Natural convection heat transfer from horizontal annular finned tubes based on modified Rayleigh
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The modification of the Rayleigh, Ra, number has been studied in the past. These studies have shown that the physical interpretation of the modified Rayleigh number which is commonly used is questionable. Moreover, although most of the available correlations work well, their behaviours in extremes (low or high Ra) are not correct where only a few correlations are available in low Ra. Therefore, a numerical simulation of heat transfer from annular circular finned tubes was conducted to present a comprehensive correlation for the modified Rayleigh number. As shown in this study, the flow forms a circular path around the tube. Based on this fact, a new modified Rayleigh number definition and correlation are proposed, which are valid for Nusselt numbers from 1 to 20 000. This range of Ra provides a complete picture of natural convection over circular annular finned tubes, especially at relatively low Ra. Finally, the end behaviours of the proposed correlation were compared with those of existing correlations. 

Keywords: Natural convection, annular finned tube, modified Rayleigh, flow pattern, CFD

Introduction
Natural convection heat transfer plays an important role in air heat exchangers used in many industries [1-3]. Air is an available, non-corrosive fluid that cannot be replaced easily by other fluids. Designing an air heater based on natural convection turns it into an unrivalled heat exchanger. No rotary equipment such as a fan or blower is required in this type of heat exchanger. Therefore, it is cost effective and also suitable for novel applications such as solar applications [4-6].
Heat transfer in natural convection is considerably less in comparison with forced convection heat transfer. Using an extended surface to enhance natural convection heat transfer from a horizontal tube array is a common method in engineering applications. Therefore, many researchers have studied natural convection heat transfer both numerically and experimentally [7-17] and are still working on it. 
The study of natural convection from vertical parallel plates can be traced back to the analytical and experimental works of Elenbaas [18]. He used embedded resistors in the plates and measured voltage and current values to determine the convective heat transfer under steady-state condition. He also modified the Rayleigh number by multiplying it by plate spacing to plate length ratio,  (Fig. 1).
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[bookmark: _Ref528924782]Fig. 1: A schematic view of a plate fin.
The main reason for this modification is that the fluid flow in these channels is confined and is categorised as internal flow. For the internal flow, the developing flow is mainly different from a fully developed flow. It is known that the degree of development of the boundary layer depends on channel diameter to channel length ratio, i.e. () [19].
Elenbaas’s experimental results were correlated with [18]:
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Eq.(2) reflects some critical aspects associated with the two limiting cases:
· 
As  Eq.(2) approaches to Nu for fully developed channel flow, i.e.
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· 
On the contrary, as, Eq.(2) predicts Nu for a single vertical plate, i.e.
	

	(4)


Eq.(2) is historically important because it is the base of other equations proposed to predicted natural convection from the horizontal annular finned tube.
In an annular finned tube, circular aligned discs are attached near each other on a horizontal tube as shown in Fig. 2. 
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[bookmark: _Ref528921498][bookmark: _Ref528957112]Fig. 2: A schematic view of an annular circular finned tube.
Three main geometrical parameters, D, d and S, play important roles in the estimation of natural convection from an annular finned tube. In the above figure, D, d and S are the fin diameter, outer tube diameter and the space between two adjacent fins respectively. The heat transfer coefficient, h, or its dimensionless form, Nu, is a strong function of Rayleigh number, Ra, which is defined for a horizontal tube as the following [20, 21]:
	

	(5)


where β is the air thermal expansion coefficient, α and ν are air thermal diffusivity and kinematic viscosity respectively and the Nusselt number based on fin spacing is:
	

	(6)


Edwards and Chaddock [22] performed a series of experiments on horizontal annular finned tubes. Similar to a parallel plate-fin heat sink (Fig. 1), the flow field on the annular finned tube is internal flow [11]. In this regard, the authors presented the following form for the Rayleigh number:
	

	(7)


Moreover, to specify the degree of development of the boundary layer, they followed the idea of Elenbaas [18] to modify the Rayleigh number. In this way:
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 Comparing Eq.(8) and Eq.(1) shows that Edwards and Chaddock [22] simply replaced fin length in Eq.(1) by fin diameter. However, presents nothing about tube diameter, d. They presented a correlation for Nu in the range of . 

Jones and Nwizu [23] used the same parameters as Edwards and Chaddock [22] did for . However, they reported that their results were slightly conservative. Kayansayan and Karabacak [9] used tube diameter as characteristic length.  The reason for their selection was ability in direct comparison of the results with the literature data for a single cylinder. They did not modify the Ra definition since they focused on a range of data where the interaction of the fin boundary layer with the cylinder was weak.
Hahne and Zhu [10] used the mean diameter of fin and tube, , as the characteristic length in Ra to present their experimental results. They also modified Ra by the factor S/d. Similar to Hahne and Zhu [10], Knudsen and Pan [24] used the mean diameter as the characteristic length in their experimental correlation with S/d correction factor. Their correlation is a straight line in a log-log plot and is not applicable for fully developed flow. 
The work of Wang et al. [11] was based on body gravity function and they used  as the characteristic length. However, their proposed equation seems very complicated and confusing. They also proposed a simplified model in their paper, but their simplified model is still lengthy.

The most important study in this field was undertaken by Tsubouchi and Masuda [7], which was reported in some handbooks or text books [21, 25]. Tsubouchi and Masuda [7] performed a large number of experiments on natural convection from annular finned tubes for . First of all, they performed a series of experiments on parallel isothermal discs and as a result, proposed the following equation for parallel isothermal circular discs:
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where fluid properties are evaluated at the tube temperature. For a large range of , the correlation above approaches to Eq.(2) where the characteristic length, H, leads to (πD)/4. Finally, they proposed voluminous Eq.(10) for isothermal circular fins around the tube with : 
	

, for 
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,
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The traditional form of modified Rayleigh number (Eq.(8)), was later used by Senapati et al. [26] in their numerical simulations. They simulated natural convection heat transfer numerically and presented the following correlation:
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Their results slightly overshot the experimental correlation of Tsubouchi and Masuda. They claimed that considering heat transfer from the fin rim was the reason for overshooting in their work.
The above discussion is summarised in Table 1. As shown, most of these studies used the introduced Ra modification factor of Ref. [22]. However, all three main basic geometrical parameters shown in Fig. 2 are not included in this format of the modified Ra; indeed, the diameter of the central tube, d,  was excluded in the modified Rayleigh number definition.
Moreover, the authors believe that although all these equations may predict the heat transfer coefficient with acceptable accuracy, the whole aspect of applying the S/H concept proposed by Elenbaas [18] has been missed in using S/D for annular fins. Actually, in a plate fin, H is the length passed by a developing flow, while in annular fin, D is nothing but a geometrical parameter. Therefore, the physical interpretation of using S/D might cast doubt. Although using “D” as an index for channel length in S/D ratio is correct for parallel discs (parallel fins with no central tube), it is not true for an annular finned tube. It does not make sense to the authors of this study that the same expression can be used in the definition of modified Ra in both parallel discs (without a tube in the centre) and annular fins (with a tube in the centre).


The other objective of this study is extending the applicable range of Ras in particular in lower range. As shown in Table 1, most of the proposed equations were done in relatively high Ras. However, at the lower range of Ras (for ), a unanimous agreement may not take place among them (see Fig. 12). At low Ras, numerical methods are superior from two aspects. First of all, experimental results are more sensitive to measuring tools accuracy. In other words, because the Nu value is low, experimental errors get critical. The second is that most low Ra’s have been achieved by low temperature and not small fin spacing. Fortunately, numerical methods provide the opportunity to simulate natural convection at very low Ras with relatively high accuracy and also with a wide variety of temperature difference and fin spacing. In the present study, the results are valid in the range of .

	Table 1: Different definitions of Ra and the modification factor summary 

	Ref.
	Ra
	Modification
Factor
	Applicable
Range
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In the present study, laminar natural convection over annular finned tube is studied numerically. Simulation is conducted in a wide range of geometrical parameters. Based on numerical flow visualisation, a new modification of Rayleigh number is proposed. This new modification is totally compatible with the idea of Elenbaas [18]. Later, the new modified Ra number is used to propose a simple but useful correlation to predict Nusselt number. This new correlation is much simpler in form and can be used easily in engineering applications. Finally, the proposed correlation is compared deeply in restricting cases, especially in very low Ras with previous correlations to show the weakness and strength of each correlation.
Mathematical modelling
For a laminar steady flow over the circular fins, the governing equations and boundary conditions are as presented in the following section. All thermophysical properties with the exception of fluid density are assumed constant and are evaluated at the mean temperature between ambient and wall temperatures, i.e. film temperature.
	

	(12)


Main equations:
Continuity equation:
	

	(13)


Momentum equation:
	

	(14)

	

	(15)
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Energy equation in the fluid zone:
	

	(17)


and energy equation in the solid zone:
	

	(18)


Air is assumed as ideal gas for which:
	

	(19)


Boundary conditions:
A schematic view of an annular circular finned tube and computational domain is shown in Fig. 3. The computational domain is assumed as a cylinder with a diameter five times the fin diameter, D. In this figure, fin spacing and fin pitch are indicated by S and c respectively.
At the tube wall surface:
	

, 
	(20)


at the boundary far from the finned tube, pressure outlet boundary condition is assumed:
	

, 
	(21)



the left and right flat surfaces ( ) are assumed as symmetry surfaces:
	

	(22)


and at the solid-fluid interface, the heat flux and temperature continuity are held:
	

	(23)


The correctness of selected boundary conditions is discussed in Part 4.
[image: ]
[bookmark: _Ref529038648]Fig. 3. A schematic view of an annular circular finned tube and computational domain.
Solution methodology

Hexagonal cells in the form of the structured grid were used to discretise the domain. A schematic grid distribution over the cross-section of the computational domain is shown in Fig. 4. Near the fin and the tube, grids are very fine and away from the tube, grids get course gradually. A grid study was carried out on the smallest and largest diameters to ensure the accuracy of the results. The results of the grid independence study are reported in Fig. 5, which shows for about number of elements, the numerical results get independent of the grid. The results of the grid independence study are reported in Fig. 5. The governing equations of this study were numerically solved by ANSYS CFX  as a commercial CFD software [27]. The residual error settings of this solution were set to 10-4, at least while the total heat transfer from the fin was monitored during the simulation to ensure the convergence. Parallel computing in CFX was utilised to reduce the solving time and the high resolution scheme was used for discretising the advection terms. ANSYS CFX uses non-staggered grid layout to the decoupling mass flows and pressure field [27]. This method was basically proposed by Rhie and Chow [28] and modified later by Majumdar [29]. Since the grid number is relatively high, computing the solution is time-consuming. The processor which was used was Intel® Core™ i7-6800K Processor (15M Cache, up to 3.60 GHz). It took around three hours for each case to reach convergence.
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[bookmark: _Ref529039005]Fig. 4. Grid arrangement over the cross-section of the computational domain.
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(mm)
	D
(mm)
	tf
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(K)

	25.4
	57.15
	0.4
	25.24
	40




[bookmark: _Ref530734801]
Fig. 5. Variation of Nu with number of elements.
By the described method, nearly 70 different cases were simulated within the listed ranges of parameters in Table 2. 
	Table 2: Range of simulated parameters 

	Dimension
	d
(mm)
	D
(mm)
	S
(mm)
	tf
(mm)
	

(K)

	Max.
	120
	140
	25.24
	0.4
	80

	Min.
	18
	57.15
	3.22
	0.4
	40


According to cooling Newton’s law, the convective heat transfer coefficient can be calculated as (see Appendix 1 for a more detailed discussion):
	

	(24)


and consequently, Nu as the main dimensionless parameter was calculated.
More tests on boundary conditions
Two more tests were carried out to ascertain the accuracy of the mentioned boundary conditions, i.e. the domain independence test and the symmetry boundary condition test.
Domain independence test
The domain should be large enough to not affect the heat transfer from the finned tube. Selecting a larger domain than the required value increases the computational time only, which is not favourable. However, the small domain also affects the accuracy of the results. Fig. 6 shows the variation of heat flux with respect to domain diameter. Based on this figure, five times the fin diameter was selected for the upper bound of the computational domain diameter.
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	25.4
	57.15
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	4.68
	40





[bookmark: _Ref529039137]Fig. 6. Variation of heat flux with domain diameter.
Symmetry boundary condition
The symmetry boundary condition was also verified. In this regard, the transient simulation was conducted over a tube with 9 fins. Since the intension was only to examine the degree of flow field symmetry, a courser mesh was adopted in this test. 
Temperature contours over the fin tube and a zoomed-in image of two middle fins are shown in Fig. 7. These figures prove the symmetry assumption is a reasonable boundary condition definition.
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	(a)
	(b)


[bookmark: _Ref529039229]Fig. 7. Flow temperature contours a) over the fin tube b) zoomed-in image of middle fins (4th, 5th and 6th fins from left).
Flow pattern study
Flow pattern study is a powerful technique that is easier to achieve in numerical methods than in experimental methods. To study the behaviour of flow streamlines, temperature contour and streamlines on a plane in the middle of fin spacing are displayed in Fig. 8. In these images, the left sides are dedicated to temperature contours while the right sides are flow streamlines.
Because the temperature contours on the plane in the middle of fin thickness and in the middle of fin spacing were approximately similar, the temperature contour on the surfaces in the middle of fin thickness was not presented for the sake of brevity. The temperature contour shows a slender plume rising from the tube in a circular form. Its diameter is slightly greater than fin diameter and it is shaded in a short distance above the fin tip. The plume in its path upwards sucks the neighbour’s fresh air and gets colder. The right side of Fig. 8 shows streamlines. It is worthwhile to mention that the streamlines take the form of the ring between tube and fin and move in an annular shape. This circular pattern of flow can be observed even in the wider fin spacing (Fig. 8 c and Fig. 8 d).
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	[bookmark: _Ref530689045]Fig. 8. Temperature contour (left) and streamlines (right) on the middle fin space surface.
d= 25.4 mm, D=57.15 mm, tf=0.4 mm
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	S (mm)
	3.22
	3.22
	25.2
	25.2

	
() (K)
	20
	40
	20
	40





Proposed new Ra modification


To recap on the historical background of natural convection from an extended surface, Elenbaas [18] was the first who proposed to modify the Ra number for a rectangular plate fin (see Fig. 1). The idea behind the modification was that the flow between extended surfaces is similar to the internal flow confined in a duct. Therefore, the flow travelling length shows the degree of boundary layer development. In this regard, he proposed the parameter, , as a modification of Ra in which S is the distance between two adjacent fins. According to Elenbaas’s philosophy, H in the  is the channel length which is passed by the fluid. However, this philosophy was lost in the work of Edwards and Chaddock [22]. They simplistically replaced H by D and after that, this modification was imitated by other researchers. Although their final proposed correlations may have adequate accuracy, this modification has lost its physical meaning. It is noteworthy that, although complicated correlations may result in good accuracy, it is expected that a simpler correlation reaches the same accuracy by using a proper modified Ra definition which is compatible with the nature of flow pattern.
As a virtual experiment, let us assume a simple case with two parallel discs; taking into account that H is the average length passed by the flow. Fig. 9a shows a simple view of parallel discs over which flow passes. Based on this figure, the average path length may be approximated as:
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that A is a disc surface area. It is interesting that  is the chosen parameter by Tsubouchi and Masuda  [7] to stand for H for parallel isothermal circular discs (Eq.(9)).  The same method can be applied to an annular finned tube shown in Fig. 9b. For annular fins, according to Fig. 9b, fluid passes a circular path between two fins (the assumption of the circular path was studied previously in Fig. 8). In the same way, based on Fig. 9b, the average path length for annular fins may be approximated as:
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ignoring the constant value,  , the proposed modified Ra is:
	

	[bookmark: _Ref530734153](27)



It is clear as  (that means parallel discs), Eq.(26) transforms to Eq.(25). 
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	(a)
	(b)


[bookmark: _Ref530688282]Fig. 9. Fluid path between a) two parallel disks, b) two parallel fins.
As the last step, to investigate the quality of the new proposed modified Ra, the calculated Nu numbers based on the current numerical procedure are plotted against two different Rayleigh number definitions, i.e. the traditional definition (Eq.(8)) and the proposed one (Eq.(27)). Fig. 10 illustrates the result of this comparison. As is clear in this figure, the proposed Ra brings more data points into a common correlation. A zoomed-in part of this graph is presented also and shows that using the new proposed Ra reduces the scattering in data points considerably.

 [image: ]
[bookmark: _Ref530734302]Fig. 10. Nu number based on traditional Ras and proposed Ra.
Proposed new Nu correlation

With this new definition of Ra, the following correlation is proposed to predict Nu (for more detail about , see Appendix 1):
	

, for 
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	(29)

	

	(30)


The value of R2 for Eq.(28) is 0.996 and the standard error is 4.9%, which shows good agreement with the proposed correlation. The comparison of Eq.(28) with the numerical results is shown in a scatter plot in Fig. 11. 

[bookmark: _Ref530736441]Fig. 11. The comparison of the present correlation with numerical results.
Eq.(28) is also verified against several experimental and numerical works. In this regard, it is important to note that:
	

	(31)



where . Fig. 12 shows this comparison for D/d=1.94 as an example.
[bookmark: _Ref530737715]
[bookmark: _Ref534658699]Fig. 12. Comparison of the present work with previous studies.
Fig. 12 shows very good agreement with the present work and other previous studies. Among them, the most agreement can be observed with the numerical work of Senapati et al. [26] and the experimental work of Jones and Nwizu [23]. 
The behaviours of different curves in Fig. 12, at two extremes of Ras (low and high Ras), are worth noting. At high Ras, results of Tsubouchi and Masuda [7] are slightly less than the others. Tsubouchi and Masuda worked on relatively thick fins and at the end, they separated the heat transfer from the fin rim and presented two separate equations for Nu, one for fin tip surface and another for tube- and fin-side surfaces. However, in the present study as well as in the work of Senapati et al. [26], the heat transfer from fin tip is also included. Unfortunately, the fin thickness in the work of Senapati et al. is not reported. However, in the present study, fin thickness is 0.4 mm. Therefore, the fin tip area is negligible in comparison with fin sides and the tube surface area and consequently, its heat transfer is not comparable. For this reason, the authors of this study guess that contribution of fin tip heat transfer is overpredicted in Tsubouchi and Masuda work. On the other hand, at low Ras, the present correlation and the work of Tsubouchi and Masuda are nearly the same. This is also true for other researchers except for Senapati et al., whose work is basically different from the others.
Based on  Fig. 12, although all curves are adequately close to each other, their trends are not the same. For this reason, the present correlation at the limiting conditions is compared with those of other researchers. For this comparison, the work of Tsubouchi and Masuda is selected as an experimental work candidate and the work of Senapati et al. as a numerical work candidate. These works have wider working ranges than the others.
Comparison of the present work with the others at limiting working conditions
It remains only to judge equations in limiting working conditions. Before starting this comparison, it must be reminded that:
	

	(32)


The comparison may be divided into two categories. The first one is that tube diameter is approaching to zero. This case simulated parallel circular discs. The other case is that the tube diameter is different from zero. In each of these two main cases, two limiting cases are studied, i.e. small Ras and large Ras. Each of these cases is studied in the following section. The results of this discussion are also summarised in Table 3. 

	Table 3: Comparison between the proposed correlation and others in the limiting conditions 

	
	
	

	Nu
	Small
Rayleigh
	Large
Rayleigh
	Small
Rayleigh
	Large
Rayleigh

	Tsubouchi and Masuda [7] (Eq.(10))
	
	
	
	

	Senapati et al. [26] (Eq.(11))
	
	
	
	

	Present correlation (Eq.(28))
	
	
	
	

	Expected value
	
	
	
	



Parallel circular discs (
This limiting condition is similar to a set of parallel discs which was the base of the work of Tsubouchi and Masuda [7]. For this special case, two limiting working conditions may be assumed, i.e. small Rayleigh number and large Rayleigh number:

a) Small Rayleigh number (fully developed condition)
· Tsubouchi and Masuda [7] (Eq.(10)):

· Senapati et al. [26] (Eq.(11)):

· Present correlation (Eq.(28)):

In this case, both the experimental correlation of Tsubouchi and Masuda [7] (Eq.(10)) and the present correlation (Eq.(28)) show the behaviour of fully developed flow. In the fully developed condition, Nu will be proportional to Ras (see Eq.(3)). However, proportionality constant in Eq.(10) is more than Eq.(28). This might be due to heat transfer from the fin rim because, in such a small heat transfer, the heat transfer from the fin tip gets relatively important. On the other hand, Eq.(11) is undefined, which shows that this equation does not follow fully developed behaviour in small Ras.
b) Large Rayleigh number (single vertical plate)
In this case, because the thermal boundary layer is thin, all correlations are expected to resemble the natural convection over a single vertical plate. Therefore, under this condition, Nu will be proportional to .
· Tsubouchi and Masuda [7] (Eq.(10)):

· Senapati et al. [26] (Eq.(11)):

· Present correlation (Eq.(28)):


In this case, Eq.(11) is again undefined while the experimental correlation of Tsubouchi and Masuda [7] (Eq.(10)) and the present correlation (Eq.(28)) are very close. The relative error between the present correlation and Eq.(10) () is presented against Ras in Fig. 13.

[bookmark: _Ref530766237]Fig. 13. The relative error between experimental and present correlation in large Ras.
Annular finned tube (
In the presence of an inner tube, again, two limiting working conditions, i.e. small Rayleigh number and large Rayleigh number, are considered:

a) Small Rayleigh number (fully developed condition)
· Tsubouchi and Masuda [7] (Eq.(10)):

· Senapati et al. [26] (Eq.(11)):

· Present correlation (Eq.(28)):


In this comparison, Eq.(11) is not a function of Ras which is incorrect. On the other hand, Nu in both present equation and Eq.(10) is proportional to Ras which resembles the fully developed behaviour. However, the proportionality constant in contrast with the Tsubouchi and Masuda correlation is a function of  .

b) Large Rayleigh number (single vertical plate)
· Tsubouchi and Masuda [7] (Eq.(10)):

· Senapati et al. [26] (Eq.(11)):

· Present correlation (Eq.(28)):


Here, again, both Eq.(10) and Eq.(28) resemble natural convection over a single vertical plate (Nu is proportional to ) but the proportionality constant is a function of . However, the power of  in Eq.(11) is far from 0.25 (0.35 against 0.25).
The comparisons of the above three equations are shown in Fig. 14. Based on these graphs, the behaviour of the present correlation in small  is more similar to Eq.(10), while in relatively large , it approaches to Eq.(11).

[bookmark: _Ref530766273]Fig. 14. Variations of different Nu against Ras for various  in larg Ras.
Parallel circular discs over the entire range of Ra
It was claimed that the new proposed Rayleigh number includes the effect of central tube curvature. Therefore, it is expected that if one lets d=0, the new proposed equation, Eq.(28), will represent the parallel circular disc Nusselt number in the entire range of Ra. For this reason, Eq.(28) was compared with Eq.(9), which is a specific equation for parallel circular disc. It is worthwhile to note that in the case of d=0, both Ra and Ras are the same. The presented results in Fig. 15 show very good agreement. Therefore, Eq.(28) can present Nu for both annular fins and parallel circular discs.

Fig. 15. Comparison of Eq.(9) and Eq.(28) for d=0.
Conclusion
In the present study, natural convection heat transfer from annular finned tubes was investigated. The following important conclusions are presented:
1. The visualisation of flow field shows that air passes a circular path around the tube. Therefore, the same expression for both parallel discs and annular fins may not be used for Ra.
2. A new expression for Ra was presented to consider the presence of the tube in a finned tube. This new expression is more compatible with flow pattern.
3. A new correlation was proposed for Nusselt number based on the modified Rayleigh number and compared deeply with previous correlations.
4. By this new correlation, the bottom limit of Ras is extended and Nu may be evaluated at the lower Ras.
5. The present correlation in spite of previous correlations resembles better the behaviour of flow in limiting conditions. In low Ras, it resembles the fully developed flow and in large Ras, it simulates natural convection over a single vertical plate.
6. It was shown that although previous correlations work well in moderate Ras, their accuracy is poor in limiting cases, i.e. low and high Ras.
7. It can represent Nu for both annular fins and parallel circular discs. 
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Appendix 1 (non-isothermal fin)

All presented equations in the main text are based on the assumption of the isothermal fin where fin surface temperature is uniform and at the tube wall temperature, . However, it is known that due to fin finite thermal conductivity, the accuracy of this assumption is questionable. To compensate the non-isothermal fin temperature, it is recommended to use wall average temperature instead of wall tube temperature [11, 18, 30]. The average fin tube temperature may be introduced by the following combination:
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where  and  are bare tube area and fin area respectively.

 in Eq.(33) is the fin efficiency:
	

	(34)




and occurs when the fin surface transfers heat at bare tube temperature, .
	

	(35)




It is clear that when fin also works at the bare tube temperature, , i.e. , the average temperature will be equal to the bare tube temperature. The fin efficiency η is calculated by [31]:
	

	(36)

	

	(37)

	

	(38)


where ks and tf are fin thermal conductivity and fin thickness respectively. In this regard, for example, the proposed modified Rayleigh for non-isothermal fin is: 
	

	(39)


and also, the convective heat transfer coefficient can be calculated as:
	

	(40)


In the present study, the above procedure was employed to account for this variable temperature.


Nomenclature
	A= Af + Ab
	=
	finned tube heat transfer area per unit length of the tube (m2)

	Ab
	=
	bare tube heat transfer area per unit length of the tube (m2)

	Af
	=
	fin surface area per unit length of the tube (m2)

	Cp
	=
	air specific heat capacity (J/kgK)

	c
	=
	fin pitch (m)

	D
	=
	fin diameter (m)

	d
	=
	tube outer diameter (m)

	
	=
	the mean diameter of fin and tube(m)

	g
	=
	gravitational acceleration (m/s2)

	h
	=
	average convective heat transfer coefficient (W/m2K)

	k
	=
	fluid thermal conductivity (W m-1 K-1)

	ks
	=
	fin thermal conductivity (W m-1 K-1)

	Nu
	=
	Nusselt number

	P
	=
	pressure (Pa)

	

	=
	heat transfer between finned tube and air (W)

	R=287.1
	=
	air gas constant (J/kgK)

	

	
	
proposed modified finned tube Rayleigh number, 

	

	=
	
heat sink modified Rayleigh number,

	

	=
	
horizontal tube Rayleigh number, 

	

	=
	
finned tube modified Rayleigh number, 

	

	
	
finned tube Rayleigh number, 

	S
	=
	fin spacing (m)

	

	=
	film temperature (K)

	

	=
	average fin surface temperature (K)

	Tw
	=
	tube surface temperature (K)

	

	=
	ambient temperature (K)

	tf
	=
	fin thickness (m)

	α
	=
	air thermal diffusivity (m2/s)

	β
	=
	air thermal expansion coefficient (1/K)

	η
	=
	fin efficiency

	µ
	=
	viscosity (Pa.s)

	ρ
	=
	air density (kg/m3)

	ν
	=
	air kinematic viscosity (m2/s)

	

	=
	tube to fin diameter ration
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400000	600000	810000	1000000	1200000	1400000	1600000	1700000	7.14	6.79	6.28	6.4	6.31	6.1599999999999975	6.1099999999999985	6.1	Number of Elements

Nu

16	12	8	5	3	1663	1664	1664	1664	1671	Domain Diameter to Fin Diameter Ratio 

Computed heat flux (W)

R2=0.9996
Std. Err.=4.9%
Nu (High Fin)	0.21574952144593418	0.58465895093483455	1.701921264187185	2.8260255751977437	5.8389540984166075	0.29617344524618078	0.78846843079230167	2.0953181900111177	3.4037503415658796	6.9527461431155304	0.19594656969128871	0.53243194820952089	1.6035137165690858	2.6761406594254509	5.6753460713689066	0.27394369607790381	0.73067412807642063	1.9564778634662003	3.2479223438123968	6.7668342562196173	0.18420464325555488	0.49106455089129852	1.4873657621491572	2.5597207022594461	5.5142779454348734	0.25179461887281157	0.66510798909909963	1.8447417800320076	3.1241653043379998	6.5479539008550756	0.19594656969128871	0.19407354722524517	0.18803778145661731	0.28777391587926876	2.6761406594254509	2.4036551243140192	2.504064956153	2.5151564728144797	2.5568528335776377	5.6753460713689066	5.1913841686043876	5.1600915475186255	0.18420464325555488	0.17600867996487388	0.18289391823203929	0.3350114733066491	9.6879266943817197E-2	8.5322725184554846E-2	0.10214657848606677	0.10662699631909693	0.20124853115527469	1.8447417800320076	1.7965849174640118	1.9863594270899143	6.5479539008550756	6.4336014679663434	6.2638063915032101	0.58465895093483455	1.7019214583417246	6.9527505387679245	0.21397803990546549	0.59780898081934242	1.6373741996270219	2.7926810015770402	6.0494257572900825	0.31272160854442632	0.7884313978087919	1.9395606438101898	3.2045323479435504	6.8587684677054375	0.19122531561326023	0.55003739636734228	1.5582796796730201	2.6866752798053404	5.8412809900300484	0.28197941871089882	0.73266303861620063	1.8559378810924478	3.0884864497062336	6.6260208522638875	0.17323954218664644	0.51098530599420156	1.4931863317740328	2.5978562224264605	5.6691003526088055	0.25769927286786082	0.68751014845847191	1.7856328143670734	2.9915685100885967	6.4344158521406678	0.19122531561326023	0.20394561574187184	-10	-10	2.6866752798053404	-10	-10	-10	-10	5.8412809900300484	-10	-10	0.17323954218664644	0.18898228756055407	0.17150362368168187	-10	8.9667504639192264E-2	9.5867182928007028E-2	9.4276922689681103E-2	9.1432205757329674E-2	-10	1.7856328143670734	1.786694486301879	-10	6.4344158521406678	6.4331989212009884	-10	0.59780898081934242	1.6373741315057821	6.8587673689460047	' 	0	9	0	9	Nu (Low Fin)	0.21574952144593418	0.58465895093483455	1.701921264187185	2.8260255751977437	5.8389540984166075	0.29617344524618078	0.78846843079230167	2.0953181900111177	3.4037503415658796	6.9527461431155304	0.19594656969128871	0.53243194820952089	1.6035137165690858	2.6761406594254509	5.6753460713689066	0.27394369607790381	0.73067412807642063	1.9564778634662003	3.2479223438123968	6.7668342562196173	0.18420464325555488	0.49106455089129852	1.4873657621491572	2.5597207022594461	5.5142779454348734	0.25179461887281157	0.66510798909909963	1.8447417800320076	3.1241653043379998	6.5479539008550756	0.19594656969128871	0.19407354722524517	0.18803778145661731	0.28777391587926876	2.6761406594254509	2.4036551243140192	2.504064956153	2.5151564728144797	2.5568528335776377	5.6753460713689066	5.1913841686043876	5.1600915475186255	0.18420464325555488	0.17600867996487388	0.18289391823203929	0.3350114733066491	9.6879266943817197E-2	8.5322725184554846E-2	0.10214657848606677	0.10662699631909693	0.20124853115527469	1.8447417800320076	1.7965849174640118	1.9863594270899143	6.5479539008550756	6.4336014679663434	6.2638063915032101	0.58465895093483455	1.7019214583417246	6.9527505387679245	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	-10	0.19986713248763457	0.18049203227213337	-10	2.6582139914279512	2.6570717712982201	2.5797245570835692	2.5797096934882235	-10	5.7291467807462189	5.5681050458187755	-10	-10	-10	0.17053726026379221	-10	-10	-10	-10	9.4080570352361795E-2	-10	-10	1.7578841761191697	-10	-10	6.2296775263766575	-10	-10	-10	Nu (Numeric Results)

Nu (Curve Fitted)

Edwards, Chaddock (Al.)	2	3	5	8	10	20	30	40	50	80	100	300	500	800	1000	3000	5000	10000	40000	0.32206929249989308	0.40553593795788512	0.45242263634558788	0.63553474613619465	0.77530433746858562	0.89264622375138314	0.99542283187283742	1.247609837560306	1.3837601593531734	2.1768948062765232	2.6068663898821867	3.0417814798979212	3.2638081037743008	4.5443482887183801	5.2731731328655984	6.4368662870311626	9.5550482584873606	Edwards, Chaddock (Cu.)	2	3	5	8	10	20	30	40	50	80	100	300	500	800	1000	3000	5000	10000	40000	0.30322352866284341	0.39278179921616058	0.44412975430695195	0.6503118155061518	0.81073276436149433	0.94357150104721232	1.0564074950860467	1.3162009511884001	1.447567163816432	2.1505908960153612	2.5140973802030837	2.8775375821398614	3.0619044500480457	4.1117411435425932	4.6994371954089873	5.6243502408123245	8.0359279578078571	Tsubouchi, Masuda	2	3	5	8	10	20	30	40	50	80	100	300	500	800	1000	3000	5000	10000	40000	9.3642121602697095E-2	0.1316871177794102	0.19937915056514371	0.28654690304862335	0.3372829988015339	0.53268440043959386	0.67045816632400324	0.77690503329617677	0.86384152454472019	1.0582395923954759	1.1556382941317553	1.6861817225347404	1.967431120597916	2.2508671556699049	2.394963518917121	3.2137930275495452	3.6693714859219511	4.3821461321685682	6.2222540860042059	Jones, Nwizu	2	3	5	8	10	20	30	40	50	80	100	300	500	800	1000	3000	5000	10000	40000	0.20765015242007731	0.27221502435182776	0.34921724504973378	0.39305920216022838	0.56748611318774578	0.7025647976047189	0.81504505210125833	0.91139606766564152	1.1363980071397788	1.2517548037825892	1.8829986564332719	2.2162351546310237	2.5527970873762342	2.7246216831162231	3.714176324589157	Senapati et al.	2	3	5	8	10	20	30	40	50	80	100	300	500	800	1000	3000	5000	10000	40000	80000	100000	400000	800000	1000000	4000000	8000000	10000000	30000000	50000000	70000000	90000000	100000000	200000000	300000000	7.2746461206895915E-2	0.20553105044885633	0.33997747268653306	0.40829035597437668	0.64081929443056695	0.79253350755582197	0.90794485192928065	1.0022153019036821	1.2153859807496277	1.3240239544583281	1.938992167126798	2.2772489323388609	2.6229596536405739	2.7998271464655602	3.8092131378126877	4.3699737508036529	5.2434105223062275	7.4790452724291532	8.9094251541280247	9.4242365402196064	Present	2	3	5	8	10	20	30	40	50	80	100	300	500	800	1000	3000	5000	10000	0.10135702479065181	0.14367547629228053	0.21812324131723199	0.31210475847131675	0.3663944371691979	0.57748326760368973	0.73061248988994176	0.85176644065830365	0.95244022091540703	1.1822530564319302	1.2992965388794604	1.9473892482925186	2.2927673520050402	2.6401277657588738	2.81634561521515	3.8135257750880047	4.3662818992000751	5.2297308609831896	
1	1	1	1	1	1	1	1	1	0.2	0.4	0.60000000000000064	0.8	2	4	6	8	10	Ras
Nu


d→0
1000	10000	100000	1000000	10000000	100000000	2.7155417314681872E-2	2.2889984547790402E-2	1.8605850009811787E-2	1.4302931702912441E-2	9.9811472697415547E-3	5.6404139918529933E-3	Ras

Err

ξ=0.3
Nu(Tsubouchi)	1000	10000	100000	1000000	10000000	100000000	2.9065536742525957	5.1686645530963675	9.1913297521692989	16.344752449160829	29.065536742525822	51.68664553096373	Nu(Senapati)	1000	10000	100000	1000000	10000000	100000000	0.6405541966678957	1.4274334868673348	3.1809429553806439	7.0885250895939835	15.796318466135638	35.201071299004305	Nu	1000	10000	100000	1000000	10000000	100000000	3.0698591853633377	5.483002637820416	9.793060890116168	17.491153649279727	31.240534437142866	55.797977165359931	Ras

Nu


ξ=0.5
Nu(Tsubouchi)	1000	10000	100000	1000000	10000000	100000000	2.5105331263913402	4.4644293668823485	7.9390028206999954	14.117765252291719	25.105331263913289	44.644293668823494	Nu senapati	1000	10000	100000	1000000	10000000	100000000	0.58637581176878273	1.306700469627464	2.9118972560858509	6.4889741965254455	14.460258182245369	32.223747600839111	Nu	1000	10000	100000	1000000	10000000	100000000	2.9611703836690597	5.2888761484906714	9.4463361744873247	16.871876863082235	30.134458865843328	53.822441836580012	Ras

Nu


ξ=0.7
Nu(Tsubouchi)	1000	10000	100000	1000000	10000000	100000000	2.1096925862249645	3.7516228875956203	6.6714337352420765	11.863673246820024	21.096925862249655	37.516228875956195	Nu(Senapati)	1000	10000	100000	1000000	10000000	100000000	0.55321748377871249	1.2328092860433553	2.7472355453658492	6.122036252617991	13.64256077044106	30.401561946907027	Nu	1000	10000	100000	1000000	10000000	100000000	2.8692652724428687	5.1247266103994562	9.1531525800598121	16.348228602837587	29.199183135313888	52.151968050019249	Ras

Nu


Eq. (9)	1	10	30	50	100	200	300	500	700	1000	1500	2000	3000	4000	5000	7000	10000	14000	20000	5.3050978577094766E-2	0.4591514942728504	0.93142436644633053	1.1967371518580365	1.5917561914816749	2.0279199272694552	2.305580470586019	2.6842369809260402	2.9541882373824242	3.2608962970345652	3.6386360570377012	3.9276410452369492	4.3680799565423305	4.7064465996802634	4.9850390748555418	5.43396474700707	5.9510277200107824	6.4814086503974373	7.0931809915888451	Eq. (28)	1	10	30	50	100	200	300	500	700	1000	1500	2000	3000	4000	5000	7000	10000	14000	20000	7.9240088105726872E-2	0.48521162251712224	0.90884019714190001	1.1545355125613941	1.5303915442260201	1.9540259923941237	2.2260790674663529	2.5984121424754698	2.8642974366355922	3.166582614671257	3.5390095140642504	3.8240039514499342	4.2584008445694455	4.5921871465961255	4.8670546204431755	5.3100775301182255	5.8205111532568754	6.3442951606088975	6.9487240313100473	Ra, Ras
Nu
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