patterns can baappedo a different structure of
regulaities by changing the representation of the data such that they become easier tc
discover[1, 9]. This mappihg process, usually to a highdimensional feature space, is
carried out int he Ohope6 t hdemensomahfeaturh spsce thé datmecould
become more easily separated or better structured. When tacklinglingaoty separable
classification problem, the kerabased SVM algorithm, for example, works by utilizing a
Okernel funct i on &etoaimplicit igherdimensioeal féature space s p -
where the classes could become linearly separable, and hence easier to Elgas#y.2
illustrates thisbasicconcept using a simple toy binary dataset examip shows how the
relation between the two different ntinearly separable classes becomes linearly

separable when the data ipmesented in 2D instead of 1D.
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Figure 1.2 lllustrative example of the prcipal idea of the kernddased SVM algorithm for pattern
classification.



Unlike Artificial Neural Networks (ANNs), which followed a heuristic patith
applications and extensive experimentation preceeding theory, the development of SVMs,
on the other &nd, involved sound theory first then implementation and experim#afitts.

their introduction in 199%10], SVMs marked the beginning of a new era in the learning
from examples paradigm. Rooted from the statistical learning theory developed by V.
Vapnik [11], SVMs quickly gainedattention from the pattern recognition community due

to a number of theoretical and coatgtional merits.

For example, a significant advantage of SVMs is that whilst ANNs canr sinéfm
multiple local minima, the solution to an SVM, on the other hand, is global and unique.
Moreover, they present a simple geometrical interpretation and optimization of the margin
and give a sparse solutioRurthermore, unlike ANNs, the computatiorc@mplexity of

SVMs does not depend on the dimensionality of the input space, and they are also a lot les
prone to the problem of overfittinghe biggest attribute of SVMs, however, is perhaps the
utilization of kernel functionswhich amount to mappinghe input data tca higher
dimensional feature spacehere overlapped classes can be linearly separable, as briefly

explained above

1.2 ResearchProblem and Motivations

Despite these attractive advantages of SVMs, they, however, have some drawbacks. Fc
exanple, they can be abysmally slow, both in training and testing phases, when dealing
with large datasets, and their employed quadratic programming can sometimes require
extensive memory in largecale tasks. The biggest limitation of SVMs, on the other hand,

is perhaps the choice of the kernel function, and how it can be properly selected (togethel

with any associated kernel parameters) to meet the needsotddbiication task at hand.

As can be realized from the toy examplastratedin Figure 1.2, pattern classification
usingSVMsis, therefore, a twatage approact]. The first stage is to map the input data

to a higherdimensional feature space, using a suitable kernel function, such that the
classes becomknearly separable. This highdimensional feature space is consteglct
implicitly using, what is known ast h e 0 k e r(seeSeéctioh2r3i4 forkdétail) The
second stage is then to apply one of the standard linear pattern classification algorithms t
the transformed data.sAsuch, the kernel function represents the key core of the SVM
kerneltbased learning algorithm for pattern classificatiamd thereforethe resulting

classificationperformancdargely depends on the characterist€she chosen kerngl?].

8



Extensive theoretical research hidxerefore been conductedin order to specify what
characteristics suchfanctionmust havdl, 2, 7-9, 13-15]. This is because a valid kernel
function is required to providéi) the notion of mapping the input spaceitaplicit higher
dimensional feature spagéso that linear separability between dapped classes can be
improved); (ii)the mathematical guarantdet it calculates theaner productbetween the
mapped image vectors in the higlid#mensional feature space (so that the linear SVM
algorithm can be used to establish linear sdppaydyperplanes in that space). This dual
requirement can be expressedh ian inner product mathematical form as
k(x,z) = € (X),F(2) >, where F(() is the mapping functidn andx and z arethe input

patterns.

To achieve this purpose, the existing literature seems to have reached a geTsEISUS
that for a function to be a valid kernel, need to be positive semdefinite PSD), or
equivalently me e t Me r ditienr[1) B 7, 8, A3) 16]. Moreover, the positive semi
definiteness propertig alsosaid to ensurénhat theoptimization problenemployedby the
SVM algorithmcanbe efficiently solved using convex quadratic programmatlyerwise
optimum parameters can bao difficult or conputationally expensivéo obtain[16, 17].
So far a rich list of kernel functions, or even classes of kernels, haverbpertedto
target the solution of many different problerttee most common dhese functionare the
Gaussian radial basis function (RBF), yamial, and Sigmoidal kerne]§, 9, 18].

At the same timgeby calculating thannerproductbetween the mapped vectars some
high-dimensionalfeaturespace,as set by theositive semidefinitenessproperty shown

above akernel function has also bedefinedasageneralised si mi | ar i t yn me a
manifold contextg9, 16, 19], to calculate the similarity between its two input arguments.
However, despite the elegafdrmer theory ofpositive semidefinite kernels as being
mapping toolsto implicit higherdimensional features spaceand its remarkable
implications on the performance die SVM algorithm in various applications, yet, it
seems to have dominated over thter definition of kernels as similarity meassirén

other wordsfew researclefforts seem to have studi&/Mk er nel s from ¢t h

me a s persgedtiveather than the positive seméfiniteness point of view

Paying more attention to kerneds tools to measure the similarity cAowever enable a
machine learning practitioner (in the design process) to &M kernels usingsome
natural and intuitie O0si dialsadidot yp(thad plesaribei heve thénput data

belonging to same dtifferent classesesemble odiffer from each other)Thesearemore

! SeeExample A.lin Appendix Afor a simple illustrative example.
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tangible propertiest han t he o6 mat hemati cal O6-dimensiopak r t i
feature spaceswhich one might not even be able talculate [20-23]. Moreover,
restricting kernels t@ositive semidefinite functions may rule out several natural notions

of similarity that arise in many practical applicatiopmgich are nopositive semidefinite,

and yet can be usegduccessfullyfor learning to achieve reasonable generalisation levels,
as demonstrated by some researchers, sye4-29).

Theresearch presented in this thesis addressgsrdiblemof investigaing what intuitive
similarity-basedpropertiescan be utilizedto characteriseSVM kernels when useds
similarity functions to measure the degree of resemblance between its two input
arguments rather than the mathematical properties of the implicit-dighensional feature
space. Given that atypical similarity function returns a scalar quantity indicative of how

its two inpus resemble each other (where the larger the similarity, e ralike the two
inputs are, and vice versdB0], the thesisexploresthe utilization ofthese 6 si mi- | ar
b a s e d Otiespordefipeappropriate criteriaf how one wouldintuitively wish agood

SVM kernd to perform and investigatesthe implicatiors of these propertiesn the

resulting SVMclassification performance

1.3 Aim and Obijectives

The aim of the research presented in this thesis imuestigate the utilization of
appropriate and intuitiveimilarnty-basedproperties to characteris&rnelswhen used as
similarity functionsto measure the degree of resemblance between its two input patterns
and to assess the influencef these properties on theesulting SVM classification

performance

The outreals of this research willthereforeopen new opportunities to crafir select
kernelsbased orhow patterns fronthe same/different classes are similar to (or different
from) each other, which amore tangible quantities than the mathematical properties of

the implicit highdimensional feature spaces that one might not even be able to calculate.
To accomplish this aim, the objectivefsthe researctvereas follows

1- Conduct a detailed study dne properties okernel functionstogether withtheir role
in kernelbased learning algorithms in general and te SVM for pattern

classificationin particular
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2- Review the existing open problem of kernel function selection and the previous
approachesthat utilize the properties ofkernels to devise a series okernd-
combination strategiethat aimto automatically select the most suitable kernel to the

classification task at hand.

3- Investigate the characteristi@ad roleof (dis)similarity functions in metridbased
learning algorithms and their relationship to kérmenctions, being defined as

similarity measures.

4- Devise appropriate Gimilarity-base@® criteria for SVM kernel functions and
investigate their potential impacn achievingcorrect clasdabel decisionswhen

implemented withirthekernetbasedSVM classfication algorithm.

5- Analys the effectivenessf utilizing the devisedGimilarity-based criteria in the
calculation of accurate similarity measures between the two ipgatiérnsof the
underpinning SVM kernel function with focus on the sec al | e @gonélor t

pol ynomial kernel so

6- Conduct a comprehensive set of experimeuasing suitable benchmark dataséts,
evaluate lte proposed similarithased approach on the resulting SVM classification

performance.

1.4 Research Methodology

A key outcome of the reseh work presented in this thesssthe developmenaf intuitive
and easily interpretable similarityased properties exemplified by the shape
characteristicsof a kernel to demonstrate hova typical kernel (being defined as a
similarity function) shoutl ideally look like when calculating thelegree of resemblance
between its two inputpatterns for SVM classification.Motivated by the pictorial
characteristics of thésotropic stationary class of kernels reported by Genfdd in
general, and the Chebyshev kernel plots reported by Ozelf £T]ah particular the thesis
adoped the previasly reportedorthogonal polynomial kernelsuch as the Chebyshev
[31-33], Legendre[34], and Hermite[35] polynomials)to propose a number of novel
approaches thanvestigatehow the appropriate utilization of thdeveloped similaty-

based shapgropertiescan effectively influence the performance of the SVM classifier.

The sywtematic methodological cushization of the propose@pproacheasing these

orthogonabolynomial kernelss briefly summarised as follows:
11



A First, acomprehensive study and analysis ofrible of kernel functions in kernélased
methods in general, and as applied SVM classificaion in particular has been
conducted The aim of this study wat® higHight the identified problemwhere the
utilization oft h e k enappirgIctsa@cteristics implicit high-dimensional feature
spaces dominatethe study of and the potential benefts thatcan be gained from
utilizing their similaritybasedoroperties.

A A detailedanalysisis afterwards conducted on the kernels constructed from orthogonal
polynomials (e.g.Chebyshev, Legendre, and Hermite) to investigate how their resulting
SVM classification performancecan be explained bytheir exhibited shape

characteristics.

A A threestagesimilarity fusion frameworks developedin Chapter ¥, within which the
hierarchical construction of these polynomial kernels is formally articulated and thei

resulting SVM classification performance is evaluated

A An appropriatemethod is afterwards implementdoh Chapter %, using a simple
adaptive data normalization approach, to confineirtpet data to the regiongwithin
the normalized input spaceyher the polynomiakernek demonstrate the sought after
ideal shapecharacteristis. This normalization approacaliminates the possibility of
any datapoint to be located outside this regiowhich consequentlyJed to more
accurate calculation of similéyi measures andhence improvel their resulting

classification performance.

A Finally, a newperspectives also proposedin Chapter § whereby the utilization of
orthogonal polynomials is perceived as a way of transforming the input space to another
vecta space, of the same dimensionality, prior to the kernel calculationBaspd on
this perspective, a novel processing approscplemented usingector concatenation,
is proposed which, unlike the previous processing approaches, ensures that the
polynamial-processed quantities are always formulated in a vector form for any
polynomial order, and hence maintains the attributes embedded in the structure of the
original vectors intactlt can also be used with any polynomial function, regardless of
the parly combination of itsmonomials whether they arenly odd only even or a
combination of both Moreover, the Gaussian kernel is also proposed to be used to
evaluate the similarity between the transformed vectors using the concatenated
approach (insteadfdhe linear kernel used with the previous approaches), due to its
more accuratecalculation of similarity measure (in terms of its exhibited shape

characteristics)as well as its renowned ability to implicitly map the input space to an
12



infinite-dimensimal feature space.The influence on theSVM classification
performance as a result of implementing these approacheas also assessed
qguantitatively using all the three kernel stages of the developed similarity fusion

framework and all the polynomial fations under investigation

As such, theconductednvestigationgnvolved the development of theoreticehmework
models and algorithms, their implementation in software (using MATLAB and a number
of relevant toolboxes), and their evaluation and assegsmsagcomprehensive angell-
designed experiments, utilizing a number of benchmark datasets, anchored on quantitativ

performance assessment methods.

The ethical implications of the research presented in this thesis have also been considere
and it wasconcluded that it does not result in any issues, and hence there was no need f
apply for any formal ethical approvals throughout the course of the research programme. Ir

accordance with Staffordshire University Ethical Review Policy, this is because:

1- Theresearch does not involve human or animal participants.
2- The research does not present an indirect risk tepadiicipants (human or animal).

3- The research does not raise ethical issues due to the potential social or environmente

implications of the study

4- The research does notuee previously collected personal data which is sensitive in
nature orenables the identification of individuals

1.5 Contribution to Knowledge

Having successfully tackled and validated gineposedsolutions to the researgroblem

identified inSectionl.2 the main contribution of this thesis is mdtceted

1- A new analytical approacis proposed to exploit the potential benebts theSVM
classification  performance when utilizing appropriate similanty-based
characteristics, as exhibited by tfigape of theinderpinning kernels (being thought
of as a similarity measuresgs well as their standard definition as mapping tools to
implicit high-dimensional feature spaces, as prescribed by their postue

definiteness property

2- By adoptingthe previouslyproposed orthogonal polynomial kernedsnovelthree

stage similarity fusion framework has been developdthis framework aims to
13



demonstrateghat the summative and multiplicative fusion operatiankgrentin
their natural hierarchical structure, synergistically contribute towards the calculation
of moreaccuratesimilarity measures, as demonstrated by thle@pecharacteristics,

and hence, lead to an improved classification performance.

A new metlod is alsodeveloped, based on an adaptive data normalization approach,
to show thatvhen theshapeof the kernels as close as possible to the characteristics
of the ideal similarity function, moraccuratesimilarity measures can be calculated
than othewise; and accordingly, better classification performance caobiained

This is achievedby confining the data to the regiomsthin the normalizednput
spacewherethe shapeof the polynomial kernels demonstratese sought after ideal
characteristicsand hence eliminate the possibility of any daténtsto be located

outsidethis regionwhere their shape oscillates in a wavy pattern.

Finally, a new perspectivias also beerproposedwherdy the utilization of
orthogonal polynomials is viewed as ayat transformingthe inputdata to another
vector spaceprior to the kernel calculation ste@ased on this view, aovel
processing approach Ref erred to in this thesis
approach) has also beendeveloped which, unlike tle previous processing
approaches, ensures that the polynomiatessed quantities are always formulated
in a vector form for any polynomial order, and hence maintainsathréutes
embedded in the structure of the original vectors infEtee proposed awatenated
processing approaaan also be used with any polynomial function, regardless of the
parity combination of itgnonomials Furthermorethe Gaussian kernel is proposed
to be usedin conjunction with the concatenated approaicisiead of the linga
kernel due to itsmoreaccurate calculation of similarity measures, as exhibited by its
shapecharacteristicsas well as its renowned ability to map the input spacanto

implicit high-dimensional feature space.

To the knowledge of the author, no prws work in the literature has identified or

addressed the research problémhlighted in this thesis, and no previous works ha

presented the above solutionsapproaches for SVM pattern classification, have the

experimental investigations conductedthis thesisever been done before. As such, the

comparative analyses, research investigations, and the empirical assessments conducted

this thesis are all considered herein as novel and original contributitvektwowledge.
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1.6 Thesis Outline

This thesis is organised as follows:

Chapter 1 presents some generic background concepts about pattern recognition and
classification in general, and as appliedthg SVM kernelbasedclassifierin particular.

This presentation is aimed at articulating a namgwdown hierarchy thamoothlydrives

the reader towards theain research problendentified and addressed by the thesis. The
aim and objectives of the conducted research are afterwards clarified, followed by the
methodology used in the research anddbetributions to knowledge achieved. Finally,

the thesis organization and outline are herein detailed.

In Chapter 2, ananalytical r@iew of the SVMclassifieris presented telaborateon the
kernel modile within which the work of thishesis is focusedn. The characteristics and
properties of SVM kernel functions are afterwards critically investigagedighlight the
main problem identified analddressed by the thesis.

Chapter 3 then analy®s in more detail theidentified researctproblem namely, the
utilization of the similarity-basedcharacteristicef kernels alongside withtheir standard
definition as mapping tools tonplicit high-dimensional feature spaces, as prescribed by
their positive semdefiniteness propertyBased on thelefinition of a kernelas a measure

of similarity between its two input arguments, ttepter then definesome appropriate
criteria, based othe shapecharacteristis of the ideal similarity functiorin terms ofhow

one would intuitively wisha kernel functiorio benave A detailed comparative analysis is
then conducted between such an iddapecharacteristic model and tlshape exhibited

by the previously proposedorthogonal polynomial kernels, such as the Chebyshev,
Legendre, and Hermite kernely assesghe accuracy of their calculated similarity

measureandthe expectedmpact on their resulting SVM classification performance.

The analysis of such polynomial kernels revealed that theyadweallyconstructedrom a
mixture of summative and multiplicativage kernel buildinglocks, whichsynergistically
contribute towards the calculation wfore accuratsimilarity measuresasdemonstrated
by their shapecharacteristicsSuchbehaviouris therefore formally defined within a new
threestagesimilarity fusion framework developed i@hapter 4, whereby the hierarchical
composite structure dhe polynomial kernels is broken down to their individual kernel
componentsand the effect on thenesulting SVM classification accuracgased on their
exhibitedshapecharacteristics as well as their synergistic fusion povgeexperimentally

explored
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Chapter 5 then proposes aimple method, based on an adaptive data normalization
approachto confine the input data to the regions within the normalized vector ,space
where the employedpolynomial kernebk demonstrate the sought after idesthape
characteristicsHence eliminate thpossibilityof any data pointo be located outside these
regions which could result in the calculation of inaccurate similarity measurdshemce

lead to a degraded classification performarides effectiveness of this approach is also
assessed experimentally using thleape characteristics exhibited bthe polynomial

kernels under investigation

Due to the extensive study of the polynonkalnels paradignisuch as the Chebyshev,
Legendre, and Hermite kernel€hapter 6 then introduces a new perspectiveereby the
utilization of thesepolynomialsto process the input vectors perceived as a way of
transformingthe inputspaceto anotherwvector space of the same dimensionaliyor to

the kernel calculation stefpo appropriately implement suehtransformatiorperspective,

the chapter then proposasnewprocessingapproach, based on vector concatenation,
ensure thathe processed amtities will always be formulated in a vector form for any
polynomial order applied, and hendbe transformed image vectors witle good
representatives of their original vectoras no information will be lost during the
transformation proces3he conatenatedprocessingapproachis also designed in a way
such that it camalso beused withany polynomial function, regardless of the parity
combination of itsmonomials The chapter also proposesewaluate thesaussian kernel

on the polynomiaprocessedvectors instead of the linear kernalsed in previous
approachegdue to itsmoreaccurate calculation of similarity measures, as exhibited by its
shape characteristics, as well as its renowned ability to map the input spadenfi@an
high-dimensionhfeature spacelhe effectiveness of this proposed concatenated approach
is afterwardsexperimentallyassessed using all tkernelstages of thelevelopedsimilarity

fusion frameworlkand all thepolynomial kernelsinder investigation.

Finally, Chapter 7 discusses the conclusions of the work presented in this thesis and offers

somedirectionsfor future work.
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Chapter 2

Literature Review on the Support Vector
Machineand the Properties ofKernel
Functions

2.1 Introduction

This chapter presents assgmatic and critical survey on kernel functiomgeneral and as

utilized by the SVM kernebased classifier in particulafhe aim is to conduct a deep
study on therole and properties of kernels tset the scene for the underpinning
investigations andanalytical solutions proposed in this thesis tackle the identified

research problem.

The chapter therefore stamdth a quick review of the well established SVM classifier to
elicit the kernel moduleupon which the thesis is focused. The charactaessstand
properties of kernels are afterwards detailed with a focus on the legitimate opdia@tdns
previous research effojtsised to construct more complex kernels from smaller building
blocks to enable the solution of more sophisticated classificadisks.t Framed by this
study, the identified researchproblem is afterwards elaborated and thationale for
devisingits solution is briefly discussed.

2.2 SVM: The kernel-basedpattern classificationalgorithm

Kernel methods first appeared when applied twesatatistical notinear classification
problemd5, 36]. This yielded the Support Vector Machine (SVM) algorithm in 1893,

10], a supervised learning algorithm that was able to overcomdottal minima and
overfitting difficulties of the previous generation learning algorithms. Since then, the SVM
has been extensively studied, greatly generalized, and successfully applied to a number ¢
different pattern recognition problems, mainly clésation and regressiofY, 14, 37-46)].

Due to is elegant characteristics and robust performance, the SVM has attracted the
attention of a wide community of researchers from many different disciplines to an extent
that made it the best known element in the class of algorithms adopting thedesee!

approach to pattern recognitiph3].
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2.2.1 SVM for pattern classification

When training a classifier, it is often desirable to maximize the classification performance
for the training data[12]. However, if the classifier t the datatoo closely the
classification ability for unknown data, i.é¢he generalization ability, is degraded. This
phenomenon is calledverfitting Therefore, therenust be a tradeoff betweenthe
generalization ability and fitting to the training data. In the pattern classification literature,
various methods have been proposed to prevent overfitting. One of the main ifkesas is
applied insupport vector machingso add a regularizeon term which contols the

generalization abilityf the objective function.

For a binary classification problem, a support vector machine is trained so that the decisior
function maximizes the generalization ability. This is achieved by utilizing a quadratic
progamming problem that is solved to separate the two classes using an optimal
separating hyperplane. Therefore, given a set of training examples, each marked a
belonging to one of two classes, the SVM builds a model that assigns new examples intc
one classor the other.Moreover,the SVM model is built so that the examples of the
different classes are divided by a clear gap that is as wide as possible. New examples ar
then processed using that model and predicted to belong to a class based on which side

the gap they fall on.

The following subsections discuss how this process takes place for the different types of
training datasets. If the training dataset is linearly separable in the input space, the problen
is solved by what is known as thard-marginor linear SVM. This is afterwards extended

to thesoftmargin SVM case where the training dataset is-finearly separable. In this
case, the SVM utilizes thso-called kernel functionto map the input space to a high
dimensional feature space to enhative linear separability in the feature space. This
mapping process is key to the operation of sbé-margin SVM and is an important
elementbehindits remarkable performance in tacklingnlinearly separable classification

tasks.

2.2.2 Hard-margin support vector machines

Suppose some given data points each bslomgne of two classes, and the aim is to
decide which class a new data point will belong to. In ShiNary classificationa data
point is viewed as am-dimensional vector, and we want to knowaetlrer we can separate

such pointan two classewith an (1) dimensional hyperplane. This is calledinear
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classifier. There are, however, many hyperplanes that might be able to classify the data, a
shown in Figure 2.1. One reasonable choice as the best hyperplane, is the one that
represents the largest separation, or margin, between the two classes. The SVM finds th

hyperplane so that the distance from it to the nearest data point on each side is maximize

[47].

Figure 2.1 H; does not separate the classesdbks, but only with a small marginz ldeparates them with
the maximum margif47].

Therefore, giva somem-dimensional finite training datasst= {x;,y;}.,, wherexi 1 A™

and the associated labejs= +1 for Class 1 angi = -1 for Class 2. Each; is anm-
dimensional real vector. The aim  find the maximunmargin hyperplane that divides
the points having: = +1 from those havingi = -1. Any hyperplane can be written as the

set of pointx satisfying

<w,x>-b=0 (2.0

wherew is the nomal vector to the hyperplane abds a bias term. The parametne?L”
w

determines the offset of the hyperplane from the origin, as shokigune?2.2.
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Figure 2.2 Maximummargin hyperplane and margins for an SVM trained with samples from two classes.

Samples on the margare called the support vect¢as].

If the training data is linearly separable, two hyperplanes can be selected in a way that the?

separate the data and there are no points between them, and then try to maximize th

distancebetween them. These two hyperplanes can be described by
<w,x>-b=1
and

<w, x>-b=-1

where the distance between these two hyperplanes, givﬁbys called themargin As
W

the main objective is to maximize this margjw| mustbe minimized Sinceno data point

from Scanfall into the margin, the data pogtieed to satisfy the following constraints

<w,Xx>-b?2 1 for x; of the first class

and

<w, xi>-b ¢ -1 for x; of the second class

Collectively, for all the datasg@bintsi = 1 ,1, thi&s can be written as
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y,((w,x)- b)2 1 (2.2)

Consequently,lte maintask now is to minimize|w| so that the margin is as large as

possible, subject toy;, ((w,xi>- b)2 1. In the SVM, this is achieved by solving the

following quadratic programming convex optimization problem for obtaining ao#md

b, and hence, the optimal separating hyperptamebefound:
L 1,
minimize  Q(w,b) :E”W” (2.3)

subject to yi(<w,xi>- b)2 1 foralli= 1., ¢é, (2.4)

An important characteristic abbihe SVM that stems from the above optimization
problem is the fact that the optimal separating hyperplane is obtained from the two
hyperplanes that define the maximum margin. This means that the only data points
required to calculate the optimal separgthyperplane are those touching the margins
(highlighted inFigure 2.2 as the bold and shaded circleshich are usually a lot less than

the total number of examples in the training dataset. This means thanvebtein the

same optimal separating hyperplane even if we delete all the other data poistdisifiat

the strict inequalityn (2.4), i.e, those which satisfy only the >1 constraint, and use only
the data points that satisfy the equality,,i®l, corstraint. These points are usually
referred to as thsupport vectorsAn important outcome of this observation is the fact that
the optimal separating hyperplanes established by the SVM algorithm depend only on the
number of support vectors, and not on tiuenber of features, whether this be the number

of features of the dataset in the input space or, as will be shaiemthe number of
features of the mapped dataseta higherdimensionalfeature space. This is the main

reason why the SVM algorithm i®nhprone to the problem of tleeirse of dimensionality

On the other hand, the variables of the convex optimization problem givéh3)yand
(2.4), which are usually referred to as themal solution arew andb. Becausew is a
vector of the same dimsionality (m) as the input data, the total number of variables is
therefore equal to theumber offeaturesplus 1:n+1 [12]. When the number ahput
variables is small, the quadratic programming technique can handle d@3hgnd(2.4).
However, as will be discussed later, because we map the input space intcea high

dimensional feature space, it is therefore important to cori2e3} and (2.4) into their
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equivalentdual representatiohwhose number of variables is the numbesarhples irthe
training data instead 2, 48].

Another important reasoior adoptingthe dual repremtation is to prepare the algorithm
for, as will be shown later, the ndinear mapping process that takes place durirgy t
Okelrinzeati ond of the al gor it h mlineaoclassificatiod e
problems. In other words, it is the@ representation of the convex optimization problem

that will formalize the solution in terms of inner products of the training examples.

This can be achieved by applying the Lagrangian multipliers method that reduces the

optimization problem to the faiving dual form

| |
maximize QU =4 a, - %a aa,yy, <xi,xj> (2.5)
i=1 e
|
subjectto g vy,a,=0,andg; 20 fori= 1., é, (2.6)

i=1
whereU (31,2 ,al) and g, are the nomegativeLagrangian multipliers.

This formulated dual form of the optimization problem is known asn#nd-margin SVM.

Finally, the decision function can be given by

f (x) = sign g@ Uy (x;,x) +b (2.7)

Gii sv

- OO

where SV is the set of support vector indices bBnd averaged over abf the support

vectors and can be defined[4g]

Lo
b—wii{;slv(yi (w,x,)). (2.8)

The SVM then use.7)to find the label of mewtest data as

Class 1 if f(x) >0,
Class 2 if f(x) <O. (2.9

2 In mathematical optimizatiotheory,duality means thabptimization problemsnay be viewed from either
of two perspectives, the primal (minimization) problem or the dual problemdladty principle).
However, in general for quadratic programming convex optimization problems, the values of the primal
and dual prol@ms coincide (i.e., are equal) at the optimal solutions. This is calleentduality gap
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If f(x) = 0, thenx is on the boundary and therefore is unclassified. Accordingly, if the
training data idinearly separable, the region gfwhere 1 >f(x) > -1 is the generalization

region[12].

2.2.3 Soft-margin support vector machines

The hard margin SVM described in the previous-settion assumes that the training data
are linearly separabjle.e, there exists a solution {@.5). If, however, the data are non

linearly separable, there is no feasible solution, and therhardin SVM is unsolvable.

In 1995, however, Corinna Cortes and Vladimir N. Vapnik suggested a modified
maximum margin ida that allows for some examples to be misclassified when non
linearly separable data are separated by a hyperf&hen simple terms, this idea states
that: if there exists no hyperplane that can explicitly split the Class 1 and Class 2 examples
then theSoftmargin SVM method will choose a hyperplane that splits the examples as
cleanly as possible, while still maximizing the distance to the nearest cleanly split
examples. A large margin in this sense would mean how optimum or how clean the
hyperplane would separate ttveo classes, as some examples will now have to be allowed

to fall into the margin.

This is achieved by introducing what is referred to asmegmativeslack variablesx 2 0,

which measure the degree of misclassification of data goibising these slack variables,

feasible solutions always exist. For the training dat# O < x; < 1, then the data do not
have the maximum margin but are still correctly classified. Howevex, 4f1, then the

dataare misclassified by the optimal hyperplane. To obtain the optimal hyperptane
which the number of training data that do not have the maximum margjnh@ewumber

of training data that are misclassified) is minimum, the optimization problem is then
reformulated to introduce a tradf between a large margin and a small error penalty.

This is given in the primal form as

|
minimize Q(W,b,X):%”W”2+%é_ xP (2.10)

i=1
subject to yi(<w,xi>- b)21-x,x20 foralli= 1, €, (2.11)

whereC is the margin parameter, known as the penalization parameter, that determines the

tradeoff between the maximization of the margin and the mination of the
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classification error. The value of the constpns selected as either 1 (for linear penalty
function) or 2 (for quadratic penalty function). Wher 1, the support vector machine is
known as L1 softmargin support vector machine (L1 SVMInd wherp = 2 it is known

as the L2 softmargin support vector machine (L2 SVM). As the L1 SVM is the most
commonly used in the machine learning literature, the L2 SVM will not be discussed
furtherherein.

Similar to the hardnargin case, the primalm of the optimization problem i(2.10)is
converted to its dual form counterpart using the-negative Lagrange multipliers, which

then reduces the optimization problem to

| |
maximize QU =4 a, - %a aa,yy, <xi ,xj> (2.12)

i=1 i,j=1

|
subjectto g ya,=0,andC2?2 g20fori= 1, ¢&, (2.13

i=1
where U (:al,z ,al) and a, are the nomegative Lagrangian mitipliers. The only
difference then between this L1 SVM and the hard margin SVM isahagannot exceed

C. Also notice that the advantage of using a linear penalty functionL. &VM with p =
1 as mentioned above) is that the klaariables vanish from the dual problem leaving
only the constan€ as an additional constraint on the Lagrange multipliers.

Similarly, the decision function is also the same as themargin SVM and is given by

f (x) = sign g@ Uy (x,,x) +b (2.14)

Gii sv

- OO

where SV is the set of support vector indices bnd averaged over abf the support

vectors as explained before. An unknown data samisi¢hen classified as

Class 1 if f(x) >0,
Class 2 if f(x) <O0. (2.15

If f(x) = 0, thenx is on the boundary and thereforeunclassified, which is the same as the
hardmargin SVM.

For this softmargin formulation and its huge imgam practice, Cortes and Vapnik
received the 2008 Association for Computing Machinery (ACM) Paris Kanellakis Award

[47].
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2.2.4 Kernelized SVM for non-linear pattern classification

Although the sofmargin SVM in(2.12)and (2.13) obtans an optimal hyperplane, yet it
may not have a high generalization ability because the training data is not linearly
separable. In other words, it is still a linear classifier that is producing a hyperplane that is
splitting nonlinearly separable datddowever, having already prepared tHgoaithm to
accept only thennerproducts in the input space (by representing the optimization problem
in the dual form as explained earlierSection2.2.2), it is now ready to be converted to its
nontlinear classifier version counterpart. Here is where the kernel methods approach is
implementedin pattern classification as described earlier in this chapter, such that the

SVM can now be a nelinear classifier instead.

This idea was first proposed, in 1992, by Bernhard E. Boser, Isabelle M. Guyon, and
Vladimir N. Vapnik[6] who suggested a way to create +lioiear classifiers by applying

wh at is known as the Okernel trickd to |
hyperplanesThis idea was triggered by the observation that the overlapped classes in the
input space can become linearly separable (oraat lenear separability between them can

be improved) if they are mapped to a higbenensional feature space via a kernel
functionthat should still be able to calculate theerproducts between the mapped image
vectors in this higldimensional featurgpace instead of the original vectors in the input
space To do this,theinnerproduct in the linear algorithm isnsply replaced by a kernel
function with specific characteristics. Thisll then have thesffect of fitting a maximum
margin hyperplane ithe transformediigh-dimensionafeature space rather than the input
spaceAs such, the constructed linear hyperplane classifier in thediigbénsional feature
space iequivalentto the sought after nelimear classifier in the input space, ahds way,
nontlinearly separable data can now be classified using the robust generalization power of
the O0kernelizedd SVM.

Therefore, as long as the kernel is a symmetric function that satisfies

|
4 hh kx,x,)2 0, foralll,x, andh , (2.16)

ij=1

wherel takes on a natural number amdake on real numbers, then this means that there
exXxi sts a map yp),thatgnagxunto ¢cheimnerproductiféature space, and also

satisfies
k(xi, %)  Txi)a . ( (2.17)
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If (2.17)is satisfiel, then the condition i(2.16)is also satisfied as follows

éhihjk(xi,x) ahh FTO60)F (X,)

i,j=1

0\
[y

Qo —

=a§é' h FT(XI)Q% h, F(x, )g (2.18)
Ci=1 TGl =
=lanFe) ¢

The condition in(2.18)is important to guarantee thigii,x;) is a valid kernel; i.git does
indeed equateottheinnerproduct between the image vectors in some -digiensional
feature spacand hence the optimization problem solved by the SVM classifier will be
convex and the solution found will be uniqéis condition is commonly known as the

0 Mer c edibtsi cafunctiannihdt satisfies it is usually referred to asaliep o s i t i
semidef i nited[lqPSD) kernel

By utilizing the kernel tick, we do not need to treat the hidimensional feature space
explicitly, and therefore, the kernel functi&(xi, x;) is applied directly to the input space
both in the training and testing phases. Therefore, using kernels, -bneam SVM

classifier ca then be created by reformulating the dual form of the optimization problem

as
| |
maximize QU = aa- %.'af‘laiajy/iyj k(X X;) (2.19)
. <
|
subjectto g ya, =0, and0¢a ¢C fori= 1,. é, (2.20)

i=1

As mentioned earlier, becauki, ;) is a PSD kernel, then the optimization problem is a
concave quadratic programming problem. And becalise0 is a feasible solution, then
the problem has global optimum solution. This is one of the advantages of SVM over

neural networks, whicbhanhave local minimg12].

As sud, the decision function can be given as

f (x) = sign ‘3@ Oy k(x,,x)+b (2.21)

Gil sv

- OO

and unknown data are classified using the decision function as
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- €Classl i  f(x)>0

| _ : (2.22)
jClass2 fif f(x)<0

If f(x) = 0, thernx is unclassifiable.

It is important to note here thadr binary classification, the output of the SVM algorithm
is one of three possibilities (Class 1, Class 2, and wifidde), and nobnly the two
binary classes possibilities, as sometimes mistakenly assurhede arevarious variants

of support vector machines available in the literatared if the wordregular support
vector machin@r standard support vector machirgeused, it deotes the above nelimear
version of the L1 softnargin SVM in(2.19) and (2.21). As this is the most commonly
usedtype of SVM (and to be consistent with similar work in the literature), it will be the
one used in this thesis to develop the solutions qeeg forthe identified research

problem

To successfully tackle neimearly separable pattern classification tasks, the process of
mapping the input space via the utilization of an appropriately constructed kernel function
is critical to the performanaef the SVM classifier. As the work presented in this thesis is
focused on the kernel moduland to enable the formulation of robust solutions to the
identified research problem, it was necessary to conduct careful investigatidetared

study on theproperties osuchkernek. This investigation constitutes an important part of

the work presented in this thesis and is summarised in the followirgestibns.

2.3 Definition and role of SVM kernel functions

I f the candi dat e f uemeltthiseneand tisat thee conditibn(2x1l7) Me r
is also satisfiedThis is another important property of kernels that enatileg indirect
calculation of thanner products between two vecton the feature space which are the
images of their counterpaoriginal input data points pair, as shownFmgure 2.3. In the
general setting of kernddased learning algorithms, if the adopted algorithm is adapted to
use only the inner products between the input data pdivs it can be combined with a
kernel function that indirectly calculates the inner product between two data points in the
feature space which are the images of their counterpart original input data points pair. If
this process is conducted successfullfp e al gori thm i s then sai
As for the SVM, it has been shown earlier (2.12) how it was adapted to accept only

innerproduct s. I't was therefore pos@ilFbye t

27



replacing theinnerproduct with the kernel functiorheing also represented im aner
product form, though in a different feature space.

Given a training dataset, the values of these pairmiser products, computed directly
from the original data pointgia the evaluation fothe kernel functionk, eventually make

up what is referred to as tlkernel matrixwhich contains all the information required by
the SVM algorithm to formulate a hyperplane function in the high dimensional feature
space during the training phasdt is this hyperplane function that the SVM uses
afterwards in the testing phase to clasaifigeen examples that were not originally present

in the training dataset.

Input space Feature space

Figure 2.3 Embedding the inputdaiat o a f eature space, using a map
nonlinearly separable classification problem by mapping the input data into a -dighemsional feature

space in which it becomes linearly separable. The kernel funktmsmputes thenner products of the
mapped data points in the feature space directly from the original input data points. The two classes of the
training points shown are indicated by the red circles and the blue squares.

As such, krnel functions constitute an impantaconcept throughout the kernel methods
literature[1, 9, 18, 49]. They have been extensively researched to examine their properties,
investigate what algorithms can take advantage of them, and their use in general patter
recognition applicatios. The main reason for such large attention to kernel functions is
because they make possible the use of feature spaces with an exponential or even infinit
number of dimensions, something that would seem impossible if a reasonable efficiency

requirements to be satisfiefll].
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2.3.1 Kernels as similarity measures

The notion ofinnerproducts alluded to in the above section constitutes an important aspect
in the identification of kerneld o formalize the presentation of SVM kernels, consider the

problem of supervised learning where the input space is denoté¢dry the output tget

domain is denoted by. If X is a vector space, it is usually a subseAdf, a norempty

set from which the input data is taken; i.e.,
X1 AM
where the input vectors are given astdimensional row vectors, dacenoted as

Xi = (X1, X2, . . 5 Xm),

wherem is the number ofeatures Each row vector in the input spaXeepresents one of

the input instances (also sometimes referred to as cases, inputs, observations, o) patterns

For a supervised learning taske training set is usually denoted by

s={(c, y)2 (. y )T (X2 Y], (223
wherel is the number of the training exampbesandy; are the class labels or targets. For

unsupervised learning, this simplifies t

S={x,,2 ,x}i X' (2.24)

The problem of supervised learning aims to produce a function
f: XYY,

given the dataseéthat can be used to predict a vajugiven anx| X. In statistical terms,
this functionf is usually referred to as thestimator hypothesisor more explicitly the
classifier Without delving into any furthrestatistical analysis, this is usually approached in
two steps. First, a set of possible candidate hypothesesdefined. This set is usually

referred to as thhypothesis spacg. Afterwards, using a defined error criterion, the best

or optimum candidte is selected from within the hypothesis space

A |l arge part of the existing |literature uses the
however, reserve it to refer to the soughtrafégularities that could be present in the data. The former might

be the more commonly used in the field of machine learning, however, the latter is probably closer to the
meaning of the term. For this reason, this thesis will therefore endeavor ttogtieklatter meaning.
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In the simple case of binary classification, there are only two classes and the targets of the

training set can simply be representedyas {° ]} The problem of pattern classification

however requires the generalization to unseen data points. This means that given a new
instancex| X, the aim is to predict the corresponding labdloosely speaking, this means
thaty should be chosen such that bathnd its corrgsonding labely are in some sense
similar to the data points and their corresponding labels of one of the classes in the training

exampleg9].

It i s therefore important to for mXhndsme s

the outputy. Characterizing similarity for the outputs ={° ]} is usually an easy thsin

binary classification, for example, only two situations can occur: two labels can either be
identical or different. The choice of a similarity measure for the inputs, however, is a rather

challenging task and lies at the core of the kernel methelds fi

In the context of statistical pattern recognition, for example, where the input data domain
is formulated as a vector space of the input observatiodsmélarity measuré would
typically be characterized as a function that, given two instarcasd z, returns a real

number characterizingow they resemble each othljé}f. That is
k:X3 XY A
(x2)  R(x2).

Based on such a definition, probably the simplest similarity measure in this case would be

the lineardot-productbetween the two input vectaxsandz given by[9]:

(x,z)=x"z= an_ X Z (2.25)

i=1
The dotproduct heremeans the projection afontoz, multiplied by the magnitude a In

other words, how much overlap doandz have in their feature space; i.e., how similar

they are to each other.

Recall that the key role of a kernel functiento calculate the pairgae dotproducts of the
embedded data points in the transforrhggh-dimensional feature spa¢as perDefinition
2.1 below), therefore,intuitively, kernels indeed also do arise gesneralisedsimilarity
measure functionBecause of their definition @®t-producsin the secalled feature space
[9, 12, 49].
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Definition 2.1 [1, 9] A kernelkis afunction that for all vectors, z | X satisfies

k(x,2) = (F (x).F (2)) (2.26)

where 0 i s a mapp mdigendionahioputispanX tof a hogherNt h e
dimensional feature spa€e denoted as

a xI A™ o gl FiI AN (2.27)

wherehe choice of t he ma ginear relatioms yto linear angsn v e r |

Formally speaking, &ernelk is a function thattakes two inputsx andz I A™ and

producesa real numberindicative of how similar they ard.e.,k: AM3 AM- A As
such if one is looking to solve garticular pattern recognition task, say image
classification, then aypical kernel shouldassign a high score to a pair ofages that
contain the same object, and a low score to a paimafyes with different objects.
Similarly, in text processing tasks, for instapaegood kernel would assign a high score to
a pair of similar strings and a low scored pair of dissimilartsings. This is basically
what a kernel function is, however, in order to be used in most common machine learning
algorithms, such as the SVM under study, theranadditionalmathematicatondition
(explained inSection2.4.2 that also neexto be meby thekernel so that these algorithms
can work properlyThere area number of equivalent methodologigst can be used to
checkwhether or nothis condition is met, andhence whethera given candidatunction

is a valid kernel; i.e.it corresponds torainnerproduct in some highimensional feature

spaceas illustrated in the above definition

2.3.2 Distances and similarity measures in learning algorithms

2.3.2.1Why the need for distance and similarity measures?

A brief review of distance and similarity measures in data analysis has been recently
conducted by AbotMoustafa[30]. The authorpresented a good systematic higthel
explanation about the need fl@arning dgorithms that can procesdigitally recorded

data in whichever form these could be (eigxt, speech, images, video, etc.). That is, to

automatically (i.e.using machines) extract some knowledge and meaningful information
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from such datahat could hag been otherwise very difficult, or even impossible, to be
extracted by humans due to its size and/or complexity. Weather prediction, finger print
recognition, analysis of genomic data are just few examples of such learning tasks that
cannot be performedybhumans without the help of computing machines that can learn

from experience

To enabl e such a Omachined?©d l earning a
historically relied on some notion of distance (or similarity) between the objects of the data
set, due to their robust ability in revealing the natural groupings, structure, and patterns
hidden in the data that are typical S 0L
algoithm. The appropriate selectioopnstrudon or customization of a faifial distance

(or similarity) measure for the learning task at hand can improve the effectiveness and
performance of the employed learning algorithm. As such, when using such learning
algorithms for a particular problem, the algorithm designer, or theitwaet, is usually

faced with the question of: What could be a suitable faithful distance (or similarity)
measure for the dataset at hand? A major part of the research in this area is dedicated f

answer this question

2.3.2.2 What are distanceand similarity measure%?

These two terms (06distancedé and O6similar
how two different objects are o6distinct
Abou-Moustafa[30], adistarce functionis a measure of the difference (or dissimilarity)
between two objects from the same dataset. The larger the distance, the more different th
two objects are (see illustrative simple example showfigare2.4). As such, one would
expect a suitable distance function to be minimized (ideallpe zero) when the two
objects are identical, and increasad they get different (i.efurther apart) from each
other

A similarity function on the other hand, @asures the resemblance between two objects
from the same datasii0]. The larger the similarity, the more alike the two objects are. To
reflect this meaning (whi ch ntapar, omeweuds e
expect agoodsimilarity function tobe maximized when the two objects &enticaland

decrease (monotonically)when they differ from each other
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Figure 2.4 Distance versus similarity. An illustrative example of two data vestarsdy. Thedistance
between them can be measured using the Euclidean distandetfttkline), whereas the similarity can be
measured using the dptoduct operatiofi3Q].

2.3.2.3 Off-the-shelf distanceand similarity measures

If the data are in the form of vectors or matrices, or have beesfdrened by feature
extractionmethodsto such structures, then variooff-the-shelf distance and similarity
measures can be us¢80, 50]. For example:Minkowski distances, the Mahalanobis
distance, Matsushita distances, the-sduiared distance, the Hamming distance, cosine

similarity, dotproducts, kernels, angles between subspaces, and the Grassmann.distance

2.3.2.4 Adaptive distance functions

Although such oftheshelf predefined distanceand similarity functions have
demonstrated reasonable success for various applications to date, theyexigent#d to

be suitable for all data types. In other words, adafned distance (or similarity) function

will need to be adapted to the dataset at hand so that it can best capture its intrinsi
structure and any patterns hidden if3i0]. A number 6 dataspecific and dataependat
approaches have emerged (usually known as adaptive distance functions) to tailor the

empbyed distance aimilarity function to the data under consideration

Examples of sucladaptive distance functions approaches are the dynamic programming
based distancesuch as the dynamic time wrapping (DTW) distance for time series and
sequential datadeveloped originally for speech recogniti30]. A number of methods
have also been proposed to adapt the metric rule ok-thearest neighbouraftern

classification algorithm,such as the flexible metric method by Friedm&d], the
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discriminant adaptive method developed by Hastie and Tibsh&2nithe locally adaptive
metric method by Domeniconi et.gb3], and the extremely simple guteve distance

measure by Wang et §b4].

2.3.2.5 Metric learning algorithms

Handcrafting a good diaghce orsimilarity measure for a specific probleis generally a
difficult task. This has led to the emergence of an alternative approach, commonly known
as Omet r ithataine & auomaticpldearning a metric from the datnd has
attracted the attention ahanyresearchers from within the machine learning (and other
relatedfields) community

Metric learning directly addresses the problem @friéng the appropriate distance or
similarity metric from the dataset at hand rather than adapting@efireed metric for it. A
good survey about these modern algorithms can be foufsb-57]. Within the kernel
methods communyt the concepdf kernetalignmen (originally introduced by58]) and
the multiple kernel learning (MKL) techniquiB9], explainedaterin Section2.6.3 can be

categorized under this metric learning umbrella

2.3.3 SVM: a similarity -based classifier using kernels

Referring back to the dual optimization problem(#12), one can now realize that the
optimum value fora will certainly depend on the similarity measures calculated by the
dot-products of all the pairs of the training data pointsx>, which consequentlaffecs

the decision being atde in(2.14)during the test phaswhere the similarities between the
test samplex and the set of labelled support vectors are also being meadsusacki>.
Replacing the deprodwct by the kernel in the kerneéd SVMin (2.19) and (2.21) to
implicitly transform the input space to a higli@mensional feature spacso that linear
separability between overlapped classes can be improved, will certainly give us a lot more
choices (han the crude dgiroduct) by which the similarity between the inputancbe
measured hence enablaus to address a lot more of the challenging and complex
classification tasks that were before very difficult or even impossible to solve using the
traditional linear approacheklowever, wthin the context of its definition a& similarity
measure, as explained earlier, a good kernel choice séiilljoroduce a high scorevhen

its two inputs aresimilar, and a low scorevhen they are different.
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As described b¥hen et al[19], the SVM classifier ighereforesaid to estimate the class

label of a test sample based on:

1- The pairwise similarities between the trainsgmplescalculated by the umalpinning
kernel, which is akey factor in determining the optimum model parametgrgen

solving thedualoptimization problenin (2.19)during the training phase, and

2- The similarities between the test sample and the labelled set of support wectors
(2.21), calculated by the same kernel that was used in the training phase

In fact, similarity-based classification has been shown to be useful in solving a variety of
problems in computer vision, bioinformatics, information retrieval, natural language
processg, amongst othergl9]. A brief review of how similarity functions were adopted
within similarity-based classificationan be found irf19]. Crafting an appropriate SVM
kerne| based on some intuitive and accurate simildrségedmeasure riteria, is however
discussed in more detail i@hapter 3together with the consequent implication on its

resultingSVM classification performance.

2.3.4 Non-linear feature mapping using the kernel trick

The idea behind the kernel trick is that the inner prtedbetween the mapped vectors in

the feature space can be computed more efficiently, @.dot cheaper in terms of
computation complexity) as a direct function from the input space, 60]. This means

thatit is not even requiretb explicitly computd he mappi ng O. Thi s
achieved by applying a kernel function in the form showi2i26) In other words, the

step of explicitly constructing a feature vector space representation carpbsdeg using
kernel functionsAppendix Alshavs a simple toy example (reproduced fr{®h), which
illustrates how the inner prodscin the feature space can be effectively calculated directly
from the input space by means of a suitably chosen kernel. It also shows how the
complexity of the kernel function can be a lot less than the dimension of its corresponding

feature spackl.

In fact, the range of valid kernels is very large. Some are given in closed forms; others car
only be computed by means of a recursion or other algorithms. Surprisingly, in most cases
the actual feature mapping corresponding to a given kernel function isnevémown;

only a guarantee that the data can be embedded in some feature space that gives rise to 1

chosen kernel. Therefore, provided the function can be evaluated efficiently and it
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corresponds to computing the inner products of suitable images tfatarguments, it
constitutes a potentially useful kerrjél 9]. Selecting the best kernel from amongst this
extensive range of possibilitiesagritical stage in applying kernélased algorithms (such

as SVM) in pratice. In most cases, such selection usually relies on our prior knowledge

about the data and the types of patténaswe can expect to identifyl].

Hence, if a learning algorithiwan be adapted to use only inner products between inputs, it
can therefore be combined with a kernel function (sometimes referred to as ththralgor
being 6kernelizedé) that <calcul ates the
in a feature space. Hence, making it possible to implement the algorithm in -a high
dimensional feature space. This is how the SVM took advantage of this @ppoé has
been previously explained Bection2.2.4

2.4 Properties of Kernels

Within the generic setting of kernbased algorithms, kernel functions provide a powerful
and principled way oflassifyingnorntlinearly separable patterns using a theoretically well
understood linear algorithms in an appropriate feature space. This section provides a brie
study about the fundamental properties that characterise kernel functions. However, a:
indicated earlier, itlsould be notd that the prior knowledge arekperience also play an
important role in kernebased learning machines; j.&ernels must be chosen for the
problem at hand with a view to capture our prior belief of the potential regularities/patterns
in thedata, showing that a universal machine is not (yet) possible.

2.4.1 Inner products and the Hilbert space

The kernelbased approach to pattern recognition eraltieel data into a high dimensional
feature space whereby pattecasmbecome linearly separable angperplane functions are
equivalent to noitinear functions in the input space. The use of kernels enables this
technique to be applied without paying the computational penalty implicit in the number of
dimensions of the feature space, since it is possibévaluate the inner product between
the projections of two inputs in a feature space without explicitly computing their

coordinates.

This means that pattern recognition algorithms can be applied to the projections of the
training data in the feature smathrough the indirect evaluation of the inner products. A
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function that returns the inner product between the images of two inputs in some feature
space is the kernel function. It is therefore obvious that the notion and properties of inner
products playan mportant part in the characteation of kernel functions and in the

verification that a potential candidate function can indeed be a valid kernel.

Definition 2.2 An inner product spacean be defined as a vector spXcaver the realsA

if there exists a reatalued symmetric bilinear mgpQthat satisfie§1]:
(x,x)2 0.

This bilinear map is known as the inpeoduct; and for the vector spadé", the standard
innerproduct is given by

(x,2)= & %3 (2.28)
i=1

Inner product spaces are also knowh.aspaceswherep=2 in the following generic norm

form:
1
el Lor
M, =g < 229
ei=1 U
If, however p | 2, then the space is a nor med s

because this norm does not satisfy the parallelogram equality required of a norm to have al

inner product associated with it

Definition 2.3 An innerproduct space is usually arbityareferred to as Hlilbert space H
although strictly speaking a Hilbert space requires the additional statistical properties of
beingcomplete(defined by the Cauchy sequence property) sghrable(which ensures

that the minimum difference between 8pace elements is always Aoeagative) 1].

Without delving into unnezssary analytical exptation of these properties, the important
point to consider here is thitese two properties ensure that the transformed inner product
feature space can be given a coordinate sy$t@mHowever, as the kernel implicitly

defines such a space, there will be no need to construct the feature vectors.
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2.4.2 Characterisation of kernel functions

As there is no need to explicitly construct the feature space (via the utilization of the kernel
trick) to compute the inner products between the images of the mapped data, there is
necessary requirement for creating lasnwithout explicitly constructing this feature
space. In other words, we need to have some sort of guarantee that if we used a certa
function to directly process the input data, then this will indeed be equivalent to their inner
products in some higtimensional feature space. The traditiowaly that has been shown

so far to verify that a candidate function is a kerisethat to construct a feature space for
which the function corresponds to first performing the feature mapping and then

computing thenner product between the two imagék

However, there aréew otheralternatives available in the literature of kernel methdgds

9]. These are equivalent methods of demonstrating that a candidate function is a valid
kernel. Such methods not only can be used to verify that a functidkeisiel, but they can

also provide solid theoretical tools to create new kernels for complex pattern recognition
applications. Some of these methods are briefly described in the followirsgstidns.

2.4.2.1 Gram and kernel matrix

In linear algebra, given a nempty set of vectorsS={x1,x2,2 ,xl} in an inner product
space, th&ram matrixG is defined as the3 | Hermitian matrix of inner products whose

entries ar&;; = (x;,x; ) [1], given by

g<x1,x1> (X, %) 3 <x1,x|>13
G = dX2 %) (X%;) 3 (X2 X )y
e 4 4 6 4 U
é u
gx %) (X.x;) 3 (XX g

In the kernel methods context, where a kernel funckios used toevaluate the inner
products in a feature space with the feammr@p G, t he entries of
the evaluation of the kernel function on each pair of vectors in the dataset of the input

space as

Gi = (F(x),F (x;)) =k(X;,X,). (2.30)

In this case, the max is referred to as thieernel matrixdenoted by as follows
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Kij:k(Xi,Xj), fori,j = 1,1, 2, é,

&(F (,),F(x)) (F(x,),F(x,)) 3 (F (x,),F ()2
- aFCRLF(D)) (FORF0G) 3 (FOQ)F ()
I 4 6 4 U
&(F () F () (FO4).F () 3 (FO4)F00))g
éik(xl'xl) k(Xl,Xz) 3 k(xl’xl)@
u
Ki,:gk(xle) k(xii ) Z k(x24,x|)3 231
Skbo o) ko) 3 Kxox )

Appendix A2 demorstrates a numerical example to illustrate how such a kernel is

calculated using a small artificial dataset.

As illustrated by(2.31), the kernel matrix contains all the information available in order to
perform the learning step, with the sole exceptiérthe output labels in the case of
supervised learningl]. In other wods, all the information the pattern recognition
algorithm can glean about the training data and chosen feature space is contained in th
kernel matrix together with any labelling information available. It is therefore important to
bear in mind that it ismy through the kernel matrix that the learning algorithm obtains

information about the feature space and the input training data itself.

In this view, it is perhaps not surprising that some properties of this matrix can be used to
asses the generalisatn performance of the learning system. These properties, however,
vary according to the type of the learning task and the subtlety of the pattern recognition
process. However, in general, it plays a central role mothe derivation of generadison

bounds and their evaluation in practical applicatifitis

The kernel matr is, therefore, viewed as the information bottleneck that must transmit
enough information about the data for the algorithm to be able to perform its task.
Accordingly, t is natural tcanaly® the properties of these matrices, how they are created,

how they can be adapted, and how well they are matched to the task being addressed.

2.4.2.2 Kernel matrix and the finitely positive semidefinite property

The evaluation of the kernel function on the pairs of vectors of an input training dataset of
sizel produces ar 2 | kernel matrix as shown i(2.31). The kernel matrix is aquare

matrix of the same sideas the number of examples in the dataset.
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The kernel matrix is alssymmetricsinceKj = Kj, that isK™ = K where thei( j) entry
equds the {, i) entry, for alli andj, whereKT is the transpose d€. Another important
propery that underpins the charactati®on of both kernel matrices and kernel functions is
what is known as thénitely positive semdefinite (PSD) property. A maitx K can be
shown to be PSD in a number of wdy$; however, below we rdy highlight the most

common.

Definition 2.4 Positive semidefinite matrices[1, 9]

A real symmetrid 3 | matrix K is positive semdefiniteif and only if its eigenvalueg 6 s
are all nonnegative (i.e.greater than or equal 0). This condition can only be achieved if
and only if

a’Kaz 0 (2.32)
for all vectorsai A™.

Similarly, a re& symmetricl 3 | matrix K is positive definite if its eigenvalues are

positive, or equivalently,
a’Ka>0 (2.33

fora_ O.

As such, a matrix can be checkied this property using either the former (eigenvalues)
condition or the lder (inequality) condition, whichever is easier to apply to the problem at
hand

Definition 2.5 Eigenvalues and eigenvectorgl]

Given a matrixK, the real number/ and the vectoix are the eigenvalue and the

corresponding eigemetor ofK if
Kx=/x (2.34)
The eigenvalues & are determined by solving the determinant equation

det-/1)=0 (2.35)
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wherel is thel 3 | identity matrix

& 03 Og
% 13 o

||:g4 46 43 (2.36)
© 03 1

Investigating this positive serdefinite property of symmetric matrices into kernel

matrices ls revealed the following important proposition.

Proposition 2.1Gram and kernel matrices are positive seefinite. This can be shown as

follows [9]:

Recalling that

Kij = k(ixi) = (F (),F (x)), fori,j= 1., €,

Thereforefor any vectora = {al,a2,2 ,am} we have

m
a'Ka= gaaK;
i,j=1
a aa (F()F(x))

ij=1

m |
<a a F(x).a a F(Xj)>

i=1 j=1

2

aaF(x) 20

i=1

Because of the great analytical appeal that this propogiadron the theory of kernels,

Appendix A3shows a simple example that aims to clarify how it could be applied.

2.4.2.3 Finitely positive semidefinite functions

The pairwise evaluation of a valid kernel function on a finite set of points gives rise to a
positive semidefinite matrix, as shown in the above sdztion. It can therefore be clearly
observed how the kernel function and dsrresponding kernel matrix are intimately

related. Such a relation is what enables the formalization of an alternative method of
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characterising and verifying that a candidate function is a valid kernel. In other words, the
kernel matrix formed by evaluaty a valid kernel on all pairs of any set of points is

positive semidefinite[1]. This can be formally summaeid as follows.

Proposition 2.2 Finitely positive semidefinite functions [1]
A function
k: X3 XY A
satisfies the finitely positive serdefinite property if it is a symmetric function for which

the matrices formed by evaluating it on any finite suBset{xl,xz,Z ,xl} of the spac&

are positive semilefinite[1].

It is therefore important to ensure that the chosen candidate furstitbaracterised by the
positive semidefinite propertyfor it to bea valid kernel. As such, if the function is PSD,
it canbe used taalculatedot-products in the feature spakle Thisis what can briefly be

summarigd in the following proposition.

Proposition 2.3 Characterisation of kernels[1]
A function

k: X3 XY A
which is either continuous or has a finite domain, can be decomposed into dot products
k(x, 2) = (F (x),F (2))
using an implicitly def i nedH,dppliadttaibotk of itsa p
arguments followd by the evaluation of the inner productdinif and only if it satisfies

the finitely positive semdefinite property1].

Appendix Addemonstrates a simple example that shows how to apply this proposition to

verify that a candidate function is a valid kernel.

It can therefore be summarised that the relation
kx, 2) = (F(x),F (2))

means that, given a PSD functith t her e exi sts a mapping
evaluation of the kernebn vectorsx and z is equivalent tocalculatingthe dotproduct

bet wex n aimn sanfe (perhaps unknown) Hilbert space
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In the literature of kernel methods, however, a number of additional (but equivalent)
analytical methods have emerged to verify that a candidate function meets the PSD
property and therefore is a valid kernel. The most common of which are known as the
Reproducing Kernel Mapand the Mercer condition[1, 9, 61-64]. These are briefly
summariged in the following sulsections.

2.4.2.4 The reproducing kernel map

This method works by a reverse engineering approach. It assum&s#tisfies the PSD
property and proceeds to explicitly construct étaresponding space of functiomis,
which then should be an inner product space in which its elements satisfy thaelued!

symmetric and bilinear propertigk, 9].

In this sense, given a functid&that satisfies th®SD property, its corresponding function
spaceFk is usually referred to as the Reproducing Kernel Hilbert Space (RKH®H the
function that produced it is the Reproducing kerf@lrmally speaking, if a symmetric

function k(QXpsatisfes the reproducing property in a Hilbert space of functions

kx.Qf (P, =X,

thenk satisfies the finitely positive serdifinite property.

2.4.2.5 Mercerd sondition

The statistical analysis of the reproducing map described in the previces&ignshows

that any PSD kel can be represented asianer product in a linear space by explicitly
constructing a (Hilbert) space that does the job. Thisssghon, however, briefly
descri bes anot her tool , b a s esskntiadlyconstructs M ¢
another Hilbert space for a valid kernel that is in fact defined by dosoee relation to

the RKHS[65]. This tool has played a crucial role in the understanding of many kernel
based learning algorithms, such as SVMs, and provides valuable insigtitargeometry

of feature spacesinstead of delvig into intensive analytical explanation of the
construction otheMer cer 8s map and its correspondi!l
confine itself to stating the theorem and explaining how it can be used to construct useful

kernels.
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The Me heorem itsedf dates back to 1909 when Mercer defined the general form of
inner products in Hilbert spacés]. This theorem states that the general form of the inner
productin a Hilbert space is defined by the symmetric positive definite funkfiqrz) that

satisfies thdollowing:

Ak 2) f(x) f(z)dxdz 2 0, (2.37)
for all functionsf(x) andf(z) satisfying the inequalit}5]

ff 2 dx¢a

To be a valid SVM kernel, for any finite functid(x), the condition in(2.37) should
always be satisfied for the given kernel functigr, z) [9, 36] . If the kernel does not
satisfy this Mercer condition, thev# quadratic programming optimization problem may
not find optimal parameters, but rather it may find suboptimal paranmé&@rslso, if the

Mercer condition is not satisfied, the kernel matrix in turn may also not be PSD.

At the same timeany functionk(x,z) s ati sfying the above Me
kernel and can be used to construct-tiear decision funatins in the input space that are
equivalent to constructing optimum separating hyperplanes in some Ihighr
dimensionalfeature space-urthermore, it has also been shown that Mercer kernels and
positive definite kernelsanboth be represented as inqpducts in Hilbert spaces, and

therefore can be considered equivalg@jt This meanghat theMer cer 6 s t heo

equivalent formulation of the finitely positive sedwfinite property for vector spacgg.

2.4.3 Legitimate operations on kernels

The analysis provided iBection2.4.2 showed that the functiok(x, z) is a valid kernel
provided that its kernel matrix is positive sedeifinite forall training setsS, the secalled
finitely semidefinite property[1, 9]. This fact enables the manipulation of kernels without
necessarily considering the corresponding feature space. Provided that the finitely positive
semidefinite property is maintained, it is guaranteed that we have a valid kernel. That is,
there exists a feature space for whkdls the corresponding kernel function. The intrinsic
modularity of kernel machines also means that any kernel functiobecased provided it
produces symmetric positive sengfinite kernel matrices. Similarly, any kervised
algorithm can be applied as long as it can accept as input such a kernel matrix togethe
with any labelling information.
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The characteraion of kenel functions and kernel matrices is usefat onlyfor deciding
whether a given candidate function is a valid kernel. One of its main consequences is that i
canalsobe used to justify a series of rules for manipulating and combining simple kernels
to obtain more complex and useful ones. Such operations on one or more kernels can b
shown to preserve the finitely positivengedefinitenesgroperty. These also can include
operations on both the kernel functions and the kernel matrix. In other woldsgas we

can guarantee that the result of an operation will always be a positivedstnite
symmetric matrix, we will still be embedding the data in some inner product feature space,

as required.

An example of creating a new kernel from an existing mnprovided by normalizing a
kernel. This has the effect nbrmalizingthe feature space, a process thatsuallyused to
take place at the pigrocessing step. Given a kertkék,z) that corresponds to the feature
mapping 0, thekagvemes!| i zed ker nel

k@2 = — %2 (2.39)

Jk(x,x)k(z,2)

Similarly, operations that manipulate the kernel matrix using the finitely positive semi
definite property can also be viewed as an intermediate §since step designed to
improve the representation of the data,,drehce the overall performance of the system,
before it is passed to the learning algorithm. One simple example is the addition of a
constant to the diagonal of the kernel matrix. This thaseffect of introducing a soft

margin in classification or equivalently regularisation in regression.

Therefore, using a family of simple operations, usually referred to a$othiee properties

[1], more complicated kernels can be created from simple building block kernels. The
approach demonstrates tlilaé new functiors are kernels by showing that they are finitely
positive semidefinite. This is sufficient to verify that the function is a kernel and to sculpt
an appropriate new kernel for a particular application. A full list of the legitimate kernel
operations, togetr with their proofs, can be found fih] and[9]. Below, howeveris just

a highlight of the main operations that are utilized in this thesis.

Given thatki(x, z) andkox(x, z) are two valid kernels over the spaSe= X 3 X, where

X1l A™ anda is a positive real constargi A, the following propositions hold true to

produce new valid kernel functiopd].
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Proposition 2.4 The multiplication of two valid kernels is alswvalid kernej i.e.,
k(x, 2) =ku(x, 2) 3 ka(X, 2)

is also a valid kernel. Such combination of kernels is often referred to 8shhe product
which is obtained by getting the tenssor

and hence the result is also a positive sagfinite matrix.
Proposition 2.5The addition of twdor more)valid kernels is also a valid kernek,,
k(x, 2) = ka(x, 2) +ka(X, 2)

is also a valid kernelyhich is probablythe simplest andnostnatuml operation one can
think of to combine two existing kernels. Similar to the previous proposition, this again
stems from the fact that the addition of the respective kernel matrices of the combined

kernels also preserves the positive sdefinite propery.

Proposition 2.6 The multiplication of a positive real constant by a valid kernel also

produces a valid kernel; i,e.
k(x, z) =aku(x, 2)

is also a valid kernelwhich also presergthe positive serdefinite propertyas long as

al A+.

2.5 Selection of the right kernel

2.5.1 The problem of kernel function selection

The kernel function is a central and crucial element in the design of a-kaseslearning
algorithm. It needs to be carefully selected to perform the mapping into the deateice
spacesuch that the sought after linearly separable classes can be formulated. But how cal
kernel functions be selected? What function should one choose in order to achieve the bes
possible representation of the data for a given problem? Thestians have brought up
the probl em of 0 k,evhiahddsonieexteattsiillotemains a mystery. i o |

It has already been demonstratedattion2.4.2that kernel functions need to be positive
semi-definite to enable the implicit establishment of a higimensional feature spader

which the function computes the corresponding inner products. However, thenaraye
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functions that can be shown to preserve this property, so which one is théshibstre an
0Oi deal 6 kernel that cclassificitierprabere?d t o sol ve

In fact, the choice of the kernel is an open problem that usually amounts to using our prior
expectation about the possible patsehiddenin the data that the algthm is expected to

learn. As it is not always possible to make the right expectations a priori, it is a common
practice to search, from within a family of kernels, for the best possible kernel that can
achieve the best possible representation of theselata the transformed feature space.
Ideally, this is usually empirically inferred from the performance of the adopted kernel

based pattern recognition system (such as SVM) on a particular dataset.

The choice of the most appropriate kernel is highly ddge on the problem at hand,
sinceit depends on the nature of the patteynthe kind of information we are expecting to
extract from the data. A polynomial kernel, for example, allows us to model feature
conjunctions up to the order of the polynomithe Gaussian kernel functipan the other
hand, allows to pick out circles (or hyperspheres), in contrast to the linear kernel, which
only allows to pick out hyperplanes or lingds]. This means that not all kernels have the

same data representation power.

As mentioned earlier, the range of valid kesnel very large, especially if we thought
about all the different permutations and operations discussed earlier that can be used t
create newcompositekernelsfrom smaller kernel building block8elow is a list of the

most commonly used and traditioriadrnel functions that are available from the existing
literature[1, 12, 15].

A Linear kernel

This is the simplest kernel function givena dotproduct form as:
k(x, 2) = (X,2) . (2.39)

It does not, however, amount to any transformation to higher number of dimensigns, and
hence it does not help with enhancing linear sepdity between nodinearly separable
classes. However, if the classification problem is already linearly separable in the input
space, there is no need to map the input space into ainngimsional spa¢eand in this

case the linear kernel can be ug&g.

47



A Polynomial kernel

The polynomial kernel is the immediate generalisation of the linear kernel raised to the

polynomial ordem wheren | Z*. It is usually used in either one of two types: either the
homogeneougolynomial kernel, given by

kx, 2) = (x,2)) (2.40)
or theinhomogeneougolynomial kernelgivenby:
k(x, 2) = (x,2)+c)° (2.41)

wherec is a constant usually equal to 1.

A Gaussian kernel

This is probably the most commonly used kernel due tgoitslempirical performance in
picking up nonrlinear relationg1, 15]. The Gaussian kernel is an example of the radial

basis function used in a number of applications, such as neural networks. It is given by
K(x, 2) = expl- glx- 7). (2.42)

where the kernel parameter= iz plays an important role in the performance of the
2s

kernel and is usually subject to careful tuning to the problem at hand. lis
overestimated, the exponential will behave almostarly, and the highedimensional
projection will start to lose its nelmear power. Conversely, i§ is underestimated, the
function will lack regularization and the decision boundary will be highly sensitive to noise
in training datg15].

The widespread use of the Gaussian kernel is probably duehimthdimensionality of its
equivalent feature space. The process of constructing the Gaussian kernel stems from th

use of the Taylor expansion of the exponential fundtipn

21
eXp(X)zaﬁX ’

i=0"'

As such, the Gaussian kernel is actually equivalent to a polynomial kernel of infinite
degree. Hencgdts corresponihg feature space is of infinite dimensions with all possible

monomials of input features with no restriction placed on the degrees.
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A Exponential kernel

The exponential kernel is the same as the Gaussian kernel but with the square of the nori

left out. Itis also a radial basis function kernel, giver] ®§|
k(X, 2) = exp(— glx- z||) (2.43)
where the keral parametep will also still need to be empirically optimized.

A Tan Sigmoid kernel

The hyperbolic Tangent Sigmoid kernel is adgmopular SVM kernels given Hy5]

k(x, 2) = tanha(x,2) +q), (2.44)

whose two adjustable kernel parameters are the el the intercept constamt. It
originates from neuraletworks whereby it was often used as an activation function for the
artificial neurons. Surprisingly, although the Sigmoid kernel is known to not strictly fulfil
Mer cer 0an (le,Mediceir 6s condition is satigksfie
[7, 6Q], yet, it has been reported to perform well in a number of practical applications. A

more detailedrisight into the Sigmoid kernels for SVMs can be founibif.

2.5.2 The statistics perspective of kernel classes

Due to the wide diversity of kernels throughout the different machineihegadisciplines,
Genton[18] conducted an interesting study on positive definite kernels that aimed to
categorize them based on how they are expressed in terms of the two input vectot
examplesx and z. Table 2.1 shows a summary of the kernel categories investigated,
namely: anisotropic stationary kernels, isotropic stationary kernels, compactly supported
stationary kernels, locally stationary kernels, +stationary kernels, and sephle non
stationary kernels. Based on this categorization, one can easily identify which class would

the SVM kernels mentioned in the previous-selstion belong to. For example, since the

Gaussian kernel is expressed in terms ofldgevector |x- z|, it would fall under the

isotropic stationary kernels category, whereas the homogeneous polynomial kernel,

expressed in terms &fx,z >, would fall under the nostationary kernels.
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Table 2.1 Classification of kernel functions frothe statistics perspectivas introduced ifl§].

Stationary kernels

Non-stationary

Separable non

: . : Compactly Locally stationary kernels stationary
Anisotropic Isotropic supported kernels kernels
The kernel The kernel These are kernels | These are kernel functions that are usually expressed in th These are the most| Is a special case g
function depends | function depends | that vanish form of general class of non-stationary
on both the length| only on the whenever the _ L ax+zq kernels which kernels expressed
and direction of | magnitude of the | distance between k(x,2) = klaeg 5 9 (x-2) depend explicitly | in the form of

the difference
vector between
the two input
vectors

k(x,z) =ks(x- 2)

lag vector between
the two nput
vectors and not on
the direction, and
therefore is only
function of
distance

k(x,2) =k,

x- Z|)

the two vector
inputs is larger than
a certain cubff
distance; e.g., the
spherical keral is
compactly
supported because
k (x- ) =0

when

x- 2> ¢

Wherek; is a nonnegative function ank is a stationary
kernel. Statioary kernels are a special case of locally
stationary kernels ¥, is a positive constant. Other special
cases of locally stationary kernels also include:
A The exponentially convex kernel

k(x,2) =k, (x+2)

A The white noise kernel
0X+Z ~
k(x.2) =k &~ 0d{x- 2)
g -

where d is the positive definite kernel which is equal to
if x=z and 0 otherwise.

on the two input
vector exampleg
andz. For example,
the homogeneous
polynomal kernel
defined by

k(x,z) = <, z>"
wheren is the
degree of the
polynomial kernel.

k(x,2) =k (X)k,(2)

wherek; andk;
are stationary
kernels evaluated
separately on the
two input vector
examples andz,
respectively.
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Gentondés study on the <c¢classes of kernel
whereby he utilized the spectral representation theory to show how positive definite
kernels can be constructedeach class. However, he was still not able to advocate which
kernel, or classes of kernels, could be useful to certain applications or best suited to targe
the solution of a particular problem. Of particular interest to the work of this thesis (as will
be discussed later itChapter 3, however, is the study he conducted on the apatr

stationary kernels (which are explicitly definedterms of thdag vector|x- z|) and the
graphicalexamples he demonstrated for them, such as the anircspherical, rational

quadratic, exponential, Gaussian, and wave keriiélsse areeplicated inFigure2.5 and

Table2.2 below, whereg is the kenel parameter.

AN~

AN 4
L NN

Figure 2.5 Examples of isotropic stationary kernels, as illustratefil8}. (a) circular; (b) spherical; (c)
rational quadratic; (d) exponential; (e) Gauss{@nvave.
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Table 2.2 Examples of commonly used isotropic stationary kernels, as illustratgkBpy
Name of kernel Ki(||Jx —z|)/K;(0) ‘
(a) Circular

" . ; . - 9 [|x— —z|[\2 ., :
positive definite in R? arccos (HXBZ”) - %HXHZH 1- (w)’ if [|[x —z| <6

zero otherwise

q o

(b) Spherical
l[x— x—z|

5 . 3 _
positive definite in R 1- % HZ” + %( 7 ) if |x —z|| <@

zero otherwise

(¢) Rational quadratic

Srion definite in R o x—z?
positive definite in R 1 Tx—z2+0
(d) Exponential
positive definite in RY exp ( - HXQ;Z”)
(e) Gaussian

22
positive definite in R exp ( - %)
(f) Wave
positive definite in R? ¢ _sin bzl

[[x—z=l] g

Given that the norm of the isotropic kerndis- z| defines the distance between the two

input vectos x andz, it identifies a straightforward indication as to what extent the two
examples are closely related. In statistical pattern classification terms, this provides a
measure about how far away these two eecare from each other gratcordingly how

similar they are to each othemd as such, as to whether or not they belong to the same
class. Given that kernels are also considered as measures of simviaeity,the higher the
similarity, the more alikehe two vectors are (and vice versa} discussed earlier in
Section 2.3.1, the shapecharacteristic§as represented by thesstropic kernels for
example)can bewell utilized to investigate what furthergperties a SVM kernel would

also need to exhibivhen measuring the similarity between its input patterns, and hence
aid in the decision process as to whether or not they belong to the sam&hikassbject

I's not i nvesti gat e dl beidiscusGed mtmora details @@aptek3 a n c

within the context of the solutions proposed in this thesis.
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2.6 Kernel fusion via hybridization and multiple kernel
learning

Despitethe long list of kernels within each of the classes mentioned in the presubus
section, it is still difficult to explicitly determine which kernels are best suited to a
particular problem. Moreover, there are many complex patlessificationapplications

that camot be handlecasily by a single kernel. It was therefore a matuyractice for
researchers to investigate how would a combination of kernels help to tackle complex
patternclassificationproblems, especially because of the readily available salient algebraic
properties, represent ed eldwegarliermection2.4.dthatl r e
admit the legitimate combination of kernels while still preserving their -sefimite
properties. The&multiplicationd and Gummatio® p r o (definetd by@rspositions 2.4

and 2.5, respectively) seemto be the two most commonly used approaches adopted for
creating kernel combination strategies in the literature of this specialised field.
Accordingly, the two main streams that appeared in this area were mostly the linear anc

nonlinear kernel combination.

For example, Tan et .a[68] were amongst the firsts to utilize trimmativeand
multiplicative closure properties of Mercer kes&d construct a hybrid kernel from the
existing comma kernelsvia the non-negative linear combination and tm®nlinear
product of Mercer kernelsand come up with a more flexible and efficient kernel for
SVMs. They conducted some experimentstloahybrid SVM kernel constructed from

both the linear combation and thenortlinear product of the cubic polynomial kernel €

3) and the Gaussian kernel. Their reported results revealed that the hybrid kernel is
consistently superior in terms of classification performance compared to when each of the

individual kernels are used on their own.

A similar work conducted by Song et &9] analysed the areas where different kernels
could provide complementary information about different aspects of the data, and
accordingly defined kernelsitwo categoriesglobal kernels(e.g, the linear kerne))
where samples far from each other can affect the value of the kernel fuacttbhence

are better at extracting global features of data;lacal kernels(e.g, Gaussian) that only
allow sampés close to each other to influence the value of the kernel function and hence
they are good at extracting local features of dati& short at extracting global features of
samples. As suchtihe authorgproposed the construction of an additive compoundéte

named 6CombKer 6, from both the I inear ani
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[x- 2|

k(x,z)= (- /){x,2)+/e =", (2.45)

where0¢/ ¢1,/1 A,

to take adantage of the good prediction ability of the linear keraslwell as the good
learning ability of theGaussiarkernel. Again, their experimental results revealed that the

CombKer outperforms the single individual kernels in terms of classification agcura

Similar investigations were also reported%2] and[70], whereby the lineasummative
combinaion of two or more commonly used kernels (eRpolynomial, Gaussian, and
Sigmoid) experimentally shown to consistently outperform the classification performance
of the single individual kernels. Ndmear combination techniques of kernels have also

shownpromise in some other reported work, such7d$ and[72].

The approach of kernetombination otybridization hagprobablyemerged as a result of
being motivated by the information fusion theory, as defif@dexample by Dasarathy

[73]: Information fusion encompasses the theory, techniques and tools conceived,
developed, and employed for exploiting the synergy in the information acquired from
multiple sources (sensors, databases, human sources, etc.) such thatiitiregrdecisions

or actions are in some sense better (qualitatively or quantitatively, in terms of accuracy,
robustness, etc.) than what would be possible if any of these sources are used individually
without such synergy exploitationWithin the contextof this definition, researchers all
over the world have been making important contributions to this field in a variety of topics
and targeting to solve a range of lplems in different applications amlisciplines. These
include, but are not limited tatefence and military applications, such as automatic target
detection, tracking, identification, and recognitipri4, 75|, antipersonnel landmine
detection[76], guidance for autonomous vehicl€g7]; and nomAmilitary and civilian
applicatons, such as industrial measurements and tefstBjgremote sensing/9], robotic

applicationg 80, 81], medical imaging and diagno$&2, 83, etc.

2.6.1 Classifier fusion

Amongst all the previously mentioned applications that benefited from the information
fusion ®ncept, te pattern recognition oclassification community is also not an
exception. Traditionally, pattern recognition systems used to focus on designing only one

classifier to achieve the best possible classification performance for the task at hand.
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However, haing realised the benefits of fusion, a vastly growing literature on modern
pattern classification techniques has already adopted the same concept in utilizing €
combination of «cl| assi f[B4e86| sExparmentalinvestigatigns t h
revealed that different classifier designs could potentially offer complementary information
about the pattern® tbe classified, and hee, if appropriately integrated @used together,

could improve the performance of the classification task at fajd A bulk of research

has also shown that many complex classification problems can only be reliably solved by
fusing the experiences of multiple classifier models together. As such, theseatioss
motivated the research on combining classifiers so that not to rely on a canigeon
making scheme. Insteadll designs are to be combinedfased together to collectively

contribute towards achieving a better consensus decision.

To date, arious classifier fusion schemes have been developed and shown to outperform &
single best classifier. Coarsely, these schemes could be classified according to whether th
fusion process is taking place at the input,(features) or the output (i,&lecisions) of the
classifier. Feature fusion strategies deal with the selection and combination of features tc
remove redundant and irrelevant features that could confuse the classifier and cause it t
poorly perform. The resulting set of features is thesefutogether to obtain a better
discriminative feature set, which is then fed to a classifier to obtain the final [&gulin
decision fusion, on the other hand, an ensemble of clss{ivhich could be of the same

or different type; e.gk-nearest neighbouneural networkSVM, etc.) is usually used and
their outputs merged together by various methods to obtain the final output. A good review
of the techniques and algorithms devisathin each of these categories can be found in
[88].

2.6.2 Kernel fusion

By analogy the use of different SVM kernel functiomgnounts to the constructiaof
different classifier modelthatcaptures different aspects of the d#a such, similar to the
classifier fusion mentioned in the previous -sd@gation, the use dfifferent kerned canalso
provide complementary information about the input data tlaeckforethe performance of

the classifier constructed from multiple kernels fused together would be expected to

outperform that of a single kernel.

Given that the kernel function iBg element that defines how the SVM classifier model

will be formulated, combining diusing kernels is therefongerceivedto be analogous to
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the approach of combining classifiers, with the obvious difference of combining the heart
of the classifiers ra#r than their peripheral inputs outputs.Consequently, th&ernel
methods research community has also started to realize the behefismbining kernel
functions and apply the same concept in kerbaded learning algorithms to fuse or
combinethemtogether.An interesting study, conducted by Lee et[&B], comparing the

two approaches (i.ekernel combination versus classifier comiiioa) has revealed that

the former approach is usually preferred over thtedavhen a dataset has a varying local
data distributions. However, classifier combination methods are sometimes more stable

with small size training datasets.

A crucial questionhowever, was how to combine kernels whilst maintaining their positive
semtdefinite properties intacFortunatelya good answer to this question was provided by
t he sdobure@nopertighof positive semdefinite kernelsas explained earlier ithis
section, which permits the constructionnebre complicated kernels from simpler building

bl ocks using a number of methods[]l]. withoui

2.6.3 Multiple kernellearning (MKL)

One of the main drawbacks thife SVM is that the selection of the right kernel to solve a
certain task has always retdi on the experiena#f the userand his a priori knowledge of

the processing data and the problem at hand. In practice, users usually specify a family o
kernels and use the training data to select the kernel that scoresstiperformance, a
problem whch is known adearning kerneld72]. This is, however, very time consuming

and researchers started to realize that there is an increasing demand to dhtopratess

of automatically selecting the right kernel for a given applicatagher than leaving it to

t h e whoieerRécent advances in kernel combination research have managed to move
a step forward towards achieving this goal, by providing extensive theoretical analysis of

this problem both in classification and regression.

It has been not closueedpropeties alsotpérrait the ese ofeveighss
defined byProposition 2.3 whilst still retaining their semilefinite properties intadtl].

This meas that the construction of linear and/or Aamear combinations of kernels could

be weighted, and hence assign an O6i mport
choice of the best kernel that suits a certain classification task is not yet a completely
solved problem, recent advances in optimization stratetiesedthat these weights can

be automatically learnt from the training data at hg@@jl. And hence, in an indirect way,
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by calculating the best/optimum weightsie can determine the most important kernel to
be used to solve a certain classification task from amariseof kernels beingveighted

combined (linearly and/or nelimearly).

Lanckriet et al[91] were amongst the firsts to investigate this subject by adopting a semi
definite programming approach to automatically learn the weights of a linear kernel

combination in the form of a convex combination of basis kernels, as:

k(x,2) =ahj‘ mk; (X,z) (2.46)

M
wherem20 , § m=1,

i=1
andM is the total number of kernels combined ampdire the assigned weightsanckriet

et ald svork havepaved the \ay to create a series of similarpapaches in a variety of
optimization strategies addressing the problem of not only automatically learning the
combination of weights from the input training data, but also the hyperparameters of the
associated discrimitige classifier[71, 92-96]. This work has amalgamated under a
relatively new and interesting researopit known asMultiple Kernel Learning(MKL).

A good review of the several MKL approaches proposed in the literature can also be found
in [59]. Targeting the same goal, similar work adopting genetic programming and

evolutionary strategidsasalso showegromising results if97] and[98].

Whichever MKL methodology is adopted, tlalculated weights would depend on the
training dataset (i.ethe problem at hand). As such, some of the kernels in the adopted
ensemble would be highly important at some datasets and least important at others, whicl
is what the weights cameveal While the use of hybrid or a combination of kernels
demonstrates improved classification performance in many occasions, doseiat the
expense of more parameters to be determined by gavaeries of additional optination
problems, which results iahigher computation complexity adngercomputation time.
However, it reduces the problem of kernel selection to the task of determining the weights
rather than the kernels; i.eby automatically learning the best weights that suit the
classification taslat handpne istherefore able to automatically determine which kernel is
best suited to a specific problem, and hemoea step forward irsolving an important

open problem.
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2.7 Summary

This chapter presented a survey thie SVM classificationalgorithm together with a
critical analysis and study a@he properties of kernel functions whighadopts to tackle
norlinearly separable classification probleriie aim was ttighlightthe main research
problem addressed by the thesis, where the use of kesslmilarity functions hebeen
overlooked in previous literatureThe chapter also briefly analyzes previous kernel
combination strategies, within the context of information fusion; a concept which will play
a central role in the solutiotkevisedby thethesis éspecially inChapter 4 to address the
identified research problem.

As such, if this problem is addressed properly, researchers would therefore be able to crat
kernelsusingsome natural and intuitty 0 s i 4ials @rapértiegwhich desdbe how

the examples belonging tha same odifferent classes resemble (or differ from) each
othe) whi ch are more tangi bl e opaosdivetsemidefigts t h
properties of the implicit higldimensional feature spaces which one hmigot even be

able to alculate. Moreover, restricting kernelsgositive semidefinite functions may rule

out several natural notions of similarity that arise in many practical applications which are
not positive semidefinite, and yet can successfullye used for learning to achieve

reasonable generalisation levels.

The reseailt work presented in this thesis therefadelresses this problelny utilizing the

SVM kernel as a tool to measure the similarity betwéenwo input vector arguments
alongsidewith its standard definition as an implicit mapping tool igherdimensional
feature spaceas prescribed by itpositive semidefinitness property. As such, the
subsequenthaptersexplae what appropriate similartyased properties can be exploited

to characterise SVM kernels, when used as similarity functions, and to assess the influenc
of these properties on the SVM classification performance.
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Chapter 3
ProposedSimilarity -Based Characteristcs
for SVM Kernel Functions

3.1 Introduction

This chapter aims to highlight the importance of studying kernel functions in terms of their
definition as similarity measusealongside withtheir standard definition as implicit
mapping tools to higldimensionalfeature spaces using the positive seefiniteness
property(or Merceb sondition). Thisstudywill enable a machine learning practitioner to
design kernels in terms of -bacmeadonptrwmpalr
are more tangible quani t i es t han the &édmathemati-cal

dimensional feature spactmtone might not even be able to create.

The chaptempresents a theoretical investigation kernels when used to measure the
similarity between its two inpubstancesfor pattern classificatioby SVMs It proposes
someappropriate and intuitive criteria, based on lbeshapeof a kerné should typically

look like, when measuring the similarity between its inputs. Motivated by the previously
proposed plots for the Chebyshev kernel, the chapter then adopts the orthogonal
polynomial kernels paradignisuch as Chebyshev, Legendre, and Herrkémelg, to
inform the underpinning theoretical analysis of the proposed similzaggd shape
characteristics, and to assetheireffectiveness in aiding the SVM classifier to achieve

more correct clagfscation decisions.

3.2 The need for intuitive kerneldesign criteria

3.2.1 Why positive semidefinite kernels?

It has been explained @hapter Zhow a positive serriefinite function k corresponds to
the innerproduct of the imagesf the input datgunder some mapping functior) in

some highdimensionafeature space, as:

k(x,z2) = F(x),F(2) >. (3.1

59



This ols er vati on enehblkzadi drhdmanyik SYMy dy directly
replacing the inneproductin its dual optimization problem by another funcfighat is
proven to bepositive semidefinite( or equi val ent | y pnespoditiveMe r ¢

semtdefinitefunctions are also inn@roducts but iranother higkdimensional space.

Although this mapping to the higimensional space is never explicitly performed in
practicé, it can enhance the linear separability of therlappectlasses in thenput space
when the number of dimensions incredsess such,the implicit mapping to high
dimensional spacesembeddedn the utilization ofpositive semidefinite kernels enables
solving nonlinearly separable classification problems in the input spmcealculating
linear decision boundaries in the higimensional feature spacehere the classes can
become linearly separabl&his is how the kernelized SVM has gained its popular non
linear classification power via the adoption gi@sitive semidefinite kernel function that
has the effect of implicitly mapping the ntinearly separable class&sthe input space to

a higherdimensional feature space where tloay become linearly separable, and hence
easier to classify.

Extensive theoretical and mth@matical research have besmmductedn order to specify

what characteristics such a kernel must have, and the existing rich literature seems to hav
reached a generic consensus thatlaes indeed neetb be positive semidefinite (or
equivalently meeMe r ¢ e r 0 s toceoablelthetdireot replacement of teer product

in the dual optimization problem andt the same timeprovide the notion of implicit
mapping to higkdimensional spacesvhere classes can become linearly separdifie.
positive semtdefinitenessproperty also ensures that the SVM can be efficiently solved
using convex quadratic programming, otherwise convex solutions can be very challenging
to achievé[16].

4 And many other learninbased algorithms that are configured to accept only inner products between the
input data.

5> See Egs. (2.12) and (2.19)@hapter 2

6 Because of the kernel trick that enables the kernel function to tiecagipectly to the input data, as
explained inSection2.3.4

7 See for exampl€&igure2.3 in Chapter 2and Figure A.1 irAppendix A and the popular youtube video in:
https://www.youtube.com/watch?v=3liICbRZPrZA&list=PLaS2s07F2t3V0T25A¢4HJgJ7aUG0

8 Although some research, such[&8, 23-29], were actually able to demonstrate that indefinite similarity
functions can also achieve reasonable generalisation levels and, hencegceasfsllg be used for learning,
arguing for the need for the kernel to be only restricted to positivedefimite functions.
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https://www.youtube.com/watch?v=3liCbRZPrZA&list=PLqS2sO7F2t3V0T25Aoj4-ScgHJqJ7aUG0

3.2.2 Positive semidefinite versus similarity measure kernels

Being defined asnner producst in some higkdimensional spaceyositive semidefinite

kernel functioshaveal so been defined as | egimanynat e
contexts[9, 16, 19]. However, limited efforts seem to have studied kernels from the

0 s i ny nheasur@ perspectiverather than the positive seméfiniteness point of view.
Amongst the few who actually started to recognize this deficiency, is the line of work of
Balcan et al[20-22] and Kar et al[23], who realized the drawbacks of limiting the kernel
studies to only theiimplicit mapping theory defined by thpositive semidefinite

property For example, some of theporteddrawbacks include:

1- The theory does not directly correspor
should offer as a g oAsduch) inmay e difécultdof a s i
domain experto use the theory to construct arstomize an appropriate kernel (as a

similarity measureool) for the learning task at hap#o, 21, 99].

2- Different types of kernel functions, if viewed as similarity functiocyld describe
different notions of similaritypbetween objects, which does not correspond to any
intuitive or easily interpretable high dimensional representation. This is due to the fact
that the underlying higd i mensi onal feature space is
representations of the datathe input space, as its construction is only imp[i2Q,

21, 99.

3- It can sometimes be unsa#isfory and unclear to explain the effectiveness of a
learning algorithm in terms of the properties of an implicit kigfnensional feature
space that one might not even be able to calculate. There is alssa& @xplanation

of what it is that makes a kernel useful for a given learning profém

4- The requirement of positive seméfiniteness may rule out several natural notions of
similarity that arise in many practicatenarioghat are notpositive semidefinite In
other words, many practical similarity functions do not actually satisfy the
mathematical properties of an inner prod[{t®], as defined by th@ositive semi
definitenss s property or t he Mihersgbseguirdgly pcoduced i t
similarity matrix can be indefinite. For this reason, some methods have beesguropo
to modify similarities into kernelgl9, 100, for example by applying some spectrum
transformation procedures (such as Spectrum Clip, Flip, Shift, andr&§qio the

similarity matrix to change it to @ositive semidefinite matrix. However, these
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methods can be quite complicated and could require substantial work, possibly
reducing the quality of the[20buncti on, t

For these reasons, Balcan et [@0-22] developed a theory for learning with similarity
functions that addresses a number of these issues. It is more general and in terms of mo
tangible quantitieshian the standard theory of kernel functions. It is also based upon some
natur al and i-baséedi ppopsimi éadithmpat do n
high-dimensional spacesor do they require that the similarity function fesitive semi
definite or even symmetric. Simply put, their approach is based on developing a
mat hemati cal definition of a 6goodnesso
for a pairwise function to be a 6gTthesdd s
basically stemming from the idea that t |
indicative (as one might intuitively want it to be) about the fact that data examples
belonging to the ¢ torbemotelsindasto @achber tham thpse c t ¢
belonging todifferent clas®s I n other wcol radsss,6 tshiemi 6 iam i
sufficiently | ar geel acsosndp asriemdi Itaor itthye. dlifntae
such a d6égoodd dtrainingexamplesheretmiust exist a neav separator
that has a specifiable error at some maximum margin. By this way, Balcar 2327

were able to show why a kernel function under the usual definition can also be a good
similarity functonmm der t hi s 6 goodnes stdsinlaify tramslation o n .
is therefore regardeds the first formal theoretical justification to the standard intuition

about kernels and to their good empirical performance.

A direct implication of the theorproposed by Balcan et at that one can think (in the
design process) of the wusefulness of a k.
properties that can be applied directly to the data in their original input space without
needing to redr to implicit mapping to higldimensional feature space$he work
presentedn this thesidollows somefootstepsakin to that of Balcan et ato investigate

some further intuitive characteristicgshat should naturally bembedded in kernels as
similarity functionsbased on theishapeproperties.lt studies how similarity measure
kernels should graphically lookke and adoptsthe previously proposed orthogonal
polynomial kernelsas an exampl® explore the implicationsf their shapecharacteristics

upon the resulting SVM claffication performance.

9Hence the repeated calculations of the probabilistic expect&iontheir theory.
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3.3 Intuitive shapeproperties of similarity functions

Being regarded as similarity measures, it has been explaingdciion3.2.2 why some
researchers, such as Balcan ef20)], advocate the need for thinking about the usefulness
of a kernel function i n -btaesrendsdé opfr onpcerre iier
Omat hemati cal 6 pr operdforpasitivasemidetnite] candition. b y
However, althoughBalcan et al.[20] developed a number of alternative mathematical
conditions, based on oneds intuitionitof
was still not very lear what such kernels could,lm# how to construct thenThere is also

a lackof empirical investigations to validate their the@mwyd explore if it actually hds

true.

The work presented in this thesis is inspired by sdsimilarity-base@ intuitive
perspective Unlike previous work, however, the thesis addresses this subject from more
tangible quantities stemming from tekapecharacteristicef the kernels dictated by the
definition of similarity measures. In other words, the investigatimeseted hereinare
mainly based on how thgpical kernel shape should look like, being thought of as a tool
to measure similarity between two input vectors. Thihought tgprovide a more tangible

and straightforward resource to readily help the desigh#reoSVM kernel to intuitively

either select or adapt an appropriate kernel for the dataset at hand

3.3.1 Ideal shapecharacteristics of kernelsas measure of similarity

Kernelbased learning algorithms, such as the SVM for pattern classification (whieh is th
subject of study in this thesis), utilize a kernel function to measure the similarity between
two input objectg30]. It can be seen as a generalization foritinerproduct operation in
vector spaces. Asexplainedin Chapter 2 the function does so by computing tineer
product between the images of two inpaictorsprojectedinto some higkdimensional
feature space. Being considered as a similarity medseixgeen its two input vector
argumentsx and z, an SVM kernel isexpected to follow the santgpical definition of
O6similarity f unSedidn2adh2sde., isealue inaeasesthen the two
vectors are more similar to each other (and vice veasa) be maimized when the two
vectors are identical to each othlr pattern classification, this would typically mean that
it should assign a higher similarity score to any paivexdtorsthat belong to the same
class than it does to any painadctorsfrom different classegl01]. This would be the case

if the implicit mapping by the kernel function brings similar objects clogetter and

takes dissimilar objects apart from each other in the hidineensional feature space
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Assuming that input vectors belonging to the same desglly share more similar
characteristics than those belonging to different classed given thatthe pairwise
calculation of the SVM kernel isssentiallya scalar quantity (reflecting the degree of
similarity betweenits two inputvectors, it would be expected that the calculated kernel
value is high whenits two input vectors are highly similagand therefore belong to the
same classandit is maximized when theare identical, anit decreasemonotonically®

as the depart away from each other

One candepictthese intuitive characteristics into a graph of what such an ideal kernel
should look ike by thinking of it as a belike shape curve if plotted against the absolute
length (or magnitude) of the lag vector between the two input vector argurpents|. In

a typical normalized vector space, one can therefore intuitivedyprat the normalized
shape of such an ideal kerr{ek the one illustrated iRigure 3.1), as being maximized

when the twanputs are identicalind decayingnonotonically (i.e.decreasing and never
increagng back), when they depart away from each other. If these properties are not
strictly satisfied, the subsequently calculated similarity measure could be inaccurate, in the
sense that it does not reflect the true resemblance ok the ntevd @It vector
arquments, a fagtwhich canhave a negative effect othe subsequent classification

performance.
1
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Figure 3.1 A typical example of thehapecharacteristics of an ideal kernel defined as a similarity function.
The kernel value is maximized when the two vectors are identical, and decays monotonically when the
distance between them increases.

10 A monotonically decreasing function idunction that is entirely decreasing; i.&x) is not allowed to
increase axincreases.
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One can straighdway realize that this is actually the shape ofvief-knownradial basis
function defined by the Gaussi kernel

k(x,z) = exp(— glx- z||2), (3.2
which perhaps explains the reason behind its popularity in SVM classificatioh' taski
clearly demonstrates the properties of what would be intuitively expéaie an ideal

kernel being thought of as a similarity measure

Furthermore, if we refer back to the dual optimization problem of thelinear kernel
based SVM(in (2.19 - Section2.2.4 during the trainingophase one can notice thdhe
maximisation ofQ(U) (which is essential to ensure a maximum margin, aedce an

optimum decision boundary, is obtained) requires tlaaazjyiyj k(xi,X;) has a high
negative value, given thatj >0 and a; > 0. This value will be negativé y; and y;
have opposite signs (i,ehe two vectorst; and x; are from different classes), atduill

be high if a;, aj and k(x;,x;) are all high.Thus,Q(U) is maximised wherx; and Xj,
from different classes, are highly similar (thus the value producedeblyernelk(x;,X )

is high), and their correspondingj and aj are assigned high values by the optimisation

processlin effect theoptimization problem ir{2.19)searches for the most similar vectors

thatbelong to different classes; these are the support vectors.

The same kernab also used during the testing dassification phase, as shown by the
decision function in2.21) It can be seen from the equation that the support vetrtoss
similar to the test vectax will contribute high values to the sum, and can thus tip the
decisionof the classifier towards theorrectclasslabel of the test vectomhe higher the
similarity measure calculated by the underpinning kernel between the support vectors mos

similar to the test vectoyt, the more likely a correct decision is obtained.

This shows that, duringpoth the training and classification phases of the SVM algorithm,
the higher the similarity between tvrgputs the stronger their influence on the selection of
support vectorsandon the classification decision, respectively. The SVM algorithm thus
requires a sinfarity measurdhat outputs a high valyevhen its two inpuargumentsare
most similar, and outputs decreasing valwes thg become less and less simildihe
proposed ideal similarity function model illustratedFigure 3.1 cantherefore well fulfil

these similaritybased measure characteristics.

11 Together with its renowned ability to implicitly map the input space to a feature space of infinite
dimensionality.
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3.3.2 Shape ofisotropic stationary kernels

Clearly the SVM Gaussian kernel is already explicitly expressed in terms of the lag vector

between its two input arguments - |, and hence it was easy to plot its value against

the magnitude of this lag vector straightaway and investigate its ghetpally, a number

of otherwell-knownkernels are also explicitly expressed in terms of the magnitude of this
lag vector. A fact which encouraged Gen{d] to easily plot some examples of them, as
shown inFigure2.5 andTable2.2, and categorized therfrom his statistics perspective, as
beingbi sotropic stationary kernel sé.

Although Genton managed to plot some examples of these isotrapanaty kernels, he

did notactually reflect upon the usefulness of these plots in characterising the pragferties
what would be expected from them as being regarded as similarity measures instead o
positive definite kernels, and how could thmpact upon their performance in pattern
classification tasksHis main aim was rather to present a categorization afdterfor

machine learning from a statistics perspective.

As can beobserved apart from the wave kernel, all the other examples showigire

2.5, do actually illustrate different variations of the propertieshef ideal kernel being
thought of as a similarity measure, as explained eanliErgure3.1; i.e,, the kernel value

is maximized when the distance between the two vectors is zeravfien the two vectors

are dentical) and decreases monotonically as the distance between them increases. Th
wave kerneillustratedin Figure 2.5 (f) is shown to benaximized when the two vectors

are identicgland decreaseas the distare between them starts to incredsawvever, after

a certain threshold, the kernel increases again and then fluctuates in a wavy pattern. As thi
is obviously not a monotoradly decreamg behaviour, the subsequently calculated
measure of similarity coulde wrongly evaluated, andherefore the classification

performance of this kernel could be affected destructively

3.4 Shapecharacteristics of orthogonal polynomial kernels

Many other kernels, howevegre notexplicitly expressed in terms of the lag waact
between its two input vector argumef#sg, the locally stationary and the natationary
kernelsi seeTable2.1), and can be tricky to ploiotivated by theChebysheypolynomial
kernek plots reported by Gar et al.[17], this section willexplore how these kernels were
plotted andextendt h e a wdrkntminvestigate andnaly® the shapecharacteristics of

SVM kernels that are constructed fraome other orthogonal polynomsads well,such as
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the Chebyshe\(31-33], Legendre[34], and Hermite[35 polynomials The following
subsection will first briefly reviewprevious work onSVM kernels constructedfrom

orthogonal polynomialas reported in the literature.

3.4.1 Construction of SVM kernels from orthogonal polynomials

SVM Kkernels constrded from orthogonal polynomialsave been proposesgveral times

in the literaturg/11, 17, 31-35, 102109 . Reported experimental results have shown that
they exhibit some salient characteristics, sugthay displayminimum data redundancy in

the feature space anthey require less support vectors to construct a discriminative
classifier. This means that less memory and execution time are required for solving the
quadratic programming problefd1(. Moreover, they have also demonstrated superior

classificationperformance over traditional kernels in some occasions

Orthogonal polynomials are various fanslief polynomialswhich are useful in solving
differential equations arising in physics and engineering. In general, they have many
important applications in such areas as mathematical physics, interpolation theory, the
theory of random matrices, compuggproximations, and many oth¢d€92. The first few

orders of some of these orthogonal polynomials are showahie 3.1, and more details

about them can bednd inAppendix A5

In fact, the potential use of orthogonal polynomials to construct SVM kernels was first
pointed out by V. N. Vapnik in 199811]. As an example, he showed thdemite
polynomials can be used to constractedimensional Hermite kernels (i,€or scalar

inputs)in the form of
Kuer (%,2) =@ d'H, (OH,(2) (3.3)
i=0

whereq is a convergence factor that can be chosen in tigeraf0¢ q¢ 1.

However, it was not until 2006 when the usefulness of orthogonal polynomials to construct
SVM kernels started to attract wider attention by the machine learning community, through
the work of Ye et al[31]. By following a similar approach to Vapnik, Ye et al. proposed to
use the Chebyshev polynomials of the first kind to cons®Wi¥ kernels They utilized
the approxination equation theory to show that Chebyshev polynomials could be
decomposed into an inner product of a series of coefficients and orthogonal radix, and
hence sati sf y.Lsterorg 2houdesalloZpoertehded this work to derive a
generic formulation of SVMrthogonal polynomial kernel©PKsg that can be applicable
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to any orthogonal polynomial family, and not only the Chebyshev. They adopted an

alternative theoretical approach based tws Fourier series of squairgegrable functions
where the orthogonal polynomials, defined as a positive-defmite inner product on

pairs of polynomials, are used as their basis.

Interestingly, both theories (of Ye et 4B1] and Zhou et al[107) agree that the
polynomial element of the SVM kernel constructed fritrasepolynomials (i.e. without

being combined withamwe i ght i ng functi ons pcalammuid| dsbe

k(x2) =4 P(YR(2) (34)

i=0
where P(Q) denots the evaluation of the polynomial (i,&Chebyshev, Legendre, etc.) on
the first and second input kernel argumextand z, respectively, andh is the highest
polynomial order utilized in the kernel. This polynomial element of the keshelvn in
34,i s referred t ounweghteddgolynemidal kemedfor shoras t he
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Table 3.1 Comparing the first few orders of some orthogonal polynomials.

Chebyshev Hermite Legendre Laguerre
T,(x) =1 Ho(x) =1 Lo(¥) =1 P(x) =1
T,(X) =X H,(x) =2x L(X)=x B(x)=-x+1
T,(X)=2x*-1 H,(X)=4x"- 2

LX) =53¢ - D

P,(X) = %(x2 - 4x+2)

T,(X) =4x° - 3x

H,(x) =8x° - 12x

Ly(X) = %(5x3 - 3%)

R(X) = %(- x> +9x? - 18x + 6)

T,(X) =8x*- 8x* +1

H,(x) =16x" - 48x* +12

Ly(X) = é (35x* - 30x% +3)

P(X) = 2—14(x4 - 163 +72x° - 96+ 24)

T.(X) =16x° - 20x° +5x

H(X) = 32x° - 160x® +120x

Ls(X) = %(63x5 - 70x° +15x)

R(X) = 1—;0 (- x® +25x* - 200x® +600x2 - 600x +120)

T,(X) =32x° - 48x* +18x° - 1

H(X) =64x° - 480x* +720%° - 120

Le(X) :%(231x6 - 315x* +105x? - 5)

R(X) = 7—;0 (X8 - 36x° +450x* - 2400x® +5400x? - 4320x + 720)

T,00=2xT, (%) - T, (%)

Hn(X) =2X Hn—l(X) - 2(”' 1) Hn—Z(X)

La(¥) = 2[(2n- Dxo 19 - (- YLy o)

P = ~[(2n- 1- WFy 19~ (n- DRy o)
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In most of the pattern recognition applicationsgwkver, the input data are in
multidimensional vector formatTherefore, & extendthe onedimensional polynomial
kernel in(3.4) to multidimensional input vectors, two approaches have been previously
proposed.The following subsections analgs each of thse approachesn detail to

investigate how thanweightedoolynomial kernel i34)i s e v al vedotseépud o n

3.4.1.1 The pairwise processing approach

In order to utilize orthogonal polynomials to construct SVM kernels for multidimensional
input vectors, Vapnik developed a theorem whereby the evaluatioh the one
dimensional kernel on thadividual featurs of the input vectors represectordinatewise

basis functionghat should be directly multiplied by each other to formulate the overall
multidimensonal kernel[11, 10§. In Vapnikb svor d s , t hi she kemel that t h
defines the inner product in the-dimensional basis is the product of m @hmensional
kernel® [11]. As suchthe authomproposed to construct tmeultidimensional OPKn the

form of tensor product of ordimensional kernelas:
m

k(x,2) = OKj(x,2) (3.5
j=1

Ye etal. afterwards followed a similar approachctmstruct multidimensional Chebyshev
kernels from the&Chebyshev polynomialsf the first kind[31]. Their approachs based on
a decomposition technique whereby tkdebyshevpolynomiak first processeach
corresponding scalar featupair of the two input vector and z and multiplies them
together in a pairwise fashion; and then, to evaluate the ouJaralkel, these scalar

pairwise kernels are afterwards multiplied by each otfg%]. Therefore, form-

dimensional input vectorsx and z | A™ given by x={x,%.,3,x,} and
z:{zl,zz,S ,zm}, Y e entveigatédChéls/shev kernel, constructed by following this

approach, isormulatedas:

m m n
kehe(®,2) = OK;j(xj,2;) =0 & Ti (x))Ti(z;), (3:6)
=1 j=1i=0

where T(Q are theChebyshev polynomials. Due to the nature of its evaluation on the

pairwise features of the input vectors, this processing methodology is referred to in this

thesisa s padirveisedi pr ocessing approach.
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Following the pawise processingapproach proposed bjp31], Pan et al.[34] have
similarly exploited the unity weighting function of the Legendre polynomia(g)=1, to

propose the Legendre kernés multidimensional input vectomss

ko2 =O & L(x)L(2,) 37)

j=1i=0
Being constructed without a weightan et al. explained that the Legendre kernel is faster

(e.g, compared to the Chebyshev kernel) during classification and saves mare time

Although this pairwise processing approach was the first to propose a methodology by
which orthogonal polynomials process input data vectors, and this same methodology ha:s
also been followed afterwards by Zhou et[aDZ], Pan et al[34], and Wei and Paf82]

for someother orthogonal polynomials, such as Legendre and Hermite, itsériben the
problem of multiplying the kernels evaluated on the individual features of the input
vectors, as shown if8.5). As explained by Ozer et dl17], kernels that are constructed

this formvia a multiplication operation on tfj& elements of the vector pairandz can
actually lead to poor geradization if it happens that one of the kernels being multiplied is
close to zero at the timahen the two vectors andz are actually quite similar to each
other.

3.4.1.2 The vectorial processing approach

The seconapproach, by which the orthogonal polynolsigrocesshe input datais the

one proposed later on by Ozer et[al/]. Their main aim was to tackle the multiplicati
problem identified in the pairwise approach, and hence improve the generalization
capabilities of the underpinningDPKs Again, focused on only the Chebyshev
polynomials, Ozer et al. proposed to apply them to the input vectors as a whole, rather thar
to their individual feature components, and therefore definedy¢heralized Chebyshev
polynomials for vector inputs®s shown inrable 3.2, for the first few ordersBy applying

the polynomials to the input vectaas a whole, this approach is referred to in this thesis as

t heectdriab processing approach.

Of particular importance later inighthesis (inChapter §, is to highlight the observation
that theodd orders of theaneralized Chebyshev polynomials simon Table 3.2 produce

vector quantitiesyhereas the even ordgmducescalar quantities.
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Table 3.2 First few orders of the Generalized Chebyshev polynomialsop®ged by Ozer et dl17].

Order Generalized Chebyshev polynomials

0 Tox)=1

1 Ti(x)=x

2 T(X)=2xx>71 1

3 Ta(X) =x(4<x,x>1 3)

4 Ta(x) = <x,x>)?T 8<x,x>+ 1

5  Ts(x) =x(16(<x,x>)?1 20<X,x> + 5)

6 Te(X) = 3A<x,x>)*T 48(<x,x>)? + 18&x,x> - 1

Having applied the Chebyshev polynomials to the input vectors as a whole (in the way
shown inTable 3.2), Ozer et al.then defined theunweighted ergralized Chebyshev
kernel in a doproduct form, as:

k(x2) =&AL, T T @)= &L, (Ti (x).T; (2)) (38)

and eventually they edf i ned t h @ mpoovseeanaalided @hebyshev kernel

(combined by multiplication with its corresponding weighting function) as:

ALo(Ti (). Ti ()
m- (X,Zz)

Kg-chelX:2) = (3.9)

wherem is the dimension (i.enumber of features) of the inpvectors.The experimental
results reported by Ozer et al. showed the superiority of their proposed vectorial approact
over the pairwise approach, on a number of datasets, though using only the Chebyshe
polynomials. They explained that this is believede due to the fact that thergeralized
Chebyshev polynomials are now processing the input vectors as a whole, rather than thei
individual scalar feature components, and therefloeg avoidthe multiplication problem

that the pairwise approach sufférsm. Interestingly,Qu et al.[109 have actually utilized

the generalized Chebyshev Refldefined by(3.9) to effectively classifyarious states of
viscoelastic sandwich structureghereas Zhao et dl107] introduced a ng technique to
combine the Chebyshegwolynomialkernels of the first and second kst propose a new
kernel, which theyr ef erred to as t he ,don supdort eedior Ch e
regressionFollowing [17], Tian and Wand105 have also utilized the vectorial approach

to propose the generalisedLegendre kernels based on the generalised Legendre
polynomials,as[105 109:

K- Leg(%:2) = & _o{Li (¥, Li (2)) (3.10)

On the other handp y utili zing t he kernel so cl os

multiplication of two valid kernels is also a valid ker(@eSection2.4.3, Ozer et al. also
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showed how the generalis€&hebyshev kernel can be modifiem produceother kernels
by replacing the weighting function with another kernel, such asxpenentialGaussian
kernel. As such, they propoglgd the 6Modi |

Kexp chel,2) = & Lo (T 00, (2)) 2 exd- glx- 7] (3.11)

wheregi s t he Gaus s i anhikapproahehbshictivatedsamareseatcleers .
to investigate how the combination of different kernels with OPKs @amstructively
influence the performance of the SVM algorithfar exampleZhang et al[106 have
proposed the modified Legendre kernels by combiningyémeralised.egende kernelsn

(3.9 with the Gaussian kernel as:

Kexp Leg(X.2) = ain:0<|—i X)L (2))2 exp(— gx- z||2) (3.12

Similarly, Jafarzadeh et al[33] have also proposed two new kernels based on the
multiplicative combination of the generatid Chebyshev kernel with the Gaussian and

wavelet kernels in the following formats:

k(x,z) = r<nT (Z(:’;(Z) aexp( gx- Z ) (3.13
8 1Lo(Ti0.T @) Y & 751" 210, 2 - 2P 50

k(x,z) = —=9 0% e pae 314

(X,2) \/m- ) 918809 75— 3 oex 22 00 (3.14)

wherea is the kernel parameter of the wavelet kernel.

Moghaddam and Hamidzad¢B5], on theother hand, decided to adopt the summative
closure property instead, to propose a new set of kernels based on the summation of th
p r o b a bHelmites Kerseds(denoted byHe(x), and formulated using the pairwise
approach)with the wavelet, Gaussian, afthebyshev kernelsvhich they constructefbr

scalar inputs respectively as:

A a (X 2)200
k(x2)=& . He (x)Hel(z)+O%o& 757 exp% SR (3.15)
ot 90
k(x,2) = ain:o He (X)He (z)+expi— g(x- 2) ) (3.16)
a ()T (2
k(x,2)= & _,Hg (WHg (2) + = ——— ‘h : (3.17)

Recently, Tian and Wanf1l0g have also combined (by multiplication) tigeneralised

Chebyshev and Legendre kernels (formulated using the vectoriabaapprwith the
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Triangular kenel[111] to propose what they referred to as tiangularly modified
Chebyshev kernéland thedriangularly modified Legendre kerrgewhich they defined
respectively as:

[x- 28
/

B

ktri- cheX.2) = & [ _o(Ti (%), Ti (2)) 2 (3.18)

-0

+
x- 2|
/

krri- Leg(®:2) = & Lo (Li (%), 14 (2))? (3.19)

“O Qe 0
J-O:0n

+

wherethe (.)+ ensures that the kernelagositive semdefinite function

Most of these studies on the camnstion of SVM kernels from orthogonal polynomials are
summarised and comparbg the recent work of Tian and Wang[ib0g. One can notice,
however, that the pairwise and vectopabcessingapproaches only differdm each other
when the polynomial basis functions process multidimensional input vectors, whereas

when the inputs are scalars, these prnacessin@pproaches are mathematically the same.

3.4.2 How to plot a polynomial kernel?
3.4.2.1 Chebyshev polynomial kernels

Although Ye et al[31] were among the firsts to make use of the Chebyshev polynomials
of the first kind to construct SVM kernels for pattern clasatfan in 2006, it was not until
2011 wherDzer et al[17] provided aclearmethod to plot them in 2D and briefly refledte
upon their shape characteristics.They reported the plots of two versions of their
generalsed Chebyshev kernethe first one is the kernel constructed with the sum, as
defined in(3.9), which involves all the polynomial orders from O upnicand the scond
oneis the kernel constructed from only the polynomial ordesithout summing u@ny of

the preceding orders, defined as:

(T, (), To(2))
Jm- <x,z>

It is not very cleathoughwhy Ozer et al. ngorted the second version of the kernel without

K(x,2) = (3.20)

the sum in(3.20), and the only comment they made is that it cannot be used in SVM for
the similarity purpose, without providimguchfurther justificatioridetail as to why this is

the case.

However for simplicity and to view the shape of the kernel in 2D, Ozer dtld].assumed

that the data are scalgiee., m=1) insteadof vectors.As such,the dotproduct operation
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appearingn (3.9) and (3.20) reduceto a simple multiplication, and therefore can be re

written as

_ a0 T2

k(x,2) N (3.21
k(x,2) = M (3.22
1- xz

As the kernels ir{3.21) and (3.22) are functionsof two variablesx andz, to plot them in
2D, Ozer et al. have chosen to affix one of them (namelyth@ue) and then plot the
kernel against the ot z variable within the normalized range ofl[+1]. Following this
technique, they plotted each of these kernels at three spegfilcies of:-0.77, 0, +0.77
(Although again it is not very clear in their paper why thesalues have been chosen in

speific).

This means that the authgietted the kernel i§3.21) three times as:

&N (0773 T(2)

k(0.77,2) = 077 ,  shown inFigure3.2 (b) (3.23
- 0.77z
4" T(0)3T(Z
k(0,2) = Q-0 '5/1) '( ), shown inFigure3.2 (d) (3.24)
AT (-0.77)3 T, (2
k(-0.77,2) = Q= \'/i+07; (2 , shown inFigure3.2 (f) (3.25)
772

And similarly, they also plotted the kernel(fh22) three times as:

T,(0.77)3 T,(2)

k(0.77,2) = , shown inFigure3.2 (a 3.26
3

k(O,2) = w shown inFigure3.2 (c) (3.27)
T.(-0.77)3 T,(2) -

k(-0.77,2) = 2 n - shown inFigure3.2 (e 3.28

( ) J1+0.77z J (©) (329
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Kemel evaluated around the point: 077
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Figure 3.2 Plots of the gneralized Chebyshev kernels evaluated with and without Isiahf)@s per Eq.
(3.21) and(a,c,e) as per E@3.22), respectively, at the thrdixed x-values of ©.77, 0,-0.77, as reported by
Ozer et al[17].
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However, as both of txhnelzakeeahaled €calar quanptiest a
that can take any value within the normalized ranfye-1], it is still possible tanvestigate

how the kernel value changas 3D shapewith respect tdoth of thesdwo reatvalued
variables, as reported for example by Qu efldl9 for the generalized Chebyshev kernel
illustratedin Figure 3.3 (although it is not clear what polynomial order this kernelAs).

the same timeit is much easier to analyze the shape characteristics of these kernels from

their 2D plots in the way illustrated by Ozer et al.

: 0

X -0.5 X

Figure 3.3 3D illustration of the generalized Chebyshev keraslreported by Qu et §1.09.

By following the same 2D plotting procedunesedin [17] for the generalised Chebyshev
kemels, Tian and Wand108 have also recently extended this work to plot sarteer
onedimensionalorthogonal polynomial kernels (constructed with the stira) have been
previously proposedas illustrated irFigure 3.4. Whilet he ker nel sd i npu
assumed to be scalars, one can therefore nthtatethe shape of the kernels constructed
using the pairwise approach is the same as those constructed using the \appovedh.

For example, this can be easily observed from the shape @fetiexalised Chebyshev
kernels inFigure 3.4 (a) and the Chebyshev kernels kgure 3.4 (h). Similaly, the
generalised Legendre kernelsHigure3.4 (b) are also the same as the Legendre kernels in

Figure3.4 (i).
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This is basically the technique th@zer et al[17] and Tian and Wan@l08 have both
used to plotn 2D some of the previously proposed OPHKsillustrated inFigures 32 and
3.4. Therefore, this chapter will also follow the same procedure to igatstin more
detail the shape charateristics of these polynomials kerestgcially those that are
constructed with and without the sukiowever, for a fair comparison and analysis of the
shapecharacteristics of the different polynomial kernels, itngportantto first eliminate
the weighting function from the equation so that all the polynomial kernel$agg
compared o each ot huaweighted d s fi.a.twiiheut weingdaffected bgny

combining orcorresponding weighting functions)

For exampleif we remove the weighting function from tgeneralizedChebyshev kernels
for vector inputsn (3.9) and(3.20, they can then bedefined as:

k(x,2)=&,,(T.(¥).T, (2)) (3.29
k(X,2) = (T, (), T,(2)) (3.30)

And by following the same assumption of scalar inputs above (to enable plotting them in
2D), they can then be defined as:

k(2= 8/, Ti(9° T,(2) (331
k(x,2)=T,(x)® T,(2) (3.32

And again,if we affix thex-valueto 0, these Chebyshev kernels can be evaluated as:

k(0,2)=4  T(0°T,(2), shown inFigure3.5 (b) (3.33)
k(0,2 =T,(0)2 T,(2), shown inFigure3.5 (a) (3.39

Similarly, if we affix thex-value at+0.77, the Chebyshev kernels can be evaluated as:

k(0.77,2) = a4 in=0Ti (0.77)3 T.(2), shown inFigure3.5 (d) (3.39
k(0.77,2) =T,(0.77) 2 T,(2), shown inFigure3.5 (c) (3.36)
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Figure 3.5 lllustration of theshapecharacteristics of the Chebyshev kernels without the weighting function
formulated with and without the sum at different polynomial ordersaralues.

For vector inputs, however, it cae Iseen from the above formulas that the kernel shape
will be obtained by adding the shapes of the kernel outputs for each order over-a multi
dimensional space. As thaxes of this multdimensional space are essentially the
individual vector components €i, the scalar features), the inference is that the kernel
shape in the mukilimensional vector space will also exhibit similar characteritics to those
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plotted in the singlel i mensi onal space. To keep the
simple as posble, this thesis assumes that the derisiegpe characteristics of the kernels
plotted in case of singldimensional vector inputs (i,escalars) are also valid kernel

characteristics in case of muttimensional vector inputs.

Anotherimportant point taconsider (especially for the work presented in the nkaptey

is that the kernels evaluated with and without the sum these kernels ir{3.33 and

(3.34), respectively) should be plotted at the same scale to easily observe the difference
between tkir shapecharacteristics when compared to each other side by side. Unlike the
plots reported by Ozer et dl17], both ofthe Chebyshev kernels evaluated with and
without the sumillustrated inFigure 3.5, are plotted at the same scale to achieve this

purpose

As briefly pointed out by Ozer et 4ll7], thegeneralizedChebyshev kernels do alter their
shape based on tlmgout values, and perhaps thathe reason why they were interested to
show how their shape changes at tkevalues of +0.77 and0.77 from how their shape
lookedlike atx=0. The Chebyshev kernels constructed without the weighting function also
tend to follow the same rule; i,ghey alter their shapevith the changes in the input
value. This is demonstrated Figures 3 (c) and (d) when the first few orders of the
Chebyshev kernels without the weighting function are plotted ak-tredue of ©.77,
which clearly demonstrate that thadteration in the shape of the kernel is stengrfrom
the employedChebyshevpolynomials and not from their corresponding weighting
function. However, to further elaborate tledfect of the variations in the-value on the
shape of the kerneFEigures 3 (f) and(e) alsoplot the Chebyshev kernel airdern=10
(as an illustrative example) with and without sum, respectively, at somexetha&res of

[ O, 0 . ,10,9], Bing2he eqéations below:

kn"ii{BS“”lx, 2)| y=0,012 ,09] = éilgoTi (X2 Ti(2), shown inFigure3.5 (f) (3.37)

Kiio™SUT%, 2)| o012 09 = Tio(X)® Tio(2),  shown inFigure35(e)  (3.39)

Having now focused on the polynomial element of the Chebysbmels (by eliminating
the weighting function factor) and plotted their two versions evaluated with and without
the sum at the same scale, we can now reflect uponsthegirecharacteristicsvithin the
context of the definition of kernels as similarity asares explaineéarlierin Section3.3.1

via comparing them to the shape of the ideal similarity measure kernel agkiia3.1.
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First, it is important toclarify that the Chebyshev kerneldustrated inFigure 3.5 are
plotted against their secomaput argumentz, which is spanning the normalized region of
[-1,+1], and at a fixed value of its first argumen{0, 0.77, etc.) This means that if the
chosen fixedk-value coincides witlz anywhere within the set regionl[+1], this would

then be the instanwhere the two input kernel arguments are identical to each other, and
accordingly, one should intuitively expect the \alof the kernel to be at it®aximum
peak, based on the definition of the ideal similarity measure lseexplained earlier.
Moreover,asthe z-value departs away from the chosen fixedalue, this means that the
two input kernel arguments are becomiags and less similém each other (and hence are
more likely to be belonging to different classes) and accordingly one should also expect the
value of the kernedb start decreasinigh a monotonic behaviour

If we analyse closely thehapecharacteristicef the Chebyshev kernels with sum kigure
3.5 (b), we can actually obserthat theyexhibit some of theseharacteristics alreadys
the order increases &t0; i.e, they develop a maximum peak at the poiwhere the two
input arguments are identicalg(, at x=0 in this casg and then decrease adeparts from
the chosen fixed value of More importantly, however, is the fact that the Chebyshev
kernels with sum continue to develop this maximum peak wkemdse in the normalized
vector space wheriheir two input argumentiappen to be identicahs demonstrated for
example inFigure 3.5 (d) and (f), as opposed to theaounterparts constructeaithout
sum, showrin Figure3.5 (a), (c),and(e), which only tend to change their amplitude and
polarity as thex-value changes, with ndominantmaximum value(compared to the other
kernel values within the normalized region et f1]) at the instanceswvhere the two
inputs happen to be identical to each other.

This demonstrates that the Chebyshev kernels withaserbetter similarity measure tools
than their counterparts without the sum, simply because they resemble maitegthe
characteristics of the ideal similarity measure kernel demonstrated bieickiine3.1. They

are however, not identical to it. For example, one can clearly observe that the Chebyshe\
kernels with sum irFigure3.5 (b), (d)and(f) do not actually decrease monotonicallyzas
departs away from théhosen fixedk-value. Instead, their decrease behaviour only lasts for
up to a certain threshold after which the kernel valaetstto increase again and then
fluctuates in a wavy pattersimilar to the wave kernel shown kigure 2.5 (f). In other
words, the region where th€hebyshewkernek with sum exhibit acompletemonotonic
decreas behaviour is unfortunately smaller than the normalized data regiond,ol]|
meaning that if the data pointsappen to be located outside this monotonic window

(dictated by the threshold of each kernel), this can result in the kernel calculating an
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incorrectsimilarity measurgwhich canaccordngly misclassifythe input data; a problem
which will be addressed later on@hapter 5

On the other hand, recall that the Gaussian kernel, when the data are vectors, is defined as

k(x,z) = exp(— glx- z||2) (3.39

whereas when the data are scalars, it can be written as

k(x,2) = exp(— g(x- 2)2) (3.40

where one can now can plot it in 2D in exactly the same way atidMeefore with the
Chebyshev kernels, within the rangezsf-1,+1], to investigate how its shape is affected
by the variations in the inpu-values, using the equations below which are plotted in
Figure3.6.

k(0,2) = exp(— g(O- 2)2), shown inFigure3.6 (a) (341
k(0.77,2) = exp(— 9(0.77- 2)2), shown inFigure3.6 (b) (3.42)
K(X, 2)|xei0.01..091 = expl- g(x- 2?), shown inFigure3.6 (c) (343
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Figure 3.6 Effect of the variation in the inputvalue on the shape of the Gaussian kernel.

One @n notice thathe shape of the Gaussian kernel is a typical example of the definition
of the ideal similarityfunction (as explained earlier i®ection3.3.1), because it clearly
develops a peak whewerits two input argumentlappen to bé&lenticalanywhere within

the normalized vector spacas well as decreases monotonically when they depart away
from each otherRecall also that the Gaussian kernel amotmt®iapping the input space

to an infinitedimensioml feature spackL, 12|, where the linear separability o¥erlapped
classes can be improved. So, possessing these two important charactenpsrbsps the
reason behind the good performance and popularity of this kernel in solving a variety of
pattern classification taski.can also be noticed from the Gaussian shap&sgure 3.6

that it isnot structurally altered by the variations in the inpwalues and it isratherjusta
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transitional change dictated by the lag vect|oo1r z|| Hence the only parameter that can
structurally alter the shape of the Gaussian kernel is its associated pargmdteh was

kept constant aty=1 for all the plotsllustratedin Figure3.6, for simplicity.

Using the samerocedurewe can also plot some of the other widely used kernels, such as
the linear and traditial polynomial kernels, to analkyshow good their calculated
similarity measures arehgn compared to th&hapecharacteristics exhibited githerthe
Gaussian kernel above or the idsahilarity function demonstrated back iRigure 3.1.
Starting by the simpledinear kernel, defined by the dgroduct as pe(2.39), Figure3.7
demonstrates itshapecharacteristicsaat variousx-values within the normalized vector
spaceAs indicated by its name, one can notice that its shape demonstrates a basic linea
behaviour and the variations in tixevalue only change its slope, with no peaks developed

at all at the instances where the two input arguments happen to be identical to each othe
as is the case for example with the Gaussian and Chebfysite\sum)kernds. Moreover,

one can also notice that its shape is far from being monotonically decréadiagt it can

actually increase insteagdyhen the twanput argumentslepart away from each other

As suchbased on what one would intuitively wish a similafiipction to pictorially look

like when calculating the similarity between two vectave,cannotadmit that the linear
kernel provides goodindication as to how two vectors resemble each other, whether they
are identical or netand therefore would argithe fact thait can actually beegardedas a
good similarity measure toolFurthermore, ecall also that it does n@mount to any
mapping to higher number of dimensiomsthe feature spaces explained earlier in
Section2.5.], it is also therefore not a suitable candidate kernel to be used to solve non

linearly separable classification problems
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Figure 3.7 Analysisof theshapecharacteristics of thénea kernel at differenk-valuesox=0, 0. 1, &,

Two other types of traditional polynomial kernels have also been in common use. These
are the homogeeous and inomogeneous polynomial kernels, defined @40 and

(2.41), respectively. The shape chetexistics of these traditional polynomial kernels have
also been studied in this thesis Fgures 38 and3.9, respectively, for the first 10 orders

and at varioux-values. Although the higher orders of such polynomial kernels amount to
higher number bdimensions in the feature spaf®], which can be high enough to
establish a lineaseparation between classes in some datasets, yet, one can still observe
that both of them were also not able to exhibit the sought after shape characteristics of the
ideal similarity function, neither when the two input arguments are identical nor when the

are different from each other.
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(c) 4™ order irhomogeneous polynomial kernel, as per(d) 5" order irhomogeneous polynomial kernel, as per
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Figure 3.9 Analysisof theshapecharacteristics of the lomogeneous polynomial kernelsvatious orders
andx-values.

3.4.2.2 Legendre polynomial kernels

To further investigate thehapecharacteristics of orthogonal polynomial kernels based on
their similarity measure peerties, it was a natural practice to extéhd er et al
[17] to conduct a comparativgraphicalanalysis with somether families of orthogonal
polynomials rather than being confined to only the Chebyshev polynomidais. section
explores the shape characteristics of the kernels constructed from the Legendre
polynomial$? using the same plotting procedures followadhe previous subection for

the Chebyshev polynomials, for consisten®ecall that the Legendre polynomials,

121 egendrepolynomials are named after Adnidarie Legendre (1752833), and in mathematiahieyare
most commonly used as solutions to Legendre differential equtia8s They are also frequently
encountered in physics and other technical fields, in particular whemsplviLap |l aceds equati
coordinate§117.

87



denoted by n(x), are characterised by their unity weighting functigqw)=1, and as sugh
can be simpler to implement when used to constrid¥l &ernels and computationally
faster than their Chebyshev counterp84]. Table 3.1 lists the first few orders of the
Legendre polynomial however, sawith most other orthogonal polynomials, given the first
two polynomials in the family, one can construct a recursive formula ¥vbioh any other

polynomial order can be generated, as follpWi?]:

Given that the first two orders of the Legendre polynomials are:
Lo(X) =1, and

L1(X) =X,

one can produce any other Legendre polynomial order using the followmgsion

formula:

L, (X) = (2n- DXL, 4(3) - (- DLy (%) (344)

Following the vectorial processing approach proposed by Ozer et al. (and explained earliel
in Section 3.4.1.9, one can defindhe SVM kernels constructed from the Legendre

polynomials for vector input&vith and without sumrespectivelyas:

k(x,2) =& (LX), L(2) (345
k(x,2) =(L,(X), L,(2)) (3.46)

However, similar to thelotting procedures followed with the Chebyshev kernels, alss
necessary to assume that the inputs are scaldegitibate the plotting of the Legendre

kernels in 2D. As sucl{3.45 and(3.46 can therbe written for scalar inputs as:
k(x,2) =&, L3 L2 (3.47)
K(%,2) = Ly(X)? Ly(2) (348)
And now we can plot the first few orders of these Legendredis ak=0 using:
k(0,2=&. ,L(0)2 L(2), shown inFigure3.10 (b) (3.49)
k(0,2)=L,(0)2 L,(2), shown inFigure3.10(a) (3.50
And atx=0.77 using:

k(0.77,2) = a in=o L (0.77)2 Li(2), shown inFigure3.10 (d) (351
k(0.77,2) = L,(0.77)® L,(2), shown inFigure3.10(c) (352

And the 10 order (as an illustrative example) Legendre kernel at varoagues using:
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KSR TX, 2) eq0012 001 = 8 10oL (92 Li(2), shown inFigure3.10(f) (353

kx\iiiraoutSun(X’ Z)

x=[0,012 09 = L1o(X)® Lip(2), shown inFigure3.10(e) (3.54)
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Figure 3.10llustration of theshapecharacteristics of the Legere kernels formulated with and without the
sum at different polynomial orders ardalues.

On analysingthe Legendre kernels illustrated kigure 3.10, one can observe that they

actually sharesome commonrshapecharacteristics with their Chebyshev counterparts
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demonstrated in the previous ssiction. For example, the Legendre kernels with glsm
develop a maximum peak value anywhere in the normalized redigri], where the two
input arguments happen to ientical, as shown iRigure3.10 (b), (d)and(f), as opposed

to the Legendre kernels without the sum, showhigure3.10 (a), (c)and(e), where they
only tend to chage their amplitude and polarityith no dominantmaximum valuewithin

the normalized region of-1,+1] at the instances where the two inputs happen to be
identical.

This means that the Legendre kernels with sum are also expected to be better similarity
measure tools than their counterparts without the ,samtheir shape characteristics get
closer to the ideal similarity function as the polynomial order incre@seshe other hand
similar to the Chebyshev kernels, the Legendre kernels with sum have sbbterexhibit

a complete monotonic decrease behaviour within the reglgnl]] asz departs away from

the chosen fixea-value; a problem which will again be dealt withGhapter 5

3.4.2.3 Hermite polynomial kernels

This section complements the investigatioon the similarity-based properties of
orthogonal polynomial kernels via the analysis of #ieape characteristics of the

p hy s i Heimget pslynomialsAlthough some previous work, such §02 and[35],

have studied the construction of SVM kernels from Hermite polynomials in thethpsist,
shapecharacteristics haveot been investigated and analysed before in the way shown in
this section.Usually denoted byn(x), wheren is the polynomial ordethep hy si ci s
Hermite polynomials are defined over the domwifr o , & | where they are orthogonal to

each other with respect to the Gaussian weighting funetiog = € * Table3.1 shows

the first few orders of the Hermite polynomials, and they can also be generated from the

first two polynomials using the following recursive formula

Given that
Ho(xX) = 1, and
Hi(X) = 2,

Any order of Hermite polynomial can be generated usiegfollowing recursive formula
(reformulated fronj113):

Hn(X) =2X Hn-l(x) - 2(n - l) Hn- 2(X) (355)
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Again, whilst focusing only on the polynomial elemearitthe kernel,to eliminate the
influence of any weighting function, and by following the same vectorial processing
approach proposedylDzer et al[17], one can define the Hermite polynomial kerrfels

vector inputs (with and without sum, respectivels) a

k(x,2) = & _(H;(%),H,(2)) (3.56)
k(x,2) =(H,(x), H\(2)) (357)

And again,to plot them in 2D(3.56) and(3.57) can be defined for scalar inputs as

k(x,2) =&, Hi ()2 Hi(2) (359)
k(x,2)=H,(x)® H,(2 (3.59

Table 3.3 illustrates the plots of the first 10 orderstbése Hermite polynomial kerneds

x=0 using:
k(0,2)=4,  H(0)2 H,(2) (3.60)
k(0,2) =H,(0)2 H,(2) (3.61)

whereaslable3.4 illustrates their plotatx=0.77 using:

k(0.77,2) = &4, H(0.77) 3 H,(2) (3.62)
k(0.77,2) = H,(0.77)3 H,(2) (3.63)

Figure 3.11 demonstrates the effect of the variation in the inpualue on theshape
characteristics othe 1" order Hermite kernel(as an illustrative exampleyith and
without sumusing:

i .. 10
kntio "X, 2) x=10012 09 = Ao Hi(X)* H;i(2) (369

Knto S, Z)‘xz[O,O.l,Z 09 = H10(X)® Hyo(2) (3.65)

One can notice, however, that the coefficients of the Hermite polynomials are quite sparse
causing the amplitudes of the Hermite kernels to be significaldgvated fromone order
to anotherFor this reason, the fir&0 orders of Hermite kerneia (3.60-3.63 have been
plotted separately ifables 3.3and 3.4 to enable a clear analysis of their origishbape
characteristics, before they azembinedin one figureat an absolutdogarithmic scale at

the bottom of each table.
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Table 3.3 Comparison of thshapecharacteristics of thiirst 10 orders of thélermite polynomial kernels
with and without sum, as pé3.60) and(3.61) respectively, ax=0.

Hermite kernels without sum, at x=0 Hermite kernels with sum, at x=0
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Hermite kernels without sum, at x=0 Hermite kernels with sum, at x=0
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Hermite kernels without sum, at x=0 Hermite kernelswith sum, at x=0
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Table 3.4 Comparison of thehapecharacteristics of the first 10 orders of the Hermite polynomial kernels
with and without sum, as pé8.62 and(3.63 respectively, ax=0.77.
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Hermite kernels with sum, atx=0.77
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Hermite kernels without sum, atx=0.77 Hermite kernels with sum, atx=0.77
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(a) 10" order Hermite kernel without sum at differeat (b) 10" order Hermitekernel with sum at different-
values as pg(3.65 values as pe(3.64

Figure 3.11 Effect of the variation of the inputvalue on theshapecharacteristics of the fGrder Hermite
polynomial kernel with and without sum per(3.64) and(3.65), respectively.

On analysg theshapecharacteristics of the Hermite kernels plotted ales 3.33.4and
Figure 3.11, and comparing them to their Chebyshev and Legendre kernels cousterpart
from the previous two subections, one can immediately observe the following differences
in their similaritybasedshapepropertiesUnlike the Chebyshev and Legendre kerndis, t
Hermite kernels,on the other handeither with or without the sumwere found to
generally fail to develop dominantmaximum peak at the locations where the two inputs
happen to be identicahlthough the plots inTable 3.3 (at x=0) show that the Hermite
kernels with sum has got agleatx=0, yet this peak is not thdominantmaximum value
within the normalized region of1,+1] as one would expect from an ideal measure of

similarity.

Even worse, the location of this peak is not actually following the instawbese the two
inputshappen to be identical wherever else in the input s{@ce/as the case for example
with the Chebyshev and Legendre kernels analysed in the previotsedidns) as
demonstrated by the plots shownTiable3.4 andFigure3.11. In other wordsthe Hermite
kernels (either with or without the sum) tend to only change their amplitude and polarity
with the variations in the inpu¢value, instead of developingdmminantmaximum peak

at its locationAs such, it is clear that the Chebyshev and Legendre kernels with sum are
capable of calculating more accurate $amily measures than those utilizing the Hermite
polynomials,and would therefore be expected to yield bettassfication performanceas

will be experimentally investigated later onGmapters 4and®6.

On the other hand, although the shape characteristics of the Hermite kernels with the sun
(illustrated inTables 3.3and 3.4) do not develop a dominant maximum pedkdentical

inputs, yet, one can still notice that their values at identical inputs are still higher (although
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infinitesimal) than their counterparts without the sum. As suchjoiild also be expected
that the Hermitekernels with the sum to yield bettelassification performanddan their
counterparts without the sum, as will also be experimentally investidgated on in
Chapters 4 and.6

Finally, a common observation among#itthe three polynomial kernels (i.e., Chebyshev,
Legendre, and Hermite} that as therder increases, the region where the kernels with
sum exhibit a monotonic decay behaviour also decreases. This means that more data poin
are likely to fall outside the monotonic window where the kernel tend to oscillate in a wavy
patternandis therefore more likely to yielthaccurate similarity measures leadingato
degraded clasfication performance; a problem which will also be address&dhapter 5

3.5 Summary

This chapter proposed a solution to the main research problem identifiettidressed by

the thesis, whereby thetilization of SVM kernels as implicit mapping tools to high
dimensional feature spaces has dominated majorly overubess similarity functionsn

the literature The theoretical foundation of this proposed oluis based on thshape
characteristics exhibited by the underpinning kelibeling thought of as a measure of
similarity) andhow these characteristics shoutgpically look like, to reflect the level of
similarity bet weepattehsheaherhehdes awod i me ud

to whether they belong to the same or different classes.

Given that patternérom the same class share more similar characteristics than those
belonging to different classes, the chapter thereflfined a smilarity-basedpictorial
modelwhich proposeshat the similarity curve shoultypically be maximized when the

two kernel inputs are identical, and it should decay monotonically as they differ more and
more from each otheMotivated by the previously reped plots of some orthogonal
polynomial kernels, such as the Chebyshev, Legendre, and Hermite kdraethapter

then adoptedtheir exhibited pictorial characteristice uinderpin theassessment of the

proposed similariypased pictorial moddébr SVM pattern classification

The chaptecritically analyzed different configurations of these polynomial kernels (e.g.,
with and without sum; at identical and nmientical inputs, etc.) together with their shape

characteristics corresponding to each casealt observed that these polynomial kernels
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exhibit different pictorial characteriticat each of these configurationghich, under
certain conditionscan closely match the characteristics of the proposedilarity-based
pictorial mode] and hence enabléhe polynomial kernel to calculate more accurate
similarity measures, and hence scordreclassification performance, as will be validated

in the experimental investigations in the following subsequent chapters.

To the besknowledgeof the authorthe similarity-basedpictorial model proposed in this
chapterprovides the first logical and easily understood theoretmahdationas to why
some kernelsan lead to better classification performance than oth€hés theoretical
foundation provides new valuable and easy meantor kernel designfor the machine
learning communityThe analysg of the shape characteristics of the adopted orthogonal
polynomial kernels, and how they relate to the proposed similaaggd pictorial model,

have also never beewmk before in the way presented in this chapter.
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Chapter 4
Orthogonal Polynomial Kernels in a
Similarity Fusion Framework Context

4.1 Introduction

It can be shown from the stuady orthogonal pgnomial kernels(OPKs) conducted in
Sectiors 3.4.1and 3.5.2that they are naturally constructtdm a mixture ofsummative
and multiplicative combination of base kernel blocks that synergistically contribute
towardscalculatng better similarity measuseas exhibitedby thar shapecharacteristics
Framed by the information fusion theorjst chapter presents a novel similarity fusion
framework within which the hierarchicabtructureof OPKs can be characterised and
defined. To the extent that the individual kernel blockd OPKs can provide
complementary informatiore(g., similarity measures) about the input data, the resulting
performance of the classifier constructed fromrthesed kernel componenis expected to
outpeform that of the best individual kernel building block.

A number of comprehensive experimeit® conductedin this chapterto validate the
synergy in both the summative and multiplicative fusion operations inhanettie
hierarchical structure of OPK#ogether with a critical comparison with the performance
gained from other traditional SVM kernels that have beesommon use.

4.2 Inherent fusion architecture of orthogonal polynomial
kernels

Section3.4.1 (in Chapter 3 explained the original mathematical constructionSafv
kernelsfrom orthogonal polynomialsThat is for scalar inputsthe kernel is constructed by
summing upall the polynomial orders from O tg as per3.4). It has also been explained

in Sections3.4.1.1and 3.4.1.2how (3.4) was adopted tdoe also applicable to vector

i nput s, via the previously proposediesgopai
introducedby [31] and[17], respectively, using the Chebyshev polynomi@isen that the
vectorial approach has already been sh@through the work of17]) to outperform its
pairwise counterparall the investigations conducted in this chaptél continue to adopt
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the vectorial approach proposed by17], in which casg3.4) can be rewritten for vector
inputsin a generic fornas

k(x,2) =8, RMP"(2) =& _,(R(X).R@), (4.

where P(x) and P(z) are the evaluains ofthe employedorthogonal polynomial (be it
Chebyshev, Legendre, etc.) on the first and second inpubrvieetnelarguments as a

whole, as showrfor examplein Table3.2 for the Chebyshev polynomials case.

Based on the closure propexy kernels,which states that the addition of valid kernels
also yields a valid kernel, one can think about the kern@.i) as being the summation of
smallervalid kernel building blocks as:

K 2)= A k(x2) = ko(x2)+ha(6,2) 43 +kn(x,2). (42)
i=0

where each of thei™ order individual kernel blockskp s ) being summed
kernel (and therefore is lagitimate tool to measure the similarity between its two input
vectows) representing the alation of each individual polynomial order kernel on the

input vectors, and amgven by:

ko(x,2) = (Ry(X), Ry (2))
ki(x,2) = (R(x), R(2))

ka(x,2) =(R,(x), R\(2)) (4.3)

On the other hand, as part tifeir study of the SVM kernels constructed from the
Chebyshev polynomials, Ye et d31] and Ozer et al[17] both showed that their
corresponding weighting function is also a valid kernel, and therebyraitilizing the
multiplicative closure property, which statémt the multiplication of two (or more) valid
kernels also yields a valid kernéhe authorsn [31] and[17] constructed their proposed

overall composite Chebyshev kernels in the form of:

k(x,z) =Ky (x,2)3 ko (X, 2) (4.9

where k, (x,z) is the summative Chebyshev polynomial element ofotlerall composite

kernel and k, (x,z) is its corresponding weighting kernel function. Thereh@vever no

13 Although later Chapter 6will be proposing another new processing approach and will be showing, both
theoretically and experimentally, that it outperforms both of the preyiqueposed vectorial and pairwise
approaches.
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theoretical guarantethat the best classificatio performance will be achieved if the

corresponding weightinfyinction of the Chebyshev polynomials (X, z) is the kernel that
should be used to be combined with its sister polynomial kdg(el z) . Recall thatthe

ultimate aim is to improve the classification performance (rather than retaining the
orthogonality of the underpinningolynomial kernek unnecessarily which might be the
reason why the authors if17] were urged to propose to replace the corresponding
weighting function of the Chebyshev polynomialsth the commonly used Gaussian
kernel instead,to construct what they referred os t he &6 Modi fi ed Ct
Their reported experimental results showed that such practice (of combining the
summative polynomial kerndd, (x,z) with some other more robust kerngistead otheir
corresponding weighting functionsjould indeed be useful in achieving even better
classification performance, and hence, showed that the choicg(xfz) should not only

be restricted to the weighting function of the employed polyn@mial

As such,one cangeneralize this@proach,by defining the construction of theomposite

vectorialpolynomialkernelsas:

k(x,2) =k (X,2)3 ky(X,2) = gg. (R(X), R(Z)>§3 W(X,2), (4.5)
=0

whereP(.) is theevaluation of theorthogonal polynomial (be it Chebyshev, Legendre,
etc.) on the input vectarandw(x,z) can be eithetheir corresponding weighting function

or any other valid kernel.

So, by analsing closely the composite structure of the kernglid), and iine with the
various kernel fusion and hybridizatioor combination strategies explained back in
Section2.6, one can thereforeealize thatsuch a composite kernel structure is inheyentl
formulated from a mixture of summative and multiplicatogmbinations of baskernel
building blocks that could synergisticalproducebetter similarity measures gnldence
collectively contribute towards their enhanced classification performarieaing this
approach from aynergisticsimilarity fusion perspective is what hasfortunately been
overlooked in previous literature to appropriately characterise the behavioustfydthe
performance othese composite polynomial kernelhen implemented within the SVM
algorithm. To the extent that each of thedividual kernel bbcksin (4.5 can provide
complementary informatiore(g., similarity measures) about the input data, the resulting
performance of the classifier constructed from the fused kernels is expected to outperform
that of the best individual kernel building block
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4.3 Hierarchical development of thesynergistic similarity
fusion framework for orthogonal polynomial kernels

To investigate if thigperspectiveof fusion of OPKsholds true, this section will defirtae
hierarchicalstructureof the composite kernel if#.5) within a novelthreestage similarity
fusion framework This is achieved by breaking down the composite kernel iisto
individual basekernel building blocksand analysng their synergistic fusion behaviour in
terms of the exhibited shapecharacterists introduced earlier in the previosbapter

The extended investigations conducted herein will continue to adopt the kernels
constructed from not onlhe Chebyshev, but also the Legendre and Hermite polynomials;
and henceit is worth to re-presenther plots again (side by side) iigures 4.1 4.6 for

comparative convenienend ease of analysis

4.3.1 Similarity fusion framework: First stage

In the first stage the n" order kernelis constructed using only the" order of the
polynomial without sumntsgon and without being combined with argther kernel

function, in the form of:

kn(x,2) =(Ry(x), R\(2)), (4.6)

where P,(® is the employed generic form of the orthogonal polynomial ofrarde

Applying this first stage of the framework to the orthogonal polynomials under

investigation would yield:

ke (%,2) = (T, (%), T,(2)) (4.7)
K (%,2) = (L (%), L,(2)) (4.8)
ket (%,2) = (H,(x),H,(2)) (4.9)

where T(Q®, L(®, H(®, denote the first stag&s in the construction of the composite

OPKs without te sum using the Chebyshev, Legendog, Hermite polynomials,
respectively Figure 4.1 and Figure 4.3 illustrate theshapecharacteristics of the first 10
orders of each othese kernels ax=0 andx=0.77, respectivelywhereasFigure 4.5

demonstrates the effect on theif"ld@vderk e r n e | sl toshle wagadion of the input

7z

x-values n the range.of [0, 0.1, e, 0. 9]
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Althoughthese Stage 1 kernels are valid Mercer kernels, aratherefore legitimate tools
to measursimilarity, how good their yielded similarity measures‘4ris a different story.
As such, the purpodeereis to explorethe SVM classification performance as auié of

implementing such Stage 1 kernels evaluated using only'therder of the employed

polynomial.

4.3.2 Similarity fusion framework: Second Stage

In Stage 2 kernels, all thi#" order polynomial kernels from O up to are combined
together via a summatiofusion operation, as pe@.1). Recallthat each of thé" order
individual kernel blocks being summed up is a valid Mercer kernel (and therefore is a
legitimate tool to measure the similaritgnd their fusion by summatiois expected to be
synergisic. This meanghat the fused kernel should be able to yield better measures of
similarity between the two input vectors than if each of th8serder individual kernel
blocks are used on their own. Such a hypothesisnow be validated by 4@nalysng the
shapecharacteristics of the Stage %)( Chebyshev, Legendre, and Hermite kernels,

demonstrated ifigures 4.24.4, and4.6, and given respectively by:

ka2 (%,2) = & Lo(T (0, T (2)), (4.10)
k2 (x,2) =& (LX), L(2), and (4.12)
k2 (x,2) = & 1o (H; (¥, H; (2)). (4.12)

On analymg theshapecharacteristics of Stage 2 kernels illustratedFigure 4.2 at x=0,

one can observe that as the order incredbespeak kernel value of bothe Chebyshev
and Legendre kernels increases. This indicates thatigher number of'" order kernels
fused together by summation, the more the édeshape gets closer to the characteristics of
the ideal similarity function illustrated back Figure 3.1, showing that the addition of
thesei" order kernels do actually help each other to achieve a bettezl Keen a better

measure of similarity). This shows that the fusion by summation operation is indeed

synergistic because it makes evelyorder Stage 2 kernelkfz) yield better similarity

measures compared to its correspondifigrder Stage 1 counterpa(tknsl) which do not

exhibit anydominantmaximum peaks, as illustrated by their plot&igure4.1.

14 Compared, for example, to their Stage 2 counterparts.
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To exacerbate this situatiome can even notice that if the two input vectors happen to be
identical at he origin (i.e, at x=0), the odd orderStage 1 kernelactuallyfail to calculate
any measures of similarity at dile. the kernelvalueis equal to zerojhroughout the
normalized data region of],+1], as shown irFigure4.1, even when their two inputs are
identical. Stage 2 kernels,nothe other handjo not suffer from this catastroptsduation

as they sum up all the Stage 1 kerriedsen polynomialorder O ton, and as sughat x=0,
their odd ordes end p beingthe same atheir preceding even orders, as demonstrated in
Figure4.2. One can also observe that althoubk Stage 2 kernels tend to oscillate in a
wavy pattern after a certain threshold, yet, unlikertB¢fige 1 counterparts, the pdak
peak amplitude of these oscillations tend to decay as the two input$ fiefer away
from each otheras shown irFigures 4.1 4.6, which is another reason why the similarity
measures calculated by Stage 2 kernletaikl be more accurate than those calculated by

their Stage 1 counterpartnd should therefore yield better classification performance.

As for thekernels constructed from thdermite polynomiaglalthough theydo not tend to

get closer to the charactdits of the ideal similarity function as the order increases (as
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their Chebyshev and Legendre counterpdds yet, the value of their Stage 2 kernats
identical inputshavestill shown to be higher than tvalue of their Stage 1 counterparts.
Althoughthis infinitesimal difference might not be veopviousin their logarithmic plots

in Figure 4.2 (c) and Figure 4.1 (c), for their Stage 2 and Stage 1 formulations,
respetively, yet, as discussed before the previous chapter, one cafbserve this
difference from their original scale ploteemonstratedn Table 3.4. However, similar to
their Chebyshev and Legendre counterpartg, @an also observe that the odd orders of
Stage 1 Hermite kernehown inFigure4.1 (c) do also fail to calculate any measures of
similarity at all whenx=0, rendering their Stage 2 counterparts a lot betterlagityi
measuresas in this case their odd orders also end up being the same as their preceding
even orders, as shownhigure4.2 (c).

Based on these theoretical analyses of the simibasedusion andshapecharacteristics

of the kernels constructed from the Chebyshev, Legendre, and Hermite polynomials that
are under investigation, one can conclude thatStage 2 kernels tend to exhibit better
similarity measure characteristics (due to the fusion by suromabiperation that
inherently takes place within their mathematical construction) than their Stage 1
counterparts; and as such, they should be able to produce better classification performanc
when implenented within the SVM algorithm; a hypothesis whveii be experimentally
validated later in this chapter.

4.3.3 Similarity fusion framework: Third stage

Although the Stage 2 kernels demonstrated superior similarity measure characteristics ove
their Stage 1 counterparts, as explained in the previousesition they might still not be
goodenough to compete with the existing traditional SVM kernejsroalucethe sought

after classification performance. Therefore, in this final third stage of the similarity fusion
framework,the Stage 2 kernels are fused by dtiplication operation with either their
corresponding weighting functicar a more robust kernel) produce a composHgtage 3

kernel in the form okquation(4.5), as explained back Section4.2 To invesigate the

effect on the classification performance as a result of this fusion by multiplication

operation, this section wifbcus on thestudy of the following vectoriatomposite kernels:

A Stage 3 gneralized Chebyshev kerrjél]:
1

°0,2) =8 (00 T@)° e

(4.13)
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A Stage 3 Modified Chebyshev kerifi&l]:

K2 (x2) =4 (T (0.7 (2)* extl: olx- 7). (4.14)
A Stage 3 Modified Legendre kernel:

K2 (x,2)= 4" (LX), L(@)? exp: dx- 27, (4.15)

A Stage 3 Composite Hermite kernel:

k2 (x,2) =& o(H; (%), H;(2))? exp(— glx- z||2), (4.16)

wherem is the number of dimensions (i.éeatures) of the dataset, as defined by} and

g is the Gaussian kernel parameter. Note that the corresponding weighting function of the
Legendre polynomials isM(X) =1, and hence its modified version proposed her@ it5

will give us the chance to explore theesulting classification performance when they are

combined with aotherkernel,such aghe Gaussian.

On the othehand, tising (by multiplication) Stage 2 kernels witlte Gaussian kernalill

also provide us wittan additionaparameterg which will give usmore control over the

behaviour of the polynomial kernels tailor thér shape to theideal sought after
characteristics, and hence enable the calculation of better similarity me&sguess 4.7
i 4.9demonstrate how this process can be achieved for the Stage 3 Chebyshev, Legendr

and Hermite kernels, respectively, when different vahfeg are usedOne can observe
that by appropriately selecting suitable values gorthe peakio-peak oscillations can be

greatly reduced, hence enabling more accurate similarity measures to be calpulied
underpinning kernelslt is therefore envisaged that this multiplication fusion operation,
implemented in the composiftage 3 kernels if4.13 - 4.16), will also be synergistic
causing them to not only score better classification accuracies than Stagje 2
counterparts, but also compete with other traditional SVM kernels in common use. Again,

this will be validated experimentally in the following sections
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4.4 Experimental validation of the similarity fusion framework
for orthogonal polynomial kernels

This section presents a series of comprehensive experiments to test and validate th
synergyof the summative and multiplicatiiasion operations inherent in the hierarchical
construction of the polynomial kernels defined within tBestage similarity fusion
framework discussed in the previous secti@ection 4.4.4 shows the effect of the
summative fusion operatidoy comparing th&SVM classificationperformancescoredby

the Stage2 veraus Stagel kernels. Similarly,Section4.4.5also shows the effect of the
multiplicative fusion operationby comparing the SVM classificatigmerformanceof the

compositeStage3 kernelsversustheir Stage2 counterparts

The following subsectionswill first explain the experimental setiug the classification

performanceassessmemnetric utilized,and the datasetsnployedn theexperiments

4.4.1 Experimental setup and model parameter selection

All the experimentavere conducted usintpe C-SVM algorithm[12, 114 and the SVM
toolbox in[119. Using the standard grid searhl6 117, the penalization paramet€r
that yielded the begierformancevas foundto be within the ranggl0?3, 10°; similarly,

the range of th&aussian kernel parametgr which yielded the begperformancewas

[0.001, 100].The experiments conducted on muliass datasets adopted the wkelbwn
@neversusalld multi-class decomposan techniqug85, 11§ to train the SVM on each

classgroupseparately.

To be consistent with previous work, such [d¥], the classification performance
assessmemhetric used in all experiments is the classification accurHug. isdefined as
theper cent age of unseen examples that the
the testing phase. Although this performance metric does not tell us what has exactly
happened w-c b hr echtel y®u nc | a s, swhetheretliley Faweabeep | e
classified to the opposite class, or were not classifiable atallexplained back iBection

2.2.4), it is importantto useit for a fair comparison ofhe achievedxperimental results

with previous work.
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4.4.2 Dataset selection ananethodology for estimating classification
accuracy

In this thesis, careful deliberation has been ndengthe selection of different types of

datasets used in the experimental work to assess and validate the similarity fusion

framework presented in this chaptas well as the approachpsoposedin subsequent

chapters. Several aspects have been taken into consideration, such as:

1- Theproblem & nonlinearly separable class boundarias this is the maiissuethat
the SVM kernelbasedclassifieris tackling by mapping the inpspace to a higher
dimensional feature spaoghere linearseparability between overlapped classes can

be improved.

2- A wide variety of dataset attributes are taken into account to reflect, as much as
possibk, the characteristics of aleworld practical applications; such ashe
dimensiomlity of the dataset (i.esmall, medium, and large number of features),
binary and multiclass datasets@and most importantly is thiéhe distribution of the
data points troughout the normalized vector space and hence the severity of the non
linearity profile between the class labels.

3- The use ofstandard datasets available to the machine learning and pattern
classification research community. This creates a unified enveohfior the fair
comparison of the performance of different classification algorithms, aslatze
pointsto be used for training and testing are fixed and explicitly defined.

4- Consistency wh previous published literature, which again enabledfaia
compaison with similar previous research work which used the same datasets to find
out and assess how the performance of the appregmbposedin this thesis

compars.

Accordingly, six benchmark datasets (summadsn Table 4.1) from the UCI repository
have been used in the experiments conducted in this sddtiéh Below is a brief
summary of how these datasets have been utitizexstimate the classification accuracy
during the testing phase of each of the conduexperiments.
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Table 4.1 Benchmark datasets used in the experiments.

BREAST IMAGE

CANCER |ONOSPHERE TWO SPIRALS SEGMENT ATION IRIS THYROID
NoO. OF
CLASSES 2 2 2 7 3 3
NoO. OF
EXAMPLES 569 351 194 2310 150 7200
NoO. OF
FEATURES 30 34 2 18 4 21

4.4.2.1 BreastCancer Wisconsin dataset

This is a binary datasdhat consists of 569 exampleshere each data vector has 30
featured119. The features describe the characteristics of breastmeallei present in an
image, and the aim of the classification algorithm under test is to beablassify each

data vector as belonging to one of two classes: malignant and b&heye. are 357 and

212 benign and malignant data vectors, respectively. To be consistent with previous
literature, such agl7], the first 50 data points of each clagsre usedor training while

the remaining 469 data points were used for testing.

4.4.2.2 lonosphere dataset

This is another bing dataset originating from some radar data collected by a phased array
system consisting of 16 high frequency antennas in Goose(IBegtedin Labrador
CanadaJ1l9. The system targets free electron:
return signals means that there is some typetrabspheric structure in the ionosphere,
whereas O0OBaddéd returns are those signals
consists of 22% Go o d 6 endd2bBaddexamples, respectively. The Goose Bay
receiver system produced 17 pulse numbeith two attributes each, resulgnn a total of

34 features. lime with previous work, such g420 and [121], we used the first 200

training examples to classify the remamn 151 test examples

4.4.2.3 Two Spirals dataset

This is a toy dataset that represents a highlylim@ar problem that has challenged the

pattern recognition research community since the 1990&125. This is because it

incorporates important characteristics often found in-tiesd applications and several

natural and physical domaif%24. The version of th&wo Spirals dataset useid this

thesisis the one available 126 thatconsists of a balanced 184o-dimensioanabinary
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examples of twantertwinedspirals, as shown in its normalized form kingure 4.10 (a).
The objective of the learning algorithisito discriminate between tliata points that are
distributed on these two distinct strarfdach representing a cen the xy plane. Hence,

for a new data point, the classifier should be able to map it as belonging to either Class +

or Class1.
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Figure 4.10 Visualization of theTwo Spirals dataset used in the experiments.

The experimentpresentedn Sectiors 4.4.4and4.4.5adopted the 2@old cross validation
technique to estimate th8VM classification accuracygorresponding to each kernel
produced from the differerdtages of the similarity fusion frameworkhe experiments
conducted irSection4.4.6 however, took advantage of the 2D representaticheofTwo
Spiralsdataset to visualize the classification performance of the Stage 3 sitenipgrnels

and compare it to some of the traditional SVM kernels in common use. To achieve this
purpose, all the 194 examples in this datasete usedor training. If the classifier is
successful in appropriately learning the challenging-lm@ar furction of this dataset, it
should ideallybe able to compute the decision regions and the decision boundaries
between the two classes of this dataset to be as close as possible to the one Bigowa in
4.10 (a). For testing, however, a new uniformly distributed grid of test data pants
createdwithin the normalized interval of-1,+1], similar to the one that is pictorially
illustrated inFigure4.10 (b).

Upon testing ezh data point in this test grid, the classification algorithm should classify it
as either Class +1 or Clask based on its prealculations of the decision boundaries and
regions during the training step. This can be visually observed by plotting édloh o

tested points for the two classes with a different shape/colour within their corresponding
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calculated contours or decision regions, as shmw8ection4.4.6 for the results of the
performance of the different kernels @ndnvestigation. For excellent comparative visual
assessment, the plotted results also display the original training data poiofs antle
predicted data pointdNote that, to avoid clutter, only the decision boundaries were plotted
and the margins we ignored, as they are of minor importance in the context herein.
Following this procedure, only the best results achieved for each kernel are reported in
Section4.4.6

4.4.2.4 Image Segmentation dataset

This is a balanced muitlass dataset containing a total of 2310 data vectors each
representing a randomly drawn image of 7 different outdoor environments (330 images for
each class)119. These are: brickface, sky, foliage, cement, window, path, and grass. The
task is to classify the centre pixel of a 3x3 patch ohemage as belonging to one of these

7 categories, based on fiBage processinfgatures of the patch with different minimum

and maximum values. Note that ttierd feature was not used in the experiments as it is
the same for all the classes and theefiwes not contain any discriminative information.
Following [17], we have also divided this dataset such that the firstaBa points of each
class were used for training, and the remaining 2100 data points were used for testing, i

all theexperiments.

4.4.2.5 Iris dataset

This is one of the well known standard datasets in the machine learning and pattern
recognition literaturd119. It consists of a balancedchss set of 150 multivariate data
examples where each vector has 4 features. Each class refers to a species of a flowerir
pl ant called Alriso. These are: Setosa,
characterize each species are the length andwilth of the sepals and petals in
centimetres. Based on the combination of these four features, the role of the classifier is tc
distinguish these species from each other. In all the experiments, the training dataset
formulated fromthe first 15 data eamples from each class, and the remaining 105 data

examplesvere used to form the testing dataset



4.4.2.6 Thyroid dataset

This is another muliclass (3class) dataset availabfeom the UCI repository{119. It
consists of a total of 7200 examples,-fdadtures each, and the problem is to decide
whether a patient iea data exampl e) i @l di(a@n o sheydp ot
Ohypnetrifomdéd, or o6ésubnormal é functioning. T
examples for training and the remaining 3428 examples for testing. Thifisdtaibh/test

ratio amongst the-8lasses to be respectively equal to 93/73, 191/177, and 3488/3178.

4.4.3 Normalization of the range of each vector component

To be consistent with previous literature, suchlas31], feature values iall the datasets
were normalized (where necessari) be in the range[-1,+1]. Following the
recommendation b@zer et al[17], each feature was normalized by considering its own
maximum and minimum values throughout the entire dataset. As such, for a netter i

form of x = {xl,x2,3 xm} eachj™ element ofx was normalized with respect to the

maximum and minimum values for thit element in the whole dataset.€eThormalized

value for each element was then calculated as:

new _ Z(XJ' - Min i)

X; — -
Maxj - Min j

(4.17)
where Min and Max are the minimum and maximum values of fAéeature amongst all

the vectors in the dataset, respectively.

4.4.4 Experimental resultsand discussiondor Stage 1 andStage 2

kernels d the similarity fusion framework
It has been demonstrated $®ction4.3.2 via the analysis of thehapecharacteristics of
Stage 1 and Stage 2 kernels, how the fusion by summation df tnder Stage 1 kernels
exhibit a gnergistic complementary behaviour to contribute positively towards the
calculation of an improved measure of similarity between their two input vector
argumentsThe experiments conducted in this section aim to validate such a hypothesis by
exploring theresultingSVM classification accuracy scored by the Chebyshev, Legendre,
and Hermite Stage 2 kernelshich areformulated with the sum (as defined (.10 -
4.12)), comparedo the classification accuracy scored by their Stage 1 countenphits,
areformulated withouthesum (as defined i(4.7 1 4.9)).
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Figures 4.11i 4.16 illustrate pairwise graphical comparisoot the best classification
accuracies scored by the first few orders osé#tage 1 and Stage 2 kernels using all the
datasets describedarlier in Section 4.4.2 As shown, the kernelsunder testhave
demonstrated different performances across the polynomial orders and the dataset
investigatedHowever, in general, one can clearly obseghecasistent superiority of the
classification accuracies scored ttne Stage 2 kernels over their Stage 1 counterparts for
most, if not all, of the polynomial ordeasd datasets under study, which clearly validates
the synergy in the fusion by summation @iem inherent in the construction of such

polynomial kernels.

For examplejn some datasets, such as the Breast Cancer, lonosphere, and Two Spirals
datasets, the improvement in the classification accuracy introduced by the Stage 2 kernel
tend to be morelominant in higher order polpmial kernels than lower orderd/hereas

in other datasets, such as the Image Segmentation and Iris datasets, it is the lower orde
which benefited the most out of the fusion by summation process. Surprisingly, hatvever,
also can be observed that the Hermite kernel was the one that benefited the most out of th
fusion by summation process in the Thyroid dataseith only an infinitesimal
improvement demonstrated by the Stage 2 Chebyshev and Legendre kernels, as shown
Figure4.16.

Of particular interest, however, is the observation thatkssification accuracy obtained
from Stage 1 kernelsan at times score a 0% accuraayshown for example in the results
obtained from theBreastCancer and the lonosphere datasets;igures 4.11and 4.12
respectively Such a poor performance indeiedicates that Stage 1 kernels can at times
struggle todecideon their own as to what isehcorrect class label of a testample that

they hae not seen before during the training phase, and hence a fusion by summation o
their preceding™ ordersis essentiato constructively contributéeowards improving their
generalization capabilities and hence their classification performance, as dateonsy

their Stage 2 kernels counterparts

As these instances of 0% accuracy is an extreme case, the output of the SVM algorithm (a
implemented by the employed Matlab toolbox) wasestigated in more detatib find out

what has exactly happenedth the SVM classifier both during the training and testing
phasesAs a result, it was found that at these instances the algoattually failed to

make any decisionat all during the testing phase, and it was not even able to calculate a
decision boundarguring the training phas&he 0% accuracgbservecat these instances

thereforei ndi cates a oOcl assification inabil it
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c | a s s pas explaneduesrlier iBection2.2.4 In Matlab languagethe parameters of
the dual optimisationproblem calculated during the training phase, as well as the output of

the decision function during the testing phase, were found to be not a number (NaN).

Furthermore, recall that Stagl kernels calculateelatively poor measures of similarity
when their two inputs happen to be identical within the normalized vector spatetdf,[

as explained inSection4.3.2 as compared to the developed peaks of tBémge 2
counterparts. The superior results of Stage 2 over Stage 1 kernels illustrated in this sectiol
therefore demonstrate that such improvements in the calculated measures of similarity
obtained by the synergistic fusion by summation ofitherder $age 1 kernels do indeed

reflect constructively upon the resulting classification performance obtainedHe®tage

2 kernels.
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Figure 4.11 Classification accuracy scored by StageFigure 4.12 Classification accuracscored by Stage 1
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Figure 4.15 Classification accuracy saet by Stage 1 Figure 4.16 Classification accuracy scored by Stag
and Stage 2 kernels using the Iris dataset and Stage 2 kernels using the Thyroid dataset

A further investigation has also been conductaedonly Stage 2 kernels to explore how
their performances compavéthin the datasets under tesind in particular in relation to

their exhibited shape characteristics discussed earli€hapter 3 Sections3.4.2.2and
3.4.2.3. Figure 4.17 thereforefocuses on comparing theresults obtained from only the
Stage 2 kernels to show that the performance of the Stage 2 Chebyshev and Legendr
kernels are relatively close to each otteerd also relatively betténan the results obtained

from the Hermite kernels. Again, recall that the Stage 2 Chebyshev and Legendre kernels
have shown to exhibit some commgood shapecharacteristics that are nshared with

the Hermite kernelsthis could explain the reason behind their classification performance
being closeto each otheand bettethanthe Hermite kernels, as observedmostof the

results in this figure.

One can notice, however, that despite Stage 2 Chebyshev and Legendre kernels have
demonstrated a relatively superior performance to their Hermite counterpart for the Two

Spirals, lonosphere, Breast Cancer, Image Segmentation, and Iris diat&sgtse4.17,
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due to their betteacquisitionof similarity measures as discussed above,thet,does not

seem to behe casean the Thyroid dataset, especially in higher polynomial ordEinss
exceptional unique behaviour suggests thdhe influence of the similarity measure
calculated by the underpinning kerneds dictated by the shape characteristicss not
always prevaiin all datasets (and hence in all pattern classificatisk9, and that other
factors (e.g, the uplifted dimensionality othe feature space, the severity of the -non
linearity profile of the dataset at harite ratio of the train / test number of exampéss,)

canat timeshave a stronger influeneen t he ker nel s& c.|Aaseperf i c
investigation into tts point is indeed a subject of further reseadocbxplore in more detail

what these possibfactorscould be.
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Figure 4.17 Comparison of thelassification accuracsesultsfor Stage 2 Chebyshev, Legendre, and Hermite

kernels.

To further demaostrate the influence of the synergistic fusion by summation operation,

Figure 4.18 also illustrates the obtained results in a different format using bar chart

comparisons of the average classification accuraayedduoy the first 10 orders of each of

the Chebyshev, Legendre, and Hermite Stage 1 and Stage 2 kernels under test. One c:

observe the consistent superiority of the average classification accuracy scored by Stage
12%



kernels over their Stage 1 counterpas &ll the datasets investigated. As explained
earlier, such improvement is evidently attributed to the synergistic fusion by summation

process inherent in the Stage 2 kernels.
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Figure 4.18 Bar chart comparative results of the average classification accuracy scored by the first 10 orders
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The classification accuracissored by the Stage 1 and Stage 2 keraidsalso analyzed
more deeply infable4.2 to get a more quantitativessessmerdf how much improvement

is gained as a result dfie fusion by summation process. As such, the tabiesasl to
calculate the average improvements in the classification accuracy over the first 10
polynomialorders for all the datasdby directly subtracting the accuracies scored by Stage

1 kernels fromtheir Stage 2 counterpartds illustrated at the bottom of the tabtége
averageimprovement factors were calculated to be equali®b4%, 18.2%%, and,
16.249% for the Chebyshev, Hermite, and Legendre polynomial kernels, respectively,
making up a awverage accuracy improvement factor of 7% over all the datasets

experimented

Another observation worth noting is that the fusion by summation operation taking place in
Stage 2 kernels resulted in rectifying the cases where their Stage 1 countefferdd su
from the 6cl assificat i on produtedb% ladgcuracypas i n s
demonstrated, for exampley the Breast Cancer and lonosphere datasdtgjures 4.11

and 4.12, respectively Consequently, one can therefore notice that the Stakgrriels

have exhibited a relatively smoother performance across the spectrum of polynomial
orders compared to their Stage 1 counterparts, as the amplitude of the accuracy oscillation

have been reduced consideradgongst the polynomial orders.

To quantiy this observation,Table 4.2 has also been used to calculate the standard
deviation of the average improvement fact@sown in bracketsyas well as the minimum

and maximum improvement factors (shown in bolditroduced by thefusion by
summation operatiorinherent in Stage? kernels.As it can be noticed, the standard
deviationof theaverage improvement factotan be quite sparse and even higher than the
mean, as shown for example in the Two Spirals and énsagmentation datasetiue to

the huge difference between the two sets of results across the polynomial orders.
Conversely, however, one can also realize the steadiness of the results by examining th
standard deviation of the accuracy values themselegsrted inthe statistical analysis

tests tabulated imPAppendix B.1 where the standard deviation of the classification
accuracies scored by Stage 2 kernels is relatively smaller than the mean, compared to the

Stage 1 counterparts, for most of the hssobtained.
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Table 4.2 Quantitative assesgent of the average improvemémtlassificatiom accuracy when using Stage 2

over Stage 1 kernels of the developed similarity fusion framework.
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It should not be forgotten, however, thdespite such a substantial improvement in the
classification performance demonstrated by Stage 2 kernels, due to the fusion by
summation of thé" order Stage 1 kernels, yet, they are still not robust enough to compete
with existing kernels to reliably solveealworld classification problems. Hence, a
progression towards fusing theie(, Stage 2 kernels) witbtherkernels is necessary to
up-scale their generalisation capabilities and hence improve their classification
performance even further. This is achieved via the construction of the Stage 3 kernels of
the similarity fusion framework presented in this chaptand their classification

performance is explored in the next section



4.4.5 Experimental resultsand discussonsfor Stage 2 andStage 3

kernels of the similarity fusion framework
The experiments conducted in this section aim to explore the resulting effect on the SVM
classification accuracy due to fusing (by multiplication) Stage 2 kernels with other kernels
(eg., the Gaussian kernetp formulate the composite Stage 3 kernels of the similarity
fusion framework. To be specifithe comparative experimestwere conductetietween
the Stage 2 kernels, defined (#1071 4.12), versus their composite Stage 3 coyvdes,
defined in(4.1371 4.16).

Figures 4.19 4.24demonstrate pairwise graphical comparisons of the best classification
accuracies scored by the first few orders of these Stage 2 and Stage 3 kernels using all tt
datasets described earlier $ection4.4.2 As shown, the kernels under test have once
again demonstrated different performances across the polynomial orders and the datase
investigated. However,maverage, it can belearly observed that Stage 3 kernels have
denonstrated a quite superior performance over their Stage 2 counteigrami®st of the

polynomialordersand datasetsivestigated

Despite this performance superiority (of Stage 3 over Stage 2 kernels), yet, the
improvement in the classification accuraieyroduced bythe Stage 3 kernelsver the
polynomial ordersdoes not seem to beonsistent throughout all the datasets. In other
words, depending on the characteristics of the dafaset number of features, number of
classes, the severity of the nlimearity profile of the overlapped class labels, ethd
improvement in the classification accuracy introduced by the Stage 3 keandls more
dominant in higher polynomial orders than lower orders, as can be observed, for example
in the Image Segnméation, Iris, and Thyroid datasets, shownFigures 4.194.23 and

4.24 respectively. Whereas in other datasets, such a3wiloeSpirals and lonosphere
datasets,shown in Figures 4.21and 4.22 respectively,it is the lower orders which

benefited the mist out of the fusion bsnultiplicationprocess.

Either way, his demonstrates that the fusion by multiplication process of Stage 2 kernels
by their corresponding weighting functions, ather kernels (such as the Gaussian), is
indeed synergistic as it lda to better classification performanckline with the
information fusion theory explained earlier in this chapter, this observation validates that
to the extent that each of the Stage 2 kernels and their combining kernels provide
complementary informain about the input data, the performance of the classifier
constructed from their fused combinatia@oes indeedoutperform the performance

achievedvhenthe Stage 2 kernels are used on their own.

12¢



Another observatioalsoworth noting is the fact that wheStage 2 kernels are fused with
a more robust kernel than their own corresponding weighting functions, they can actually
score even better classification accuracies, showing that the weighting functions are no
always guaranteed to be the optimum choic®. éxample, this can be clearly observed
here from the results obtained from the Legendre kernels. One can recall that the

corresponding weighting function of the Legendre polynomialsmg) =1 [34], and

therefore constitute the Stage 2 status in the framework presenteddnagpiisr. For their
Stage 3 coumtpart, howeverit has been combinedith the Gaussian kernel instead, as
per (4.15) (hence the name Modified Legendre kernel), which resulted in a substantial
improvement in the classification accuracy, as demonstrated imdfweity of theresults

heren, such as the Image Segmentation, Breast Cancer, and Two Spirals datasets, show
in Figures 4.19, 4.20, and 4.21, respectivélysimilar behaviour can also be observed
with the Stage 2Chebyshev kernels, where they tend to sdoigher classification
aacuracieswvhen combined with th&aussian kernel (i.ethe Stage 3 Modified Chebyshev
kernels) compared to when combined with their corresponding weighting functiothé.e.
Stage 3 Generalized Chebyshev kernels), as can be realized for example fresultise
obtained from the Image Segmentation and the Iris datasets shdvguies 4.1%nd

4.23 respectivelyThanks to the kernelsd multiplioc
others) that allows us to legitimately adapt the kernels to achieve bssiblpo
performance, as this is what we are ultimately aiming for, rather than retaining the

orthogonalityof the underpinning polynomial kernalanecessarily.
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Figure 4.23 Classification accuracy scored by StageFigure 4.24 Classification accuracy scored by Stage
and Stage 3 kernels using the Iris dataset

Figure4.25 illustratesbar chart comparisons of the average classification accuracy scored
by the first 10 orders of each of the Stage 2 and Stage 3 kernels under test, agait
demonstrating the substantialassification accuracy improvement resulting from the

synergistic fusion by multiplication proceder most, if not all of,the kernels and the

and Stage 3 kernels using the Thyroitbdat

datasets investigatedo quantify this improvement,able4.3 is dso used to calculatie

averageimprovementfactors gainedin the classification accuracys a results of using

Stage 3 kernels over their Stage 2 counterpBytswveraging over the first 10 orders for all
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the datasets, these improvement factors wdoellatedto be equal to 14.9%6, 20.4 %%,
19.6722%, and 21.91%, for the Stage 3 Generalized Chebyshev, Modified Chebyshev,
Composite Hermite, and Modified Legendre kernels, respectively, making apesage

accuracy improvement factor ©9.158%.
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Figure 4.25Bar chart comparative assessment of the average classification accuracy scored by the first 1
orders of Stage 2 and Stage 3 kernels of the developed similarity fusion framework.
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Table 4.3 Quantitative assessment of the average improvements in classification accuracy when using Stage 3 overisttgef 2He similarity fusion framework.
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Stage 2 Chebyshev & Stage 3

Generalised Chebyshekernels

Stage 2Chebyshev& Stage 3
Modified Chebyshevkernels

Stage 2 Hermite & Stage 3 Compositd
Hermite kernels

Stage 2 Legendre & Stage 3 Modified
Legendre kenels

Order no. Order no. Order no. Order no.
1(2|3|4|5(6|7|8|9f10l1|2|3|4|5|6|7[8|9(10j1|2|3|4|5|6|7|8|9|100212|2|3|4|5|6|7|8]|9]|10
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D] O O O O O O D O O O O O O D O O O O Of O O O Of O O O O O O O
e B 0 8 3 S 3RS IR SRS SIS S 8B B S SO s B 66N
S N2 | @ @ 8 S| 8 & Of o b B N @ ¥ © S ¥ N ¥ O o) of o & & v o o ~ K SN O S N Nf e SN
_ @@@LOLOLO@@LONI\QLOLOLO@@@LDLDN@@@COCOLD(\I(\INII\I\CO@@@COLDLDLD
_é\ | O O O] O O O O O | O Of O O O O O O Of O O O O O] O O O] O Of O O O O O O O O O O
|_
Al © N~ N N~ M ©
R 8 8l R 3 3| R & @ 8 8 3 8 B 3T o DB I D 8 3 B B B 9 8 Y 5
I | ® 9 K o § & o T 3 o] ® S| o < < & v T2 o O d < § & o of o] ® © o ® = o w I 5 3
S| o S| 4 | | o 3 R Al Al Fl H] o H o o S SR S A A N A o o Al dl dl d H oo B BR
Al 19.434(39.228) 28.979(44.609) 0.945(0.803) 28.973(44.492)
AAI 14.571(27.807) 20.40 (30.347) 19.672(26.686) 21.910(29.466)
TAI 19.158(28.567)
N1 Classificdion accuracy of Stage 2 kernels
N2 Classification accuracy of Stage 3 kernels
| Improvement = N2N1
Al Average Improvement for the first 10 orders
AAI Average of Average Improvements of the first 10 orders over all the datasets under investigation
TAI Total Average Improvement over all the datasets and all the kernels under investigation for the first 10 orders
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Furthermore, one of the remarkable implications of the fusion by multiplication process is
that it makes the Stage 3 kernels substantiallyfyettte abruptoscillatingchanges in the
classification accuracy amongst the polynomial orders which both of the the Stage 1 and
Stage 2 kernels suffered from. This can be clearly observed in the graphical representation
of the experimental resultbustratedin Figures 4.194.24 As shown, thétage 3 kernels

have exhibited a lot more stable and consistéagsification performance throughout the
spectrum of polynomial ordersompared to their Stage 2 counterpddsall the datasets

investigated

To quantify this observationTable 4.3 has also been used to calculate the standard
deviation of the average improvement factors (shown in brackets), as well as the minimum
and maximum improvement factors (shown lwold), introduced by the fusion by
multiplication process taking plade Stage3 kernels. As it can be noticedue to the
difference between the two sets of results, which can be huge at times due to the oscillating
nature of the Stage 2 kernetee stadard deviation of the avage improvement factors

can therefore be quite sparse and even higher than the mean, as shown for example in tt
Breast Cancer and lonosphere datasétsversely, however, one can also realize the
consistency of the results byxamining the standard deviation of the accuracy values
themselves, reported in the statistical analysis tests tabulafggbendix B.2 where the
standard deviation of the classification accuracies scored by Stagrels isconsistently

smaller than teir Stage2 counterparts, foall the datasets experimented.

Such a significant improvement in the classification accuracy scored by the Stage 3 kernels
over their Stage 2 counterparts clearly shows that using Stage 2 kernels on their own is nc
a recommeded approach as they do not produce a consistently reliable and robust enougf
performance that can compete witkisting kernels in solving reaborld classification

problems. To this end, one would therefore be interested to compare the performance o
the composite Stage 3 kernels with some of the existing traditional kernels to explore how
they compare and whether or not they can actually compete with them. ifivissggated

in more detail irthe next sutsection.

4.4.6 Comparative experimental evaluationfor the composite Stage 3
kernels and some traditional SVM kernels

Being combined with Stage 2 kernels of the similarity fusion framework, Stage 3 kernels

therefore represent the finebmbined kerneformulated using both the summative and

multiplicative smilarity fusion operationsThis section presentscomparison between the
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classification performance obtained from these composite Stage 3 kernels and some of th
traditional SVM kernels that have been in common use, to explore if they can actually
compee with them.The followingtraditional SVM kernelfave therefore been selected to

conducta further set of experiments to compare their performance with those yielded by

the Stage 3 kernels

A Linear kernel
k(x, 2) = (x,z) (4.18

A Homogeneous polynomial kernel

k(x, 2) = (x,2)" (4.19

A Inhomogeneous polynomial kernel

k(x, 2) = ({x,2)+1)" (4.20)

A Gaussian kernel

K(x,2z) = exp(— glx- z||2) (4.21)

The first set of experiments designed for this purpose utilized the 2D characteristics of the
Two Spirals dataset to visualize dassess the generalization capabilities and classification
performance of the kernels under test in picking up its highlylinear boundariedzigure

4.26 shows the best results obtained by the traditional keseected in4.18 7 4.21),
whereasFigure 4.27 shows the best results obtained by the Stage 3 composite kernels,

together with their model/kernel parameters

As demonstrated ifrigure 4.26, the linear kernel andoth traditionalSVM polynomial
kernels have failed to capture the highly fimear boundaries of th€wo Spirals dataset.

The Gaussian kernel, however, demonstrated a robust performance in equally splitting the
two classes from each other, although without any attempt to follow the circular path of the

spirals when they terminate at the edges.

Stage 3 kernels (shown iRigure 4.27), on the other hand, outperform the lineand
traditional polynomial kernels in picking up the spisdlapeof this dataset. Some have
also demonstrated a competitive performacomparedio the Gaussian kernel with the
added advantage of being able to generalize outside the data region (asshexample
with the Stage 3 Composite Hermite kernel Rigure 4.27 (d)). Another interesting
observation that can also be drawn frdfigure 4.27 is the fact that the Mtfied
Chebyshev kernel Fjgure 4.27 (b)) demonstratedsuperior performance over the
Generalised Chebyshev kernElqure4.27 (a)). Similarly, theStage 3Vodified Legende
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kernel Figure4.27 (f)) also demonstrateslperior performance over tis¢age A egendre
kernel Eigure 4.27 (e)). Such observation again suppottie earlier discussionhat the
corresponding weighting function is not necessarily the best kernel to be fused with the
Stage 2 kernels, and multiplying bybatterkernel can indeed enhance the generalisation

capabilities of the overall kernel and improve the classificatesfopmance even further.

Table 4.4 also shows thenaximumclassification accuracy scored by each of the kernels
under comparisonysingthe same accuracy estimation methods usdtie experiments
conductedn theprevious sectioffior each dataset. The highest accuracy obtained for each
dataset amongst all the kernels unést fire those shown in boldlihe with the previous
research on the construction of SVM kernels from orthogonal polynomials, sLich 34,

35, 107, the numerical results illustrated Trable 4.4 show that the accuraaescored by
Stage 3 kernels dondeed demonstrat¢hat they can offer performance which is
competitive, if not superior, to those offeregtbaditional SVM kernels that have been in
common use. It must be noted, however, that this superior performance can only be
achieved when these Stage 3 kernels are well prepared by synergistically combining (by
multiplication) their summative polynomialement (i.e. Stage 2 kernels) with another
robust kernel, which does not necessarily have totheer corresponding weighting

function.
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Table 4.4 Comparative results of the classification accuracy scored by Stage 3 kernels of the similarity
fusion framework and some of the most commonly used traditional SVM kernels.

. . Image .
Two Spirals Breast Cancer Iris Segmentation lonosphere Thyroid
Accuracy (%) & |Accuracy (%) & |Accuracy (%) & |Accuracy (%) & |Accuracy (%) & [Accuracy (%) &
parameter (s) | parameter (s) | parameter (s) | parameter (S) | parameter (s) | parameter (S)
Homogeneous 57.41 96.84 87.62 92.48 96.03 97.72
polynomial n=1 n=4 n=3 n=2 n=2 n=3
In homogengo 56.27 97.01 97.14 92.86 97.35 97.78
us polynomial n=3 n=4 n=4 n=>5 n=2 n=2
Gaussian 90.62 98.29 98.10 93.33 98.01 97.11
2=10 o =@. 2=3 2=0.5 2=0.1 2=0.5
Stage 3 9842 98.29 97.14 92.62 96.03 96.67
Generalized B B _ N B B
Chebyshev n=11 n=2 n=1 n=3 n=1 n=8
Sl 2 96.84 98.72 99.05 92.90 98.01 97.29
Modified
Chebyshev n==6, 2| n=l, DE O n=3, 3 n=2, J n=1, 2 n=1, 2
SEGE S 94.83 98.24 99.05 92.90 98.01 97.35
Composite
Hermite n=12, n=2, 9| ns50=2| n=1, 9 n=1, of n=1, o
Stage 2 98.42 98.24 95.24 92.14 96.69 95.54
Legendre n=13 n=2 n=3 n=1 n=2 n=7
SRR 2 100 98.42 98.1 93.00 98.01 97.29
Modified
Legendre n=9, b} n=1, 2 n=2, J n=2, b} n=1, 2 n=1010o

4.4.7 Validation of the experimental setup viaa comparisonwith

previously reported results
To checkthe validity of the experimental results presented in this chapter, as well as those
results that will also be presented in the next chapters, it iSrafsrtant to demonstrate
that the experimental setup being used in the experiments conducted in this thesis i
correct, valid, and is also consistent with what other researchers have used, specifically
those who are used to compare results with (Gze et al.[17]). To achieve this purpose,
this section is dedicated to demonstrate thaexperimental setupsed in thighesiswas
able to produce the same resuéts those reported by Ozer et al. under the same
experimental parameters (e.glataset used, train/test ratio, kernel function, Matlab
toolbox, SVM model parameters, normalization process, &tegdless to meion that if
one wishes to explore how the classification performance is affected when different kernels
are used, it is important to keep all other emmental parameters unchanged, which is
what most ofthe work presented in this thesis is all abdubte thatexactly the same
kernel plotswvere produceas the ones reported by Ozer efas perFigure3.5 in Section
3.4.2.9, which demonstrates the correctness of thathematical formulation of the
kernels that have beégmplementedn the proposeéxperimental setup.
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4.4.7.1 Comparative experimental results on thel'wo Spirals dataset

Ozeret al.did not mentionfrom where theyobtainedthe Two Spirals datasethat they
usedin their experiment§l7], whereas the one used in the experiments conducted in this
thesis is the standard dataset olmdirfrom [126]. Although they look similarthe
examples in the dataset usedthis thesisare more interwined over each other than the
dataset used by Ozer et al. (especially the data ploicésed close to theentre of the
vector space).This renders the classification ofethdatasetused hereto be more
challenging than the classification of the dataset used by Ozer et al.¢lasstsoundaries

are more interwined over each other, and hence poses a more challengligearn
separable classification tasRespite thischallenge the experimental setup used in this
thesis was still able to produce very close performance to thisresported by Ozer et al.

when the same kernel functions are used, as shown below.

Figure 4.28 shows a comparison between the classification performahtee Modified
Chebyshev kerndhs per Eq(4.14)) prodwced by the experimental setup used in this thesis
with its counterpart reported by Ozer et Ak can be observed, both results aearly
identical at the same polynomial order, which demonstratestlitbaxperimental setup
used in this thesis correct valid, andis consistent with what Ozer et al. haalsoused,
which is important for a fair comparisoAnalysng closely both results, one catso
notice that the generalization performancéhef propose@xperimental setup is better than
Ozeretabs because the original ekatlym themiddet s
of the decision region of each clgss shown irFigure4.28 (b)), which is what one would
wish to visualize froma maximum margirclassifier like the SVM; whereas in the result
reported by Ozer et alshown inFigure4.28 (a)), most of the data points appear to be on
the decision boundary itself, which does not demonstrate a very good lgatiera

performance.

The same observation can also be noticed from the experimental results obtained when th
Gaussian kernddefined in(4.21) is used as shown irFigure4.29, which althoughalso
demonstratéhat both results are close to each ottiex result produced frothme proposed
experimental setup shows a better generalization abilitis difference in performance,
however, might be due to a poor grid search condubwdOzer et al.over the
hyperpaameter C (which they did not mentionwhat value it was set ton their

experimentsand the kernel parameger They mentioned that they usegd-1, but they did

not mention that this was the value that producee thest results, so may be if they
searched along the range of possible values (rather than using just a single value), the

might have been able to produce better restitsn the ones reported herm the
14z



experimend conducted in this thesitowever,a comprehensive grid search over these
parametersvas carried ouand theparameters that produced the best results are reported,
as shown irrigures 4.2&nd4.29

Figure4.30 also shows a comparison of the resalitained on the Generalized Chebyshev
kernel as defined i4.13. When conducting the experiments, Ozer et al. mentioned that
they modified this kernel by adding small valuee to its denominator to eliminate the
possibility of divding by zero. This means that the Generalized Chebyshev kernel used in

their experiments is formulated in the form of:

AT 0T ()
k(x,z) = —=° (4.22)

e+ Jm- <x,z>

However, there is no mention as to what value theydéecio use fore, so that one can

try and reproduce their resulttn all the experiments conducted in this thesis, the
Generalized Chebyshev kernel has biegplemented (whenever usea defined ir(4.13
without being modified.Together with the more challenging ntinear spiral flow of the
version of the dataset used in this thesis (and again the absanteroftion abouthe
penalization parameteC), perhaps explains the reason wimg two results shown in
Figure4.30 (a) and(b) are notexactly identicato each other ag the case of the Gaussian
and the Modified Chebyshev kernels.
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4.4.7.2 Comparative experimental results on theBreast Cancer dataset

Whilst focusing on comparing the experimental results obtained in terms of the test
accuracy as per the reported train/test ratio, one can notice that Ozer et al. presented the
results on thidataset in two formatgl7]: (1) in tems of the maximum test accuracy
scored by each of the experimented kernels, anih @)graphical format to show how the
classification accuracy of thdifferent kernels is affected with the variation in the
polynomial order. Both formats are compared with theesults obtained from the

experimental setup used in this thesi§aile4.5 andFigure4.31.

Table 4.5 shows the comparative results scored by the Gaussian, Modified Chebyshev,
Generalized Chebyshev, arftetpolynomial kernels on tigreastCancer datasefAs can

be observed, when the experimental setup is configured to use the same reported kern
parameters, the produced test accuracies are nearly the same as those reported by Ozel
al. Interestingly, th the kernels have also produced exactly the same number of support
vectors, which further demonstrates the consistency of the experimental setup used in thi
thesis. Moreover, with a more comprehensive grid search on the kernel and penalizatior
parameterthe experimental setuproposed heravas able to produce even better test
accuracies than those reported by Ozer gaghinwith exactly the same reped number

of support vectors.

Figure4.31 also shows thahe results obtained by Ozer etfak. the first few orders ahe
Generalized Chebyshev, Modified Chebyshev, and polynomial kefstetsvn inFigure
4.31 (a)) are very close to those produced by the experimsetap used in this thesis for
the same kernelshown inFigure4.31 (b)). Note thatthe figure reportedby Ozer et al. in
Figure 4.31 (a) was edited heréo remove thegraphicalresults of the kernels that are

irrelevant to this comparison, for easier analysis.
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Table 4.5 Comparison between the maximwatassification accuracgcored using the Gaussian, Modified
Chebyshe, Generalized Chebyshev, and the polynomial kernels.

Ozer et al. Experimental Best scored
reported resultswith same | experimental
results kernel parameters results
Gaussian Test% | 95.52 97.65 98.29
kernel g 0.0034722 0.0034722 0.01
C 1000 1000
SV no. 30 30 30
Modified Test% | 97.01 97.23 98.72
Chebyshev n 8 8 1
kernel g9 0.25 0.25 0.01
C 10 10
SV no. 30 30 30
Generalized Test% | 97.23 97.87 98.29
Chebyshev n 3 3 2
kernel C 0.01 1
SV no. 30 30 30
Polynomial Test% | 96.38 95.95 97.65
kernel n 9 9 2
C 1 0.01
SV no. 30 30 33
100 :_/\_74_:\1-—-_—\ 100 {
wof T ) 90 -
80 | ,\; 80
é 0F Gen. Chébyshev g 70
§ Mod. Cheb. when y=0.25 E 60
3 or Polynomial E
50 17| — Gen. Chebyshev
or — Mod. Chebyshev
ol 40 1 Polynoimial
30 }
30 L L I I ) 0 5 10 15 20
0 5 10 15 20 25 Polynomial Order

(a) Classificatioraccuracyof the Generalized
ChebysheyModified Chebyshev, and
polynomialkernek at different ordersas

(b) Classificationaccuracyof the Generalized
Chebyshev, Modified Chebyshev, and
polynomial kernels at different ordgpeoduced

reported by Ozer et d117].

Figure 4.31 Graphical omparison of thelassification accuracybtainedusingthe BreastCancer dataset

by the experimental setup used in this thesis.

4.4.7.3 Comparative experimental results on the multclass dataset

The other datasets used by Ozer et al. are the Iris [amalge Segmentation muklclass
dataset$17]. In their reported results, however, it is not clear why they preferred to report
the scored test accura®f successfully classifyingach class individually rather than
reporting the test accuracy of all the correctly classified data points in the whole test

dataset for all the classeas they didfor example with the BreastCancer datasefAlso,
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the reportedgraphical resultswhich show how the test accuracy varies with the kernel
parameter) are not consistent between the Iris lamabe Segmentation daget, which
makes the comparison even harder. For example, in the Iris dataset, they decided to prese
the results of all the kernels on each individual class on a seplttas shown irFigure

4.32), whereasn the Image Segmentation dataset, they did the complete opposite; i.e.
they plotted the results of all the classes on each individual kernel on a s@patrébes
shown inFigure4.33). In most of theplots it is also difficult to differentiate between the

differentgraphsdue to the poor selection of the colours/legends
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Figure 4.33 Classification accuracgn theimage segmentatictatasetas reported by Ozer et &L7].

Due to this confusion, this section will compare the best scored test accateclated

from all the correctly classified examples in the whole test dataset produced from the
i n urady bver the imdivuals |,
classes reported by Ozer et al., as illustratedahble 4.6. Although this comparison is

experi mental setup used
conducted between the results obtained from two diffexepérimental setups, especially
becaus®zer et al. seem to have reported different kernel parameters for each class (whicf
is another unexplained behaviour), the results showhabie 4.6 illustrate that they are
reasonably close to each other, andckedemonstrates the effectiveness of the utilized

kernels in both experimental setups.
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Table 4.6 Comparing the experimental results on the Iris and image segmentatioitlamdtdatasets.

Iris Image segmenrdtion
Total Average Best scored Total Average Best scored
Test Accuracy experimental Test Accuracy experimental
reported by Ozer results (%) reported by Ozer results (%)
et al. (%) et al. (%)

Gaussian 98.41 98.10 98.19 93.33
Generalized
Chebyshev 97.46 97.14 97.24 92.62
Modified Chebyshev 99.37 99.05 98.3% 92.90
Polynomial 98.73 97.14 97.97 92.86
4.5 Summary

This chapter proposed a novel similarity fusion framework within whighpictorial
similarity-based characteristicd the adopted orthogonal golomial kernelsare analysd

and their corresponding empirical classification performance is asskdszsibeen shown
that such polynomial kernels are naturally constructed framxéure of summativeand
multiplicative combination of base kernélilding blocks that synergistically contribute
towards calculating more accurate similarity measures, as exhibited by their pictorial
characteristics. Hencéhe resulting performance of the classifiemswwucted from the
fused kernelss expected to outperfor that of the best individual kernel building block

To validatethis hypothesisthe proposed similarity fusion framework was therefore set to
analyse and assess the performance of these polynomial kernels ahiénaeehical
stages.The first stagewas defined as the dgiroduct between the evaluation of the
employedn™ order polynomiabn thek e r n e linpus vedtos whereas the second stage
implementedhe fusion by summation operation where all tifeorder Stage 1 kernels are
summed up from oet O ton. Using the Chebyshev, Legendre, and Hermite polynomials,
the eperimental resultpresented in this chapteevealedthat such a summative fusion
operation is indeed synergistic aridat it can introduce araverage classification
improvemenfactor that can be as high 433476, depending on the datasetilized and

the polynomiad employed.
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The third stage of theimilarity fusion framework on the other handsombinedby
multiplication the Stage 2 kernels with another kernel which can either their
corresponding weighting function or any other valid kerBsperimentalresults onfour
different Stage 3 kernelsdefined in (4.13 7 4.16), have also revealed that such a
multiplicative fusion operation is also synergistic and tihatan introdee a further
averageclassificationimprovementfactor of 19.158%, depending on the datasetilized

and the polynomialemployed. The experimental results have aldoown t hat tF
corresponding weighting functisrare not necessarily the best cheito be combined by
multiplication withthe Stage 2 kerneJsnd that combining them with more robust kernels

can indeed yield even better results.

Finally, it has also been shown in this chapter thatStege 3 kernels can be very
competitive alternative (if not even superior) to some of the traditional SVM kernels that
have been in common use, such the linear, homogeneous andhamogeneous
polynomialkernels and the Gaussian kernel. It must not be forgptiewevey that these
Stage 3 kernels haxdemonstrated such a competitive performance even though the Stage
2 kernels that they are combined with are still suffering from the problem (alluded to in the
previouschapte) of decreasing their monotonic decay window as the order increases. One
would therefore expect that if this problem is properly addressed, such keanels
demonstrateeven more superigoerformance This is the subject of investigation of the

nextchapter
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Chapter 5
Solving the MonotonicDecayWindow
Problem of Stage2 Polynomial Kernels

5.1 Introduction

This chapter address the problem alluded to irBection 3.4.2 where the Stage 2
polynomialkernels exhibit a monotonic decalgapebehaviourover a narrower rangban

the rormalized data region of1,+1]. The aimis to demonstrate that when the kernel
exhibits a complete monotonic decay behavittiioughout the whole vector space where

the data is located, the classifier will perform better than if the kernel exhibits this
behaviour within only a partial region within the standard normalized vector space, and
then oscillates afterwards. This is because similarity measurements calculated between ar
two data points that happém be located outside this monotonic threshoiddew would

then be inaccurate and could result in the SVM misclassifying the input Skaige 2
kernels are therefore a typical example that can be used to conduct this investigation, du
to their shape characteristics that have shown to be sufferingthig drawback, rather

than, for example the Stage 3 kernels which can avoid this problem via the appropriate
selection of the kernel parameteduringthe fusion by multiplication process, as exhibited

by their shape characteristics illustrateecton 4.3.3

To solvethis problem, this chapter proposesiraple adaptive data normalization approach

to confine the data to the regions where the kernel demossthatesought after ideal
monotonic characteriss. This way, the possibility of any data point to be located outside
the monotonicthreshold window of the employed kernel is eliminatadd therefore the
underpinning kernel should be able to calculate more accurate similarity measures betweel
its inpu argumentsExperimental results on a number of benchmark datasets validate the

effectiveness of this approachimproving theresulting SVM classification accuracy.

Customizing a solution to this problem via this proposed adaptive data normalization
appoachdemonstrateshat the study of kernels as similarity measure taaither than

their standard definition as positive sedefinite functions, can enable thmachine
learning practitioner to use motangible and intuitive properties (such as #iepe
characteristics of the ideal similarity function utilized in this chapter) to design more
effective kernels than relying amly their implicitly constructed higldimensionafeature
spaces that one might not even be able to calculate.
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5.2 The monotonic de@y window problem of orthogonal
polynomial kernels

It has beerexplainedin Chapter 3how the study of kernels in terms of their similarity
based propertiedefined bytheir shapecharacteristics could indeed aesdul approach to
designbetterkernels han relying on only their mathematical properties defined by their
positive semidefinitenesgroperty. It has also been explain@a Section3.3.]) that if a
kernel is regarded as a measure of similarity,atild be expected to return a high value
when the two vectors are close to each other, (iighly similar and therefore belong to
the same class) and maximizedhen the two vectors are identical, and decreases
monotonically as the two vectors depart avirayn each othefas typically demonstrated

in Figure3.1).

The shapelllustrations of Stage 2 kernels of the similarity fusion framework developed in
Chapter4 have also revealed that thsljare some eential cheacteristics with thigdeal
similarity function. For example, as the order increases, the Stage 2 Chebyshev anc
Legendre kernels have shown to develogoaninantmaximum peak wherever the two
inputs happen to be identicalnd then decrease in value as ttvo inputs depart away

from each other. It has also been observed, however, that as the distance between the tv
inputs increases, the kernel value keeps on decreasing but only up to a certain thresholc
after which it increases again ancmhfluctuatesn a wavy pattern similar to the wave
kernel. For ease of comparative assessment of such a problem, the graphs of the first 1(
orders of each of the Stage 2 Chebyshev, Legendre, and Hpatyitemialkernels under

investigation are plotted again indivally in Table5.1.

On reexamining the figures, one can notice that tilsisobviously not a complete
monotonic decapehaviourthroughout the whole normalized data region-af41] as it is

the case with the ideaimilarity function. Even worsethe window of monotonic decay
(determined by the threshold) of each kernel has also been observed to shrink as the ordi
increasesThe touble is that any measures of similarity calculated between any data points
that hgpen to be located outside this monotonic decay window wthédefore be
inaccurate To exacerbate this situation, one can notice thatimdow actuallyshrinks as

the order increasesneaning that the chance of more data points falling outside this
monotonic window will increase leaving more measures of similarity wrongly evaluated, a
fact which canhave a destructive effect on the resulting classification performance.
Furthermore,the threshold of this monotonic window is different from one kernel to
another at a given polynomial order, meaning that a solution devised to tackle this problem
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for one kernel might need to be adapted before it can work on another kernel to suit its
characteristics.

Table 5.1 Comparison of the first 10 orderstbie Stage Zoolynomialkernels atx=0.
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5.3 Customizing the solution via adaptive data normalization

5.3.1 Kernel shapemodification versus data adaptation

To rectify this problem, one can think of modifying the shape of the kernel so that it gets
closer to the shape of the ideal similarity function. Varioperations can benplemented

to achieve this purpose, for example, weighting, scaktigtchingetc. However, such
operations could actually affect the positive selefiniteness of the employed kernel
(which is important to be kept intacgs well aschanging the form of thkernel itself.
Remember that it is also importantthis contexto keep the shape of the Stage 2 kernels
intact soasto enable a fair comparison between the different tgbgsolynomials €.g.,
Chebyshev, Legendre, etc.) topbore and assess their robustnesstasdalonekernels in
tackling classification problemSo, if everykernelis modified in a different way to match

its shape to that of the ideal similariiynction comparing their resulting performances

would be urfair.

For these reasons, this section proposes a simple alternative solution that actually adap:
the data itself to theoughtafter characteristics of thatilized kernel rather than adapting
the kernel tanatch theshapecharacteristics ahe ideal simarity function Assuming that

the shape of the polynomial kernel is not altered by the input desaapproach simply
works by imposing a further data normalizatistep to confine the input datéo the
monotonic decayindows of thepolynomial kernek where they demonstrate the ideal
similarity measurecharacteristics. Recall that the data normalization region was initially
selected to be-1,+1], following the domain of common definition of the polynomial
kernels considered in this thesisTo further confine the data to the ideal monotonic
windowsof thepolynomialkernels, an additional data normalizatgigpis introduced. By
this way it is guaranteed that the measures of similarity calculated by the emikdoget

are accurate and reflettte truelevel of similarity between the two input arguments.

5.3.2 Choosing a common monotonic window for data normalization

The problem in implementing this solution is that the thresholds of this monotonic window
differ from one kernel to another and also from orgeento anotheras explained earlier,

the thresholds decreaae thepolynomialorder increases).his would mean thahe input

data would need to be normalized to different scales for dypeyof polynomial kernel

(i.e, Chebyshev, Legendre, etandfor every ordef eachkernel.For example, one can
observe ffom the plots(at x = 0) of the first 10 orders of th&tage 2 kernelsinder

15¢



investigation illustrated imMable 5.1, that as the order ineases, thehtesholdsdecrease,
and they can also be different from one kernel to anotfedsle 5.2 summaries these

thresholds for the first 10 orders for each of these Stage 2 kernels under investigation.

Table 5.2 Stage ZZhebyshev, Legendre, and Hernkigrnel®

monotoni c

wi ndows

S Stage 2 Stage 2 Stage 2
Order Chebyshev | Legendre Hermite
1 [-1,+1] [-1,+1] [-1,+1]

2 [-1,+1] [-1,+1] [-1,+1]

3 [-1,+1] [-1,+1] [-1,+1]

4 [-0.8,+0.8] [-0.8,+0.8] [-1,+1]

5 [-0.8,+0.8] | [-0.8,+0.8] [-1,+1]

6 [-0.6,+0.6] [-0.6,+0.6] [-0.9,+0.9]
7 [-0.6,+0.6] | [-0.6,+0.6] [-0.9,+0.9]
8 [-0.5,+0.5] | [-0.5,40.5] [-0.8,+0.8]
9 [-0.5,+0.5] | [-0.5,+0.5] [-0.8,+0.8]
10 [-0.4,+0.4] | [-0.4,+0.4] | [-0.7,+0.7]
Common

mopotonic [-0.4,+0.4] [-0.4,+0.4] [-0.7,+0.7]
region

To prove the concept, however, and to facilitate the implementation of this approach, a
common maotonic region has been selected for all the first 10 orders of each of the
polynomial kernels under investigation. As this monotonic window shrinks as the order
increases, the common monotonic region for all the first 10 orders would be the one
prescribedoy the 18" order of eactkernel FromTable5.2, one carseethatthese regions,

for the Stage 2ZChebyshev, Legendre, and Hermite kernate [0.4,+0.4], [0.4,+0.4] and
[-0.7,+0.7], respectivelyBy this way, all the first 10 orders of eackernel will be
processing the datdat are normalized to this common monotonic window, rather than
making each order process the datach arenormalized to its own monotonic window.

As such, theexperimentsconducted inhe next sectiomeport theresults achieved when

the first 10 orders of eadkernelwere used to procesbe data that areonfinedto the

common monotonic regions amongst all of them
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5.4 Experimental evaluation of the proposed adaptive data
normalization approach

5.4.1 Implementation of the adaptive data normalization process

The additioml normalization step to confirtbe data to the monotonic decay windows of
each kernel would have the same effect as modifying the kernel shape itself to that of the
ideal simikrity function throughout the original data region ofl[+1]. As such, the
underlying kernel should be able to calculate more accurate measures of siratadity
hence better classification accuraciesh an t he kernel s thath pr

the way explained above.

The experimental investigations conducted in this section will explore the effect of this
additional adaptive data normalization step on the classification performance of the Stage -
kernels under investigatipmvhen implementedavithin the SVM algorithm As a natural
practice pairwise comparisons are conducted on the classification accuracies scored by
each order of the employecernel in two casesThe first case is when the data are
normalized to thestandarddomain of definiton of the employegolynomial kernels

which is[-1,+1]. Thi s wi | | be referred to S$tandatdhe
nor mal jfa shori Thensécond case is whire additional data normalization step is
applied to confine thdata to the @ammon monotonic region of all the first 10 orders of the
employed kernel, as shown inTable 5.2. Similarly, this will be referred to in the
experi ment al resul ts as , forhshort @ikoaddtionaln i c
normalization stefis achieved by dowscaling thestandardhormalized data by a certain
factor for eactkernelto confine them t@ommon monotonic region of the first 10 orders

of each kernelModified from (4.18), this additional downscaling noatfization step can

be formally defined as:

0.4 for Stage2 Chebyshe
2.1
-1;® 104 for Stage?Legendre (5.2)
U 107 for Stage2 Hermite

_“?Z(Xi - Min, )
B egMaxi - Min,

new
X

where Min and Max are the minimum and maximum values of thdéeature amongst all

the vectors in the dataset, respectively.

5.4.2 Experiments design and setup

With the exception of data normalization, all the other design and setup of the experiments

conducted in this chapter are the same as those presented eddiexpierd (Sectiors
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4.4.1and4.4.2. In other words, for consistency, the experiments conducted in this chapter
will still utilize the classificationaccuracy aghemethod of assessment of the classification
performance scored by the employstnel before and aftermplementing the proposed
approachThe same train/test data division technique for each dataset, as explained back ir
Section 4.4.2 will be followed for the experiments conducted in this sectibhe
commonly used C-SVM will also be utilized as per its implementation in the toolbox
utilized from[115.

The experiments conducted inghihapter are focused on only the Stage 2 kenwbish
have been shown to outperform those of Stage 1. As thelselection of the model and
hyperparameters is restricted to only the penalization parar@eterd the polynomial
order cpped ton=10. Agan, a comprehensive grid search amongst these parameters

conducted, and only the best ressltered by each kernatereported

Lastly, the experiments conducted in this section will be utilizing the Stage 2 kernels when
they areemployedto processhe input data vectors using the vectorial processing approach
proposed by17] (explained back irSection3.4.1.9, as this has already been shown to
outperform the pairwise approach, originally proposed[3}f. The next chpter wil,
however, present an alternative approackhich hasbeen shown to be superior in

classification performance to these two previously proposed in the literature.

5.4.3 Experimental results and discussions

The experimental results achieved are preseloédow in three different formatgraphical
representations of thmaximum accuracies scored, averageura®s, and their bar chart
representationsf the first 10polynomialorders The aim is to provide a comprehensive
analysis of the results obtatheo that thgerformance improvement gained as a result of
implementing the proposed adaptive data normalization appoaache properly assessed.

Six datasets are utilized to conduct the experimental investigation herein. These are: the
BreastCancer, tis, ImageSegmentationjonosphereThyroid, and Two Spirals datasets
where the traimg and test examples for each dataset were selected as per the explanatior
in Section4.4.2

Table5.3 illustrates the experimental results obtained in a pairwise graphical format of the

best classification accuracy scored by the first 10 oroletse Stage 2 kernels under test

for both thestandarchormalization and the proposed mamdc normalization approael

As shown, e kernels under test hawemonstrateddifferent behaviours across the
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datasets and the polynomial orders investigated. Howeveeneral it can be observed
that the proposed monotonic normalization approaottperforms the standard
normalizaton for most of theorders and the datasedzperimentedGiven thatthe only
difference between the two sets of results is the implementation of the prautzgsi/e
data normalizatiorapproach which confines the data tthe monotonic decayegions
where the employeklerneldemonstrateideal similarity measureharacteristics, it can be
concluded that the inimentation of suclan approach did indeed make the employed
kernels produce more accurate measures of simylara fact which is refleced
constructively on their resulting classification performance, as can be obserted

results herein

In terms of the polynomial orders, one can also observe (for example, from the results
obtained from the Image Segmentatiand Thyroid datasetsn Table 5.3) that the
classification performance of the standard normalization drops significahthygher
orders.This is believed to be attributed to the fact that the monotonic deaagowi
threshold of these Stage 2 kernslwinks as the order increaseahich increases the
chance of more data points, that happen to be located outside this windovprtmédo
miscalculation of the measures of similarity amongst them, due to thHeatisgiwavy
pattern of these polynomiékrnels as explained earlier iBection5.2 As the proposed
monotonic normalization approach does not suffer from this symptom, as it is specifically
designed to rectf this problem,its experimental results have therefore demonstrated a
relatively steady classification performance across the polynomial orders compared to

when the datasets are normalized to the standard regigh 4 [

Moreover,by eliminatingthebkance of data points falling
decay window threshojdwhere the kernels oscillate inveavy pattern, the proposed
monotonic normalization approach also avoids any fluctuations in the calculated measures
of similarity by correting the cases where standard normalization .fdilsis can be
observed, for examplén the oscillations appearing in the BreasinCer datasednd the

major collapse in the classification accuracy scored by theorBler kenels in the
lonosphere dataseConsequently, the monotonic normalization approach was therefore
able to produca more consister#ind steady classification accuracies, acrosspietrum

of polynomial orders, than the results obtained from the standard normaliZ&iiercan

also bequantitatively realized by directly comparing the standard deviation (in relation to
the mean) of the two sets of results (as listethentabulated statistical analysis tests in

Appendix B.3 where the standard deviation of the monotonic normalizagsnults is
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consistently smaller than tretandard deviation of theesults obtained from its standard

normalization counterpart.

For a further quantitative assessmehthese resultsTable5.4 also lists the actlaalues

of the best classification accuracy scored by the Stage 2 kernels ungder testh of the

data normalization approaches implemented. By directly subtracting the two sets of results
from each other for each order, one can get an average égnogv much improvement in
classification accuracy can be gained by implementing the proposed adaptive data
normalization approach. At the bottoof the table this was calculated to be equal to
16.48%, 15.0846, and3.79%% for the Stage 2 Chgshev, Legendr, and Hermite kernels,
respectively, making up a total average improvement facttf 9726, depending on the
dataset and the polynomial utilized.

It should be noted, however, that the improvement amongst the polynomial orders is quite
diverse (due to #noscillating performancef the standard normalization some datasets,

as explained earlier) and can sometimes vary significahtiyughout the spectrum of
polynomial ordersFor this reasonTable5.4 has alsdeen used to calculate the standard
deviation of the average improvement factors introduced by the proposed monotonic
approachwhichis shown in the table in brackets beside every average improvement factor
calculated.The minimum and maximum values ¢fetimprovement factors achieved are
also shown in bold in the tablenlike the standard deviation of the actual results of the
classification accuracies (alluded to above &stkd in the statistical analysis tables in
Appendix B.3, one can notice, hower, that thestandard deviation of the average
improvement factors shown rable5.4 is quite sparse and can actually be larger than the
mean at times, which clearly indicates how diverse the difference betineegstilts are.

The bar charts irFigure 5.1 also illustrate a pairwise comparative assessment of the
average classification accuracy scored by the first 10 orders 8tdlge Xernelsfor each

of the data normiation approaches under tegtgain, it can be observed that the
proposed adaptive monotonic data normalization approach demonstrated a superior
average performance over istandarddata normalization counterpart in most of the
datasets under test; whiagainshows thathe employedkernelsare now able to calculate
more accurate measures of similarity, and heneablethe subsequer8VM classification

performanceo improve.
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Table 5.3 Experimental resudtof the best classification accuracies scored by the first 10 ordetagef 2 kernels using ts&andardss. the proposed monotonic data normalization approach.
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Table 5.4 Quantitative assessment of the classification improveswaimedby implementing the proposed

adaptivemonotonicdatanormalization approach.
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Classification accuracy scores when the proposeabtonicdatanormalization approach is used

Classification accuracscores when thgtandarchormalization is used
Improvement = N2 N1

N1
N2

Total Average Improvement of all the experimented datasets and kernels for the first 10 orders

Average of Average Improvementstbe first 10 orders

Average Improvement for the first 10 orders
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Figure 5.1 Bar chart comparative assessment of the average classification accuracy sQ@tegget®/kernels
with standardiata normalization and the proposethptive mnotonic data normalization approach.
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On the other handjespie the superiority of the proposed monotonic approach over its
standard normalization counterpart demonstrated in the majority of the rebkaiis;
above, yet, one can still notice that there are cases where the monotonic normalizatior
approach does not aetly introduce any improvement at all and that the standard
normalization is still superior. This can be obseriedable 5.3, for examplein some
polynomial orders in some datasets, such as the higher ordemstédiéernel in the
lonosphere and Thyroid datasetadthe higher order polynomi&kernels experimented on

the Two Spirals datasetTo further investigate the potential reason behind this
phenomenonanotherset of experiments haasobeen conducted & took advantage of

the 2D dimensiondly of the Two Spirals daset to enable the visualization of the
classification performance amongst the two normalization approaches under investigation

and throughout the first 10 polynomial orders of the kernedeutest.

As such,Tables 5.55.6, and5.7 illustrate the visualization assessment of the classification
performance on the Two Spirals dataset using the Stage 2 Chebyshesh, Legendre, ar
Hermite kernels, respectivel¥his is achievedia a pairwise comgrisonof the behaviour

of each kernelor the two normalization approaches under investigatiorf@neich of the

first 10 orders under tesh common observation amongst the three kernels that can easily
be realized from the figures is that as the pofgral order increases, both of the standard
and monotonic normalization approaches try to gradually follow the spiral flow of the
dataset. Hence higher polynomial orders will tend to score higher classification accuracies
than lower polynomial ordersvhich is actually inline with the graphical results of this

dataset, shown earlier irable5.3.

However, due to the high ndimearity profile of this dataset, which increases towards the
origin, where the two spiraltrands become more and mamntertwinedover each other,

the implementation of the monotonic normalization appraeshlts in squeezing the data
more towards the origin. This increases the severity of thdimearity between théwo

class labels arounthe immediate vicinity of the origin rather than distributingibund

the normalization region; a fact which makes the classification algorithm struggle to
separate the two classes. In other watttls experimental results of the Two Spirals dataset
illustrated inTables 5.5 5.7 seem to suggest that the proposed monotonic normalization
approach works better when the Horearity profile between the overlapped class labels is
distributed throughout the normalization region rather than being condermet ahe

origin.
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Stage 2 Chebghev MonotonicNormalization
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Table 5.5 Visualization assessment of the classification performance on the Two Spirals dataset using the

Stage 2 Chebyshev kernels.
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