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Abstract
The use of annular fins in air-cooled heat exchangers is a well-known solution, commonly used in air-conditioning and heat-recovery systems, for enhancing the air-side heat transfer. Although associated with additional material and manufacturing costs, custom-designed finned-tube heat exchangers can be cost-effective. In this article, the shape of the annular fins in a multi-row air heat exchanger is optimised in order to enhance performance without incurring a manufacturing cost penalty. The air-side heat transfer, pressure drop and entropy generation in a regular, four-row heat exchanger are predicted using a steady-state turbulent CFD model and validated against experimental data. The validated simulation tool is then used to perform model-based optimisation of the fin shapes. The originality of the proposed approach lies in optimising the shape of each fin row individually, resulting in a non-homogenous custom bundle of tubes. Evidence of this local-optimisation potential is first provided by a short preliminary study, followed by four distinct optimisation studies (with four distinct objective functions), aimed at addressing the major problems faced by designers. Response-surface methods – namely, NLPQL for single-objective and MOGA for multi-objective optimisations – are used to determine the optimum configuration for each optimisation strategy. It is shown that elliptical annular-shaped fins minimise the pressure drop and entropy generation, while circular-shaped fins at the entrance region (i.e., first row) can be employed to maximise heat transfer. The results also show that, for the scenario in which the total heat transfer rate is maximised and the pressure drop minimised, the pressure drop is reduced by up to 31%, the fin weight is reduced up to 23 %, with as little as a 14 % decrease in the total air-side heat transfer, relative to the case in which all the fins across the tube bundle are circular. Moreover, in all optimised cases, the entropy generation rate is also reduced, which shows a thermodynamic improvement in tube bundle performance.
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Introduction
Space heating and industrial processes are two of the main engineering applications of air heat exchangers. These heat exchangers do not suffer the severe corrosion and leakage problems that are more common with liquid heat exchangers. In addition, these heaters are getting popular due to their cost-effectiveness and easy maintenance, and are often used in novel engineering applications based on renewable energy sources, such as solar air heaters [1-5] and zero energy buildings [6, 7]. However, the main drawback of air heat exchangers is their low thermal performance due to the low air-side heat transfer coefficient (i.e., between the absorber and the air flow). A popular suggested solution for these heat exchangers is using extended surfaces or fins in the system [8, 9].
Circular annular fins, one of the most common types of fins, are widely used in many industrial and engineering applications [10-12] from ventilation to heat-recovery systems. Therefore, many experimental or numerical studies have investigated the effect of key geometrical parameters on the heat transfer and pressure drop performance of different finned-tube heat exchanger designs [13-19]. Using extended surfaces boosts the air-side heat transfer. However, their implementation is associated with additional design, material, and manufacturing costs, and the careful optimisation of the fin characteristics is key of helping constrain these costs. For this reason, several studies on fin optimisation are found in the literature with the common goal of reducing the fin volume, thickness and, consequently, weight [20-22].
In fin-optimisation – i.e., weight-reduction – problems, the optimisation parameters may be divided into two main categories, namely, thickness and shape. Fin thickness optimisation itself can be performed with two distinct methods, namely: (i) the continuous-, and (ii) the stepwise-thickness variation methods. The continuous-thickness variation approach aims at obtaining the optimum continuous surface profile of fins. For example, Dhar and Arora [23] used this approach to optimise the fin profile and reduce the fin weight for a fixed required heat dissipation. In the second approach, the fin profile exhibits stepwise-thickness variations; in other words, the fin is built up from a number of individual strips of constant thickness. Kundu and Das [24] used the method of Lagrange multipliers to optimise annular circular fins with a step-change in thickness. Deka and Datta [25] used multi-objective genetic algorithm (MOGA) to optimise the thickness of annular fin tube bundle with one step change. In general, manufacturing a stepwise variable thickness is easier and also less expensive than continuous variable thickness. However, one should note that when one employs variable thickness fins, whether these are stepwise or continuous, a manufacturing cost penalty is paid.
A simple and practical approach for fin optimisation without additional manufacturing cost penalty is to change the annular fin shape. Annular elliptical fins are a good candidate for replacing circular fins. Elliptical-shape fins cause considerably less pressure drop and increase the heat transfer flux in comparison to circular fins [26]. Kundu and Das [27] proposed an approximating method to calculate the annular elliptical fin efficiency, using a series of Bessel functions. Based on a large set of numerical simulations, Nemati and Samivand [28] proposed a correlation to predict the efficiency of all three major types of fins, rectangular, circular and elliptical fins. Later, they used dimensionless parameters to maximise the heat dissipation rate for an annular elliptical fin with a specified fin volume [29].
Beyond the optimisation parameters, the heat transfer boundary conditions affect the accuracy of the optimisation results. In some optimisation studies, a predefined linear, polynomial or exponential temperature distribution over the fin length has been assumed. For example, Duffin and McLain [30, 31] optimised straight fins assuming a linear temperature distribution along the fin length. Arauzo et al. [32] used a ten-term power series to simulate the temperature distribution in an annular fin with hyperbolic profiles. Dhar and Arora [23] assumed exponential temperature distributions over the fin length. Recently, some researchers assumed a constant heat-transfer coefficient across the tube bundle as the heat transfer boundary condition [24, 25, 27, 29].
However, the heat transfer rate does not only change from a tube row to another but also locally over a fin. Therefore, it is not recommended to consider a constant heat transfer coefficient across the tube bundle in optimisation problems, as it results in similar fin geometries for all rows throughout the heat exchanger, which can lead to sub-optimal solutions.
The present study is concerned with the local shape optimisation of multi-row annular finned-tube heat exchangers and focuses on a case study of a four-row heat exchanger design. Unlike in previous researches in this field, the shape optimisation performed in this study involves the consideration of each row independently, without implying constant heat transfer coefficients across the tube bundle. This results in a non-homogeneous bundle, where each row of fins has its own shape, which may be different from that of other rows across the heat exchanger. To present a comprehensive optimisation study and address the most important questions that designers may face in designing such heat exchangers, we investigate four optimisation cases:
1) maximising the heat flux;
2) minimising the pressure drop across the fin rows;
3) minimising the pressure drop and maximising the total heat transfer; or,
4) minimising the entropy generation in the proposed heat exchanger.
This paper is organised as follows. The computational fluid-dynamic (CFD) methods are presented in Section 2, which ends with a model validation subsection, where the heat transfer coefficients and pressure drops predicted by the CFD model are compared to high-fidelity experimental data obtained at different flow regimes. The validated CFD model is then used to conduct a short preliminary study, presented in Section 3, aimed at showing the potential of a local shape optimisation (i.e., resulting in a non-homogenous fin shape throughout the bundle). The local optimisation algorithm together with the four optimisation scenarios are described in Section 4. Response-surface methods are then used to determine the optimal fin-shape repartitions across the bundle corresponding to the four optimisation scenarios mentioned above. These results are presented and discussed in Section 5, and the key conclusions of the present investigation are drawn in the final section (Section 6).
 CFD Methods
Problem description
Fig. 1 shows a picture of a typical circular annular finned tube, made of a central tube surrounded by thin circular annular fins. In an air-cooled heat exchanger, several finned-tube rows are placed near to each other, thus creating a tube bundle through which air flows to cool down the working fluid circulating within the tubes. This work aims at enhancing and locally optimising the fin shape of a baseline tube-bundle configuration (shown in Fig. 2), made of 1-inch (25.4-mm) diameter tubes with 2¼-inch (57.15-mm) diameter fins, placed in a four-row staggered arrangement with a vertical pitch of 2.5 inches (63.5 mm). On a single finned-tube, the 1/64-inch (~0.4-mm) thick fins are evenly spaced, with a fin density of 9 FPI (which denotes fin per inch of tube length), see Fig. 1. This finned-tube geometry is widely used in industrial air-cooled heat exchangers [33, 34]. 
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Fig. 1: General view of a circular annular finned tube (Recoloured) [35].
Computational domain and boundary conditions
A schematic side view of the baseline geometry is shown in Fig. 2a, where the computational domain used to simulate the flow and heat transfer in the finned-tube bundle is highlighted as the area between two dashed-line symmetry surfaces. Due to flow-pattern and geometrical symmetries, this part is a representative unit area. The resolution of the set of governing equations on this area only, using symmetry boundary conditions, allows simulating the flow in the whole bundle while reducing significantly the computational cost and time. The surfaces passing through the middle of fin thickness and fin spacing (see Fig. 2b) are also selected as symmetry surfaces.
In order to avoid inlet and exhaust effects on both heat transfer and pressure drop, the computational domain is extended upstream (by 75 mm) and downstream (by 245 mm) of the tube bundle, as shown in Fig. 2. The turbulent airflow inlet boundary condition imposes uniform and constant velocity (3.5 m/s based on recommendations of Refs. [36, 37]) and temperature (300 K) upstream of the tube bundle, with a 2 % turbulent intensity [26, 38]. All the other thermo-physical properties are considered constant and evaluated at the mean temperature of the domain.
Both tubes and fins are made of aluminum, assuming a constant thermal conductivity. A 400‑K uniform and constant Dirichlet condition is imposed on the inner-tube boundaries. Heat is transferred through the fin material by pure conduction and is dissipated towards the flowing air by convection, while radiation is neglected.
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Fig. 2: Schematic layout of the basic geometry in this study: a) side view, b) top view with a zoom-in image of two consecutive fins and computational domain (dimensions are in mm).
Governing equations and CFD settings
For the incompressible, turbulent air flow in steady-state conditions, the governing equations, i.e., continuity, momentum- and energy-conservation equations, are defined below using index notations, where  and  indices refer to the three spatial dimensions: 
The continuity equation is expressed as: 
	
	(1)


the momentum-conservation equation reads: 
	
	(2)


and the energy-conservation equation is defined in the fluid domain as:
	
	(3)


where  is the total specific energy. The terms  and are the effective dynamic viscosity and thermal conductivity, respectively, defined as functions of the turbulent viscosity, , and the turbulent thermal conductivity, , both of which are zero in laminar flows.
Finally, the energy-conservation equation in the fin solid domain is written as:
	
	(4)


The contribution of turbulence is simulated using a transition SST (shear stress transport) model [39]:
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 is the strain rate magnitude and  is constant. Eqs. (5) and (6) involve two additional variables that are the turbulent kinetic energy, , and the specific turbulence dissipation rate, , from which one can evaluate the value of the turbulent viscosity, , as:
	
	(7)


and  and  are blending functions in SST mode which limit the eddy viscosity in the boundary layer region. Eqs. (8) and (9) are used to determine the damping function, , and the parameter , which shows the local stability of the flow in the near-wall region:
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In Eq. (8) and Eq. (9)  and  are production terms and  and  are destruction terms which are determined by:
	

	(10)


and,
	

	(11)


 is responsible for controlling the length of the transition zone and is an empirical function correlation, and  is the vorticity magnitude. , , and  are constants. The transition onset is also controlled by the . Interested readers can refer to Ref. [40] for more detailed discussions about this method. The capability of this method to simulate both laminar and turbulent regimes has been approved previously [41, 42]. 
For the basic geometry shown in Fig. 2, the region in the fin spacing is discretized with structured elements, while unstructured elements were employed for the other areas. A grid dependence study was performed (involving >106 nodes), to ensure that results were independent of grid density (Table 1). Moreover, grids were adapted to keep, , defined in Eq. (12), at a value below 3:
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where  is the wall shear stress and  the distance from the first grid node in the fluid domain to the nearest wall surface. Fig. 3 shows a zoom-in section of the generated grid.
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Fig. 3. A zoom-in section of the generated grid.
	Table 1: Grid independence study results.

	Number of nodes 
	Average pressure drop (Pa)
	Average outlet temperature (K)
	Maximum Relative Error

	1.04E+06
	85.21
	373.5
	---

	8.84E+05
	85.03
	373.5
	0.21%

	3.84E+05
	84.85
	371.9
	0.42%

	1.17E+05
	82.86
	372.3
	2.76%



The steady-state turbulent fluid flow in the domain was solved using the Fluent solver module, ANSYS 19.1. A SIMPLE (semi-implicit method for pressure-linked equations) scheme was selected for solving the pressure-velocity coupling, while a second-order method was selected to discretize pressure and energy equations. The momentum conservation equation was finally discretized using a second-order upwind method. Other equations (Eqs. (8) and (9)) were also discretized by first-order methods. Maximum acceptable residuals for velocities and continuity equations were set to 10-5 and to 10-6 for the energy conservation equation. The residuals were set to 10-4 for the other equations. Moreover, mass-weighted averages of the pressure drop, as well as outlet temperature, were monitored in every iteration, to ensure the simulation convergence. Eventually, the global heat transfer coefficient and pressure drop were calculated as the main outputs of the simulation.
CFD model validation
Two dimensionless parameters, the Nusselt and Euler numbers, are computed to validate the computational methods used to simulate the turbulent flow in the tube bundle. The numerical results are verified against experimental correlations from Ref. [43], for both  and :
	
	(13)

	
	(14)


where  and  are the air density and thermal conductivity, respectively, and  is the outer-tube diameter. The method of extracting the overall heat transfer coefficient, , from numerical results is discussed in detail in Ref. [26]. The comparison of numerical simulation and experimental results [43] for both  and  are presented in Fig. 4 and 5, respectively. The figures show a good agreement between the numerical and experimental results. Reynolds number in Fig. 4 and 5 is defined as:
	
	(15)


in which  is the dynamic viscosity.  is the maximum uniform flow velocity inside the bundle [43], defined as:
	
	(16)


In the above equation,  is the inlet velocity,  and  are the tube transverse pitch and fin pitch, respectively.  is the fin thickness. In Fig. (5) and Fig. (6), Err. is defined as:
	
	(17)
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Fig. 4. Comparison of the mean Nusselt number, , obtained from numerical simulation and experimental correlation [43] (Experimental error bar: ±8 %), as a function of the mean Reynolds number in the tube bundle.
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Fig. 5. Comparison of the mean Euler number, , obtained from numerical simulation and experimental correlation [43] (Experimental error bar: -16 %, +20 %), as a function of the mean Reynolds number in the tube bundle.
Preliminary Study: Potential of Local Optimisation 
Before running the optimisation, a preliminary study is conducted to investigate the proposed idea in this study, i.e., the possibility of independent fin optimisation in each row. In this investigation, the effects of the individual row on the thermo-fluidic behavior of the unit are studied to justify the necessity of running independent shape optimisation for each row. 
[bookmark: _Hlk20989436]As the initial step of the preliminary study, at first, it is investigated why elliptical fin shape is justifiable from an engineering perspective. To answer that, the effects of a circular finned tube bundle on the thermal performance of the unit is investigated. The flow temperature contour of a circular finned tube bundle is shown in Fig. 6. As displayed, the contribution of fin area in heat transfer across the unit is not uniform (Please see the non-uniform circumferential temperature distribution in fins across the unit). A high-temperature zone (dark orange region in Fig. 6) is formed at the back of the fins (the side which locates in a further distance from the inlet) and this high-temperature zone grows from the outermost left fin (the first fin which is the closest one to inlet) to the outermost right one/the 4th one (please see Fig. 6-b and 6-c). In addition, as displayed in Fig. 6-d, there is a dead zone behind the circular fin due to flow separation over the fin edge. The flow circulation behind the fin prevents the flow in this zone to be mixed with the adjacent zone. Therefore, a considerable temperature rise is observed behind the fin, which means that less heat transfer takes place. Interested readers can refer to Refs. [26, 38] for more detailed discussions about flow patterns around annular fins. Owing to these facts, it is expected that the fin area can be partly reduced without any considerable impact on the overall heat transfer. The necessity of this reduction gets clearer if one knows that for a 1-m finned tube with 2.11-mm tube thickness, the weight of a 1-m bare tube is 458 g, while the weight of the fin itself is 790 g. 
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	Fig. 6. Flow temperature contour of the circular fin at the symmetry plane passing through the fins: a) over the entire tube bundle; b) focused on the 1st fin in full display, c) focused on the 4th fin in full display, d) focused on the airflow temperature distribution downstream of the 2nd fin.



The second step of this preliminary study is a comparison of the thermo-fluidic behaviors of the unit for 5 different cases. The results of these comparisons are shown in Fig. 7 and 8, respectively for the velocity and temperature fields. The first configuration presents the baseline case, i.e., where all the fins across the tube bundle are circular. In the next four configurations, all fins are elliptical, except those located at a specific row. The location of the circular fins in the tube bundle is varied from the first to the fourth and last row, to observe its impact on both the overall drag and heat transfer. In these studies, the geometry of the elliptical fins is based on that of the circular fins, with a minor diameter of 46.75 mm (instead of 57.15 mm in the circular shape) on the vertical axis. The annotations of 1st to 4th rows respectively refer to the outermost left and counts on to the outermost right fin. 
As observed in Fig. 7, when the 4th fin row is circular, the circulation zone generated behind the fin is much longer, in comparison with the others. On the other hand, regardless of the tube row location, the average (i.e., bulk) velocity in front of a circular fin is higher than in front of an elliptical one due to passage blockage, which consequently causes more pressure drop on that row. In addition, although the flow passing the circular fin gets warmer in comparison with elliptical fins due to more heat transfer area, the average fin temperature in the elliptical fin is higher.
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Fig. 7. Comparison of the velocity fields in different geometries
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Fig. 8. Comparison of the temperature contours in different geometries.
[bookmark: _Hlk20988365][bookmark: _Hlk19121404][bookmark: _Hlk20988386]The summary of all the above evidence shows that fins must approach the elliptical shape to reduce the pressure drop. Furthermore, as shown in Fig. 8, the first row exhibits the highest heat transfer rate, because the first row is directly in contact with the fresh unheated air, unlike the rows downstream. Thus, a circular first-row fin – which is the shape with the highest heat transfer area – is preferred to achieve high heat transfer rate. These results justify the proposed local optimisation study presented in the next section.
To further investigate the impact of varying locally a single-fin diameter, a parametric study was performed, whereby a single row minor-axis diameter is varied, while all remaining fins are circular. Fig. 9 shows the influence of this local variation on the mean heat flux and overall pressure drop. First, it is observed that varying the fin diameter of different rows does not have a similar impact on the overall performance of the bundle heat exchanger. In particular, the overall heat flux appears to depend strongly on the fin diameter of the second row, while the shapes of the other rows have less significant impact. These discrepancies support the approach chosen in this study that is to perform a local fin-shape optimisation.
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Fig. 9. Variations of heat flux and pressure drop with respect to each vertical fin diameter.

Optimisation Methods
Optimisation scenarios
The set of decision variables used in the following optimisation studies is made of the four vertical diameters of each individual fin row, referred to as the minor diameters (vertical diameters)  to . Inequality constraints are added on each of these geometrical dimensions that are allowed to vary in a range contained between 36.0 mm and 57.15 mm (please see Fig. 10). Other geometrical parameters (including the horizontal and vertical tube pitches, the horizontal major axis diameter, the bare tube outer diameter, and the entrance and exit lengths of the computational domains) are defined constant throughout the optimisation process and defined according to the dimensions presented in Fig. 1. 
Four practical optimisation scenarios (i.e., objective functions) are defined below to present a comprehensive optimisation study and fulfill various designers’ needs:
Case 1) Design the lighter heat exchanger by minimising the fin area and maximising heat transfer rate in the heat exchanger or simply by maximizing the heat transfer rate per unit area (heat flux).
Case 2) Design an exchanger (e.g., air cooler) with minimum fan power consumption by minimising the pressure drop across the fin rows of the exchanger.
Case 3) Design an exchanger with reasonable fan power consumption and efficient overall heat transfer by minimising the pressure drop and maximising the total heat transfer rate in the heat exchanger.
Case 4) Design an exchanger based on minimum entropy generation, to justify the fan power used to compensate the airside pressure drop for heat removing.
In essence, the optimisation formulation finds the best local configuration of vertical fin diameters to satisfy the objectives determined for each case.
 (
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Fig. 10: Constraint imposed on each finned tube row. 
[bookmark: Validations][bookmark: Results_and_discussions][bookmark: CFD_settings][bookmark: Optimization_method_(algorithm_and_model]Optimisation methods
In the general form, multi-objective optimisation can be presented as [44]:
	Minimise/ maximise:

Subject to:



	(18)


[bookmark: bookmark2][bookmark: 4._Optimisation][bookmark: 4.1._Multi-objective_optimisation][bookmark: 4.2._Design_variables_and_objective_func][bookmark: 4.3._Optimisation_procedure][bookmark: bookmark0][bookmark: bookmark1]In which  is the optimisation objective function and  is the total number of functions to be optimised.  is a solution vector of  decision variables i.e. . The constraint functions of this problem are  and , where  and  are the numbers of inequality and equality constraints, respectively. The last set represents the variable bounds within the speciﬁed lower limit  and . The goal of multi-objective optimisation is to obtain a set of solutions that are not dominated by other solutions [44]. A solution  is to dominate solution  if the two following conditions are verified [44]:
· The solution  is no worse than  in all objectives;
· The solution  is strictly better than  in at least one objective.
These non-dominated solutions are often called Pareto optimal solutions. It is not possible to determine which one of the non-dominated solutions is better than the other. However, the solutions in the non-dominated set are better than those in the remaining design space [44].
For the optimisation studies, ANSYS DX (DesignXplorer) was used. This optimisation tool is a response-surface based module. To construct the response surfaces, at first, the design of experiments (DOE) was performed to generate design points. In this study, 27 auto-defined central composite designs were specified for 4 defined decision variables, i.e., the vertical fin diameters of each row. The thermo-fluid problem was solved for each of those sampling design points and the values of the four objective functions (as defined in section 4.1) extracted. The kriging method [45] was employed to generate the response surface for the output parameters. This method is a meta-modeling algorithm with an improved response quality, which fits higher-order variations of the output parameters. The determination of the optimum location of those surfaces was performed by using either the MOGA (multi-objective genetic algorithm) approach or a screening followed by the NLPQL (nonlinear programming by quadratic Lagrangian) method. The former (MOGA) was used for multi-objective optimisation cases (case 3 in section 4.1), while the latter (screening approach followed by the NLPQL method) was used for the single-objective optimisation cases (case 1, 2 and 4 in section 4.1). For more information on the design point generations, response-surface constructions, and the optimisation approaches, please refer also to the literature [46-50].
Selecting the best solution among the points on Pareto front is not simple and straightforward. For multi-objective optimisation, the sample set on each Pareto surface is sorted by a decision support process to extract the best candidates. In this study, the decision-making technique available in Ansys software was used. This method is a goal-based, weighted, aggregation-based design ranking technique [51], which was used to find the best candidate point. In this method, the design candidates are ranked based on the single weighted objective function. This weighted objective function is specified by the user, based on the importance of the performance parameters and decision variables. In this study, all the design parameters and decision variables were assumed to have equal importance. Therefore, default values were used [51].

Optimisation Results
To generalise the results of the study, the scaled form of input variables as well as goal parameters are implemented. The introduced parameters are normalised by dividing them by their corresponding values in the circular case, which are reported in Table 2. In this table, the subscript “c” refers to the baseline circular case.

	Table 2: The scaled form of variables.

	Symbol
	Description

	
	Scaled fin vertical diameter of ith row

	
	Scaled heat flux

	
	Scaled total heat transfer

	
	Scaled total entropy generation

	
	Scaled approach temperature

	
	Scaled pressure drop

	
	Scaled fin weight


The scaled approach temperature definition is also presented in Table 2. This factor presents the closeness of the airside outlet temperature to its maximum value, i.e., the tube wall temperature. The limit of this factor to one and zero leads to no heat transfer case and maximum possible heat transfer, respectively.
Case 1: Maximising heat flux
Minimising the fin area is the key to designing cost-effective heat exchangers, as extended surface areas are associated with material and manufacturing costs. However, this minimisation should not penalise the thermal performance of the unit. A single-objective optimisation problem is thus solved in this section, whereby the overall average heat flux (defined as the overall heat transfer rate per unit of total heat transfer area) is maximised. 
[bookmark: _Hlk24056088]It’s noteworthy that since this optimization study is a single objective optimization problem, therefore, the optimization solution reaches on single utopian solution. The suggested optimum point for this optimisation is tabulated in Table 3. Based on the results, to maximise the total heat transfer rate and minimise the fin area, the 1st row must be kept circular, while other rows should be changed to a horizontal ellipse with minimum vertical diameter. Indeed,  by comparison of optimum case with the base case (all fins circular), one concludes that fin weight can be reduced 35% for a 22% penalty on total heat transfer rate. Such a trend can be attributed to the fact that the optimum point keeps the geometry of the first row circular, as the dominant geometrical parameter in heat transfer (as shown in preliminary studies), to maximise heat transfer rate and changes the shapes of the 2nd to 4th row to minimum possible ellipse, significantly reducing the material cost of the unit (see Fig. 11). 
The suggested changes in the fin geometry can be interpreted as follow: Since the first row is faced with the unheated fresh air and has the most local temperature difference among the other rows (as shown in Fig. 8, therefore, it is reasonable to keep the heat transfer area of this row as large as possible. This means that the circular shape of fin in the first row should be kept intact. For the other rows, the fin sides of each row are located in the heated stream of a previous row and consequently, the local temperature difference is relatively small. Therefore, there is no reason to keep these areas large anymore and the shapes of fins in those rows are changed to an oval shape. These shape changes increase the passage area between consecutive fins where the fluid will be less affected by the fin presence and consequently make the fin frontal areas of these rows be in contact with the colder stream (see Fig. 11). This secondary effect boosts the heat flux at those rows.  
	Table 3: Geometry optimisation for heat flux.

	Name
	
	
	
	
	
	
	
	
	
	

	Optimum point
	1.00
	0.63
	0.63
	0.63
	1.15
	0.78
	0.89
	0.43
	0.64
	0.65
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	Original geometry (base case)
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	1st suggested candidate for maximum heat transfer rate per unit area

	
	


Fig. 11. Visual comparison of the base case with the optimum candidate (1st suggested candidate) of the 1st case of optimisation scenarios.

Minimising the pressure drop
The overall pressure drop shall be compensated by fan work and consequently, electricity consumption. Although such parameters are not a serious concern for the designers, in particular for large-scale applications, power consumption can still be a restricting parameter in the design of a heat exchanger unit. For this reason, a local fin-shape optimisation was performed to minimise the pressure drop at a constant air mass flow rate. The result of this optimisation study is listed in Table 4. In addition, the geometry of the optimum candidate along with the base case was displayed in Fig. 12. By comparison of the optimum case with the base case (all fins circular), one concludes that fin weight can be reduced 46% with 50% favorable reduction in pressure drop. As explained previously, and also approved in a previous study by the authors [26], since the maximum velocity in a finned-tube bundle with elliptical fins is less than that in a similar bundle with circular fins, the pressure drop is proportionally smaller. Therefore, it makes sense that all fin rows tend to an elliptical shape with the lowest vertical diameter (lower bound of the optimisation). This result of the optimisation process, confirms the reliability of the conducted optimisation process, which, without any external interference, predicted rational results for the problem. 
	Table 4: Geometry optimisation for pressure drop.

	Name
	
	
	
	
	
	
	 
	
	
	

	Optimum point
	0.63
	0.63
	0.63
	0.63
	1.11
	0.63
	0.78
	0.54
	0.50
	0.54
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	Base geometry
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	Suggested candidate for minimising the pressure drop

	
	

	Fig. 12. Visual comparison of the base case with the optimum candidate (2nd suggested candidate) of the 2nd case of optimisation scenarios.


Minimising the pressure drop and maximising the total heat transfer
One of the most popular optimisation scenarios is defined based on minimising the pressure drop and maximising the total heat transfer rate in the unit. This study is usually designed to minimise the fan power of the system, while the thermal performance of the unit is maximised. Fig. 13 shows the utopian points on the Pareto front. In this Figure, the horizontal axis is the scaled heat transfer rate and the vertical axis is the scaled fin weight. The point with coordinates [1,1] (not shown in the figure) represents a bundle where all fins are circular. The candidate point is also presented by a star in this Figure. Based on Fig. 13, the pressure drop can be reduced to 0.50 of its original value by the penalty of a 36 % reduction in total heat exchange rate ( = 0.64).

Fig. 13. Pareto front and Candidate point for Case 3.
The candidate point for this optimisation study is tabulated in Table 5. As listed in the table, the 1st row is almost circular, while the other rows are elliptical. However, the trend shape configuration in this table almost starts from the most elliptical fin in the 2nd row to the more circular shape in the last row. Besides, the geometry of this candidate is graphically compared with the base case in Fig. 14. In this case, the total heat transfer, drops by about 14 % in comparison with the baseline case, while the overall pressure drop is reduced by more than 30 % and the material weight by 23 %. Since the optimisation aims at maximizing the total heat transfer rate, it seems reasonable that the first-row shape is kept almost circular. For further discussions, please consult Section 5-1. However, as the pressure drop across an elliptical fin is less than a circular fin [26], elliptical shape is preferred for all other rows (all rows but the first one). 






	Table 5: Geometry optimisation for total heat transfer rate and pressure drop.

	Name
	
	
	
	
	
	
	
	
	
	

	Candidate Point
	0.987
	0.640
	0.721
	0.920
	1.09
	0.86
	0.94
	0.37
	0.69
	0.77
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	1st suggested candidate for maximising heat transfer and minimising the pressure drop

	Fig. 14. Visual comparison of the base case with the optimum candidate (1st suggested candidate) of the 3rd case of optimisation scenarios.


Minimising the entropy generation
In the previous part, the overall heat transfer and pressure drop have been considered with the same priority in the multi-objective optimisation problem. In this study, entropy is chosen as an index of equivalency of heat transfer and pressure drop. Assuming air as an ideal gas with constant properties, the entropy generation rate can be expressed as:
	
	(19)


where  is defined as:
	
	(20)


Under this condition, the optimised geometry is listed in Table 6. As listed in the table, the entropy generation rate is minimised if the diameter ratio (minor diameter to major diameter) of all rows is minimised and generates about 22 % less entropy in comparison with the base case. Such geometry is graphically displayed in Fig. 12. The exact similarity observed between the results presented in Table 6 and those presented in Table 4 (i.e., with the pressure drop minimisation scenario) means that the entropy generation in air-side flow through the tube bundle is mainly due to the pressure losses.


	Table 6: Geometry optimisation for entropy generation.

	Name
	
	
	
	
	
	
	 
	
	
	

	Optimum point
	0.63
	0.63
	0.63
	0.63
	1.11
	0.63
	0.78
	0.54
	0.50
	0.54



Conclusions
Extended surfaces are applied in heat exchangers used in many industries, including in the heating, ventilation and air-conditioning industry. Using optimised fin shapes is a promising solution for improving thermal performance while minimising additional costs. In this study, a four-row finned-tube heat exchanger is optimised by varying locally the shape of the annular fins, thus resulting in non-uniform tube bundles, although the overall approach is directly applicable to any multi-row heat exchanger design. For each individual fin row, the outer-tube elliptical shape is allowed to vary from a 57.15-mm diameter circular shape (referred to as the baseline shape) to an elongated elliptical shape (where the vertical minor diameter is reduced down to 36 mm, which represents 63 % of the major diameter).
The four vertical diameters applied to each single fin row form the set of decision variables used in the optimisation problem. Four distinct objective functions, corresponding to four practical design strategies and various designers’ needs, are used to determine the local fin-shape repartitions throughout the bundle that: (i) maximise the heat flux, (ii) minimise the overall pressure drop, (iii) minimise the pressure drop while maximising the total heat transfer rate, or (iv) minimise the entropy generation.
The first optimisation scenario resulted in a significant decrease of the total fin weight, by 35 % relative to the baseline case in which all the fin surfaces across the tube bundle were circular, while the total heat transfer rate to the flowing air was reduced by only 22 %. The corresponding tube-bundle configuration was a limiting case, where the fins of the flow-entrance row were perfectly circular, while the remaining fins were elongated elliptical fins with the minimum minor diameter (i.e., 36 mm). From the results, it appeared that the turbulence created by the first circular-shaped fins upstream in the heat exchanger favoured the overall heat transfer, while the lightened elliptical fins help reduce the total weight.
The configurations obtained when minimising the overall pressure drop or entropy generation (i.e., corresponding to the second and fourth scenarios) are similar, meaning that the contribution of the pressure losses through the tube bundle to the overall exergy destruction are predominant. As expected, a uniform bundle formed of elliptical-shaped fins with minimum vertical diameters minimises the overall pressure drop, generating 22 % less entropy and reducing the pressure losses by 50 %. However, with this arrangement, the overall heat transfer was reduced by 37 %.
Finally, the results provided by the third optimisation scenario, which aims at reducing the overall pressure drop while maximising the total heat transfer rate, are particularly interesting. The total heat transfer rate, drops by only 14 % in comparison with the baseline case, while the overall pressure drop is reduced by more than 30 % and the material weight by 23 %. The fin arrangement designed to achieve such a performance is not straightforward, with the entrance and exiting rows made of nearly-circular fins, while inner-bundle rows are made of elliptical-shaped fins. The non-homogeneity of this configuration, together with encouraging results, confirms that the local fin-shape optimisation approach proposed in this work is a promising technique to further increase the performance of finned-tube exchangers while limiting (or reducing) their overall cost. Further investigations, notably with larger numbers of rows, can be used to provide systematic design rules for advanced tube-bundle configurations.

Nomenclature
	
	SST model constant

	
	Air specific heat capacity (J.kg-1.K-1)

	
	Constants in the intermittency transport equation

	
	Diameter (m)

	
	Scaled diameter

	e
	Total specific energy (J.kg-1)

	
	Destruction terms in SST model

	
	Euler number

	, , 
	Blending functions in SST mode

	
	Empirical correlation to control the length of the transition region

	
	Air-side heat transfer coefficient (W.m-2.K-1)

	
	Thermal conductivity (W.m-1.K-1)

	
	Air mass flow rate (kg.s-1)

	
	Nusselt number

	
	Pressure (Pa)

	
	Pressure drop (Pa)

	
	Scaled pressure drop.

	, 
	Production terms in SST model

	
	Average heat flux (W.m-2)

	
	Scaled average heat flux

	
	Total air-side heat transfer (W)

	
	Scaled total heat transfer rate

	
	Specific gas constant (J.kg-1.K-1)

	
	Strain rate magnitude (s-1)

	
	Entropy change rate (W.K-1)

	
	Fin pitch (m)

	
	[bookmark: _GoBack]Entropy generation rate (W.K-1)

	
	Tube transverse pitch (m)

	
	Reynolds Number

	
	Scaled entropy generation

	
	Temperature (K)

	
	Velocity (m.s-1)

	
	Weight (kg)

	
	Scaled weight

	
	Spatial coordinates (m)

	
	First-to-second cell distance off the wall (m)

	
	Dimensionless wall distance

	
	

	Greek characters
	

	
	SST model constant

	
	SST model constants

	
	Damping function

	
	Fin thickness (m)

	
	Scaled approach temperature

	
	Turbulent kinetic energy (m2.s-2)

	µ
	Air dynamic viscosity (Pa.s)

	
	Intermittency adjunct function

	ρ
	Air density (kg.m-3)

	
	Prandtl-number-like diffusion parameters

	
	Shear stress (Pa)

	
	Specific turbulence dissipation rate (s-1)

	
	

	Subscripts
	

	1, 2, 3, 4
	Fin-row index

	c
	Circular

	eff
	Effective

	f
	Fin

	g
	Generation

	i,j
	Spatial dimensions indices

	in
	Inlet

	max
	Maximum

	ot
	Outer tube

	out
	Outlet

	t
	Turbulent

	w
	Wall
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