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Abstract 

In this study, a novel type of air-cooled heat sink is proposed, which consists of several layers 
of mini-channels. In this design, the hydraulic diameter is smaller than in conventional types 
of heat sinks, such as plate-fin heat sinks, and consequently, the achievable heat transfer rates 
are higher. To predict the cooling performance of this heat sink, an innovative analytical 
method is proposed, results from which are complemented by an extensive number of 
numerical simulations of the simultaneously developing flows, thermally and 
hydrodynamically, inside a rectangular channel of the heat sink. The results of the analytical 
method are compared against two- and three-dimensional simulations and good agreement is 
found, while from the simulations, correlations are proposed for the Nusselt number in these 
flows. Finally, the performance of the proposed heat sink is compared to a plate-fin heat sink. 
This comparison reveals that entropy generation in the latter is around 27% higher than in the 
former, and suggests a promising advantage of the proposed heat sink design. 
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Nomenclature 

A Area [m2] 

𝐴𝐴c channels cross-section area [m2] 

𝑐𝑐𝑃𝑃 Constant pressure specific heat capacity [J/kg.K] 

𝐷𝐷h Channel hydraulic diameter [m] 

𝑓𝑓 Friction factor 

ℎ Heat transfer coefficient [W/m2.K] 

𝑘𝑘f Air thermal conductivity [W/m.K] 

𝑘𝑘s Heat sink thermal conductivity [W/m.K] 

𝐿𝐿 Channel length [m] 

𝐿𝐿f Heat sink length [m] 

𝑚𝑚. Air mass flow rate [kg/s]  
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𝑁𝑁 Number of rows 

𝑁𝑁𝑁𝑁 Nusselt number 

𝑁𝑁𝑁𝑁���� Average Nusselt number 

P Pressure [Pa] 

𝒫𝒫 Channel wetted perimeter [m] 

𝑃𝑃𝑃𝑃 = 𝜇𝜇𝑐𝑐𝑃𝑃
𝑘𝑘f

  Prandtl number 

𝑞𝑞 Total heat flux [W] 

𝑞𝑞” Heat flux per unit area [W/m2] 

𝑅𝑅 Air gas constant [J/kg.K] 

𝑅𝑅𝑅𝑅 = 𝜌𝜌𝑈𝑈in𝑊𝑊
𝜇𝜇

  Reynolds number 

𝑠𝑠 Specific entropy [J/kg.K] 

𝑇𝑇 Temperature [K] 

𝑡𝑡 Thickness [m] 

𝑈𝑈 Total heat transfer coefficient  [W/K] 

𝑈𝑈� Air average velocity [m/s] 

𝑈𝑈in Inlet air velocity [m/s] 

𝑉𝑉�⃗  Velocity vector [m/s] 

𝑉𝑉z Velocity component along channel length [m/s] 

𝑊𝑊 Channel width [m] 

x, y, z Cartesian coordinate system 
  

Greek letters  

Δ𝑃𝑃 Pressure drop [Pa] 

Δ𝑠𝑠 Entropy change [J/kg.K] 

𝜃𝜃 = 𝑇𝑇 − 𝑇𝑇∞ Temperature difference [K] 

𝜇𝜇 Viscosity [Pa.s] 

𝜌𝜌 Air density [kg/m3] 
  

Subscripts  

amb Ambient 

b Base 

eff Effective 

eq Equivalent 

I Primary fin 
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II Secondary fin 

in Inlet 
m Mean 
out Outlet 

w Wall 

∞ Based on the inlet temperature 

 
1. Introduction 

Temperature control in precision electronic devices is one of the major challenges for the 
further advancement of this technology, and this challenge is being exacerbated by the rapid 
development of microelectronics. Plate-fin heat sinks are one of the most commonly used 
heat sink types in the electronics industry for keeping the temperature below a critical limit. 
Despite their simplicity and benefits, their performance is not high enough to cover all 
requirements. Several attempts have been made to increase the performance of plate-fin heat 
sinks by utilizing various methods such as entropy generation minimization [1] or constructal 
law [2]. Despite these efforts, higher cooling rates are still demanded in recent technological 
developments. This demand may be met using two-phase flow [3-5] or microchannel liquid-
cooling heat sinks that can increase the heat transfer rate close to 800 W/m2. However, this 
heat transfer rate can only be accessible at the expense of a considerable pressure drop of 
around 200 kPa. Such high pressure drop penalty in the microchannel was reported by many 
researchers [6-9] using mini-channels with a characteristic length of 0.2 to 3 mm is more 
beneficial. 

Gao et al. [10] conducted experimental studies on demineralised water in microchannels 
and proved that two-dimensional channels with a height greater than 0.4 mm can be treated 
by the usual thermal and hydraulic rules. Reynaud et al. [11] reported that measured heat 
transfer and friction coefficients for water flow in mini-channels match with the 
conventional correlations. Nemati et al. [12] optimised the mini-channel by the combination 
of MOGA (Multi-Objective Genetic Algorithm) and LINMAP (Linear Programming 
Technique for Multidimensional Analysis of Preference) methods and proposed to disturb 
slightly the cross-section of the second-half of the channel length which decreases overall 
thermal resistance by 87% with only 10% increases in pumping power. Al-Rashed et al. 
[13] studied the effects of using a biologically synthesized water-silver nano-fluid on 
hydrothermal performance and irreversibility in a wavy microchannel heat sink. They 
showed increasing the nano additives fraction increases the convective heat transfer 
coefficient and consequently reduces the CPU surface temperature. They also showed that 
in the wavy channel increasing the wave amplitude reduces the rate of entropy generation 
by about 69 % but increasing the wavelength increases the entropy generation rate by about 
44% which is an adverse effect. 

In all the aforementioned investigations and many other studies, only one array of channels 
with water as coolant was investigated. The high thermal capacity of water and its availability 
besides its low price have made it an interesting coolant choice. However, several technical 
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and practical issues including the piping requirement, leakage problems, sedimentation, and 
so on, promote using air as cooling media in studies. Air is a non-corrosive fluid that is 
always available for free. Used air can be delivered to the ambient with the least precautions 
and activities. In case of possible leakage, it will cause very few problems. 

On the other hand, the implementation of multi-layer heat sinks has not been extensively 
studied. Wei and Joshi [14] reported that in the water-cooled double-layer microchannel heat 
sink, for materials with relatively low thermal conductivities relative to other metallic materials, 
such as steel, adding more layers of microchannels increases the overall thermal resistance. Lei 
et al. [15] proposed two layers as the optimum number of layers for water-cooled square 
channel heat sinks. Salimpour and Al-Sammarraie [16] reported that using more than two 
layers in a water-cooled heat sink is far less effective and hence is not recommended. Bayer et 
al. [17] studied double-layered wavy microchannel heatsinks enhanced by porous ribs. They 
used artificial neural networks trained by CFD results to find the effects of waviness on 
pressure drop and Nusselt number for Reynold number range between 100 and 800. They 
observed that using a straight channel at the bottom and a wavy channel at the top results in a 
better thermal efficiency factor. 

So, most studies have focused on double-layer heat sinks with water-based coolant medium 
[18-21]. Against a water-based heat sink in which two layers of mini channels were sufficient, 
in an air-cooled heat sink, the story is different. As will be shown, an air-cooled multi-layer 
mini-channel heat sink (MLMC heat sink) has its own superiorities (Fig. 1). 

 
Fig. 1: Multi-layer mini-channel heat sink constructed by authors. 

To better understand the benefits of MLMC heat sink, it is required to have a reliable 
method to predict its thermal performance. To the best authors’ knowledge, there is no 
straightforward method for the thermal performance prediction of the MLMC heat sink. In 
this study, an innovative analytical method based on straight fin efficiency is implemented. 
As shown, this method, despite its simplicity, is reliable, even for low thermal conductivity 
materials such as stainless steel or even materials with lower thermal conductivity. 
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The method, itself, requires knowing the heat transfer of a simultaneously developing flow in a 
rectangular duct in which, both the velocity and temperature profiles develop in the entrance 
region. In many industrial applications, it may be reasonable to ignore the entrance region; 
however, in the case of a heat sink due to its length, it is almost impossible to ignore the 
entrance region impact. Indeed, heat sink significantly relies on the high heat transfer 
coefficient in the entrance region. Unfortunately, little attention has been paid to simultaneously 
hydrodynamically and thermally developing flow even between paralleled plates [22]. Very 
limited numerical studies can be found in the literature regarding hydrodynamically developed 
and thermally developing fluid flows [23-26], and far less literature can be found for 
simultaneous developing flow. Therefore, in this study, a thorough numerical investigation was 
performed to simulate and correlate simultaneous developing flow in a rectangular duct. 

The structure of this study is as follows: Initially, developing flow for a wide range of Re 
numbers and channel widths is studied to find proper correlations for both thermal and 
hydrodynamical developing flow to predict the Nu inside the channel (discussed in Section 
2). As in a heat sink, both developing and developed flow may be observed at the same time, 
these correlations should predict Nu for both types correctly. Section 3 is devoted to 
developing an analytical method for modelling MLMC heat sink, which is followed by a 
complementary section for validation of the proposed method (Section 4). Throughout the 
validation process, the model prediction results are compared against two-dimensional (2-D) 
and three-dimensional (3-D) numerical simulations of MLMC heat sink. The superiority of 
an MLMC heat sink is discussed in Section 5 by comparing the entropy generation of an 
equivalent plate-fin heat sink with MLMC heat sink. Results are summarized in Section 6 and 
supplementary material is presented in Appendix I. 

 

2. Hydrodynamically and thermally developing flow in a rectangular duct 

For a multilayer heat sink, depends on dimensionless parameters (i.e., 𝑅𝑅𝑅𝑅, 𝑃𝑃𝑃𝑃, and 𝐿𝐿 𝑊𝑊⁄ ), it is 
very common to find developing, and developed flow in each individual channel (shown in 
Fig. 2). The theories of developed flow in rectangular ducts are well established. Even 
theories of hydrodynamically developed-thermally developing flow have reached a fairly 
mature level [24-26]. However, simultaneous hydrodynamically and thermally developing 
flow even between parallel plates is still at the research level [22]. In most industrial 
applications such as industrial heat exchangers with a relatively long tube, it is reasonable to 
neglect the entrance length in comparison with the total length; however, in a heat sink, the 
𝐿𝐿 𝑊𝑊⁄  is not large enough to neglect the entrance length. Moreover, it is more beneficial to 
utilize the developing flow to optimize heat sink design, since the heat transfer in this region 
is considerably high [27]. It is noteworthy that for this confined flow, even at early stages 
where the thickness of the boundary layer is much smaller than the channel width, it is not 
possible to approximate the heat transfer over each individual wall of the channel with 
unconfined heat transfer over flat plates. Even the developing flow for the simplest confined 
case (e.g., a parallel plate) differs from the flow over a flat plate. Indeed, in a confined 
internal flow, d𝑃𝑃 d𝑧𝑧⁄  (pressure gradient along the channel axis, see Fig. 2) is the main driver 
of flow which cannot be ignored, while over a flat plate, d𝑃𝑃 d𝑧𝑧⁄ = 0. So, unlike a flat plate, 
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𝜕𝜕2𝑉𝑉𝑧𝑧
𝜕𝜕𝑧𝑧2

 at the edge of the boundary layer is not equal to zero [28]. Furthermore, since the flow is 

confined, the axial velocity (𝑉𝑉𝑧𝑧)  out of the boundary layer is not constant and 𝜕𝜕𝑉𝑉𝑧𝑧
𝜕𝜕𝑧𝑧

≠ 0 . 
Therefore, the velocity profile in a rectangular channel even at its entrance is basically 
different from a flat plate. For a constant properties laminar flow, the steady-state three-
dimensional governing equations and related boundary conditions in a mini-channel with 
width W and length L, are given below. 

-Continuity equation: 

∇.𝑉𝑉�⃗ = 0  (1) 

-Momentum-conservation equation:  

𝜌𝜌�𝑉𝑉�⃗ .∇𝑉𝑉�⃗ � = −∇𝑃𝑃 + 𝜇𝜇�∇.∇𝑉𝑉�⃗ �
  

(2) 

-Energy-conservation equation: 

𝜌𝜌𝑐𝑐𝑃𝑃�𝑉𝑉�⃗ .∇𝑇𝑇� = 𝑘𝑘f𝛻𝛻2𝑇𝑇
  

(3) 

The boundary conditions are: 

-At the inlet (z = 0): 

𝑉𝑉�⃗ = [0,0,𝑈𝑈in],
 
𝑇𝑇 = 𝑇𝑇in = 𝑇𝑇∞

  
(4) 

- At the outlet (𝑧𝑧 = 𝐿𝐿): 

𝑃𝑃 = 𝑃𝑃out = 0 Pa
  

(5) 

At the peripheral walls, constant wall temperature and no-slip condition (𝑦𝑦 = 𝑊𝑊 2⁄  and 𝑥𝑥 =
0): 

𝑇𝑇 = 𝑇𝑇w, 𝑉𝑉�⃗ = 0�⃗
 

(6) 

-Symmetry condition (𝑦𝑦 = 0 and 𝑥𝑥 = 𝑊𝑊 2⁄ ): 

The mini-channel and its boundary conditions are shown in Fig. 2. 
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Fig. 2: Mini-channel and boundary conditions. 

 

To solve the above equations numerically a fine, structured grid was prepared. It is vital to 
have fine grids in the vicinity of the walls and inlet, to enhance the accuracy of results. The 
numerical studies were accomplished for the following conditions: W = 2, 5, 10, and 20 mm, 
Re = 40, 100, 400, 500, 1500, and 2100 with the channel length of 100 mm and Pr = 0.73. 
Equations were solved numerically, using Ansys-Fluent 18. Simple algorithm was used for 
pressure-velocity coupling and second-order upwind method for momentum and energy 
discretization. Residuals were set to 10-6 and 10-9 for continuity and energy equations, 
respectively. Grid independence study was performed and 5 × 106  cells were selected for 
further investigation for that, the distance of the first girds to the adjacent walls and the inlet 
was 2×10-6 mm. Fig. 3 shows a sample of grid independence study for 𝑅𝑅𝑅𝑅 = 400. 

 
Fig. 3: Profile of 𝑇𝑇m along channel length for different grid numbers. Note that the results for 
grid numbers beyond 1 million almost fall on top of each other. 
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The convective heat transfer coefficient can be defined in two ways. The first one is ℎ =
𝑞𝑞" (𝑇𝑇w − 𝑇𝑇m)⁄  as it is common for internal flow, where 𝑇𝑇m is defined as: 

𝑇𝑇m = ∫𝑉𝑉z𝑇𝑇.𝑑𝑑𝑑𝑑
∫𝑉𝑉z.𝑑𝑑𝑑𝑑

  
(7) 

However, it is more beneficial to define ℎ∞ = 𝑞𝑞" (𝑇𝑇w − 𝑇𝑇∞)⁄ , where 𝑇𝑇∞ is the intake ambient 
temperature at the inlet of the channel.  As in heat sink applications, the heat flux is high; it is 
rational to expect different 𝑇𝑇m at the outlet of each layer (row) of MLMC. However, it is not 
possible to estimate 𝑇𝑇m for each layer of MLMC using conventional analytical methods and the 
problem shall be solved numerically. Indeed, aside from the first layer for which the heat sink 
bottom temperature value is known (as the boundary condition, for the other layers, the wall 
temperatures, and consequently heat flux values, are unknown. Hence, the heat transfer 
between layers is coupled to each other. Therefore, this 𝑇𝑇m  variation in layers will lead to 
uncertainty in the calculation. Consequently, a novel analytical method is proposed in the 
upcoming sections to estimate heat transfer in an MLMC heat sink based on ℎ∞. Both 𝑁𝑁𝑁𝑁 =
ℎ𝑊𝑊
𝑘𝑘f

 and 𝑁𝑁𝑁𝑁∞ = ℎ∞𝑊𝑊
𝑘𝑘f

 are discussed in this article. 

It is known that the main variable in developing flow is 𝑍𝑍∗ [29]: 

𝑍𝑍∗ = 𝑧𝑧 𝑊𝑊⁄
𝑅𝑅𝑅𝑅.𝑃𝑃𝑃𝑃

  
(8) 

For all cases, in every 1 mm along the channel length, 𝑇𝑇m is calculated and 𝑁𝑁𝑁𝑁 versus 𝑍𝑍∗ are 
extracted. Later, in each 𝑍𝑍∗ the calculated 𝑁𝑁𝑁𝑁s are averaged which results are presented in Fig. 4. 

 
Fig. 4: Variation of 𝑁𝑁𝑁𝑁 against 𝑍𝑍∗ (𝑃𝑃𝑃𝑃 = 0.73). 

As shown in Fig. 4, for 𝑍𝑍∗ > 0.1, 𝑁𝑁𝑁𝑁∞ approches 2.98 which is in agreement with the 
literature results [30]. Fig. 5 shows the variation of temperature patterns for different 𝑍𝑍∗. Four 
different equally spaced sections along a duct are chosen and temperature contours are 
plotted for each section as demonstrated in Fig. 5. Heat diffuses gradually from the walls to 
the core of the flow. Since air velocity is very small near corners, a hot zone can be observed 
in duct corners. So, it is expected that local heat transfer varies considerably from the corner 
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to the midplane of the duct (See Fig. 7). The black solid curved line in each quarter of the 
figure shows the isothermal line of 𝑇𝑇 = 320 K. Furthermore, the shape and location of the 
isothermal line varies along the duct which is attributed to the development of the thermal 
boundary layer. 

  

Fig. 5: Variation of temperature contours for different 𝑍𝑍∗ (𝑃𝑃𝑃𝑃 = 0.73). 

Finally, after several tries, the following correlation is proposed (RMSE=4.6): 

𝑁𝑁𝑁𝑁(𝑍𝑍∗) = 0.178 𝑍𝑍∗−0.5868exp(−59.2 𝑍𝑍∗) + 2.98 

10−5 < 𝑍𝑍∗ < 0.7 
(9) 

the average 𝑁𝑁𝑁𝑁 is: 

𝑁𝑁𝑁𝑁����(𝑍𝑍∗) =
1 
𝑍𝑍∗
� 𝑁𝑁𝑁𝑁. 𝑑𝑑Z∗
𝑍𝑍∗

0
 (10) 

and can be estimated by the following correlation: 

𝑁𝑁𝑁𝑁����(𝑍𝑍∗) = �7.86 +
0.501
𝑍𝑍∗

�
0.529

 (11) 

The variation of the average 𝑁𝑁𝑁𝑁 against 𝑍𝑍∗ is shown in Fig. 6. 

𝑍𝑍∗ = 0.044 𝑍𝑍∗ = 0.033 

𝑍𝑍∗ = 0.022 𝑍𝑍∗ = 0.011 
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Fig. 6: Variation of 𝑁𝑁𝑁𝑁���� against 𝑍𝑍∗ (𝑃𝑃𝑃𝑃 = 0.73). 

To find 𝑁𝑁𝑁𝑁∞, the value of ℎ∞was estimated on every node along the wall. The variation of 
ℎ∞ along the wall for the first 0.1 m of the channel is shown in Fig. 7. It can be seen from 
this figure that ℎ∞ varies from nearly zero at the corners of the duct to a maximum value of 
around 25 W/m2K at the centre. It is noteworthy that the aforementioned approach leads to 
thousands of data that have to be averaged to calculate ℎ∞. 

 
Fig. 7: Variation of ℎ∞ and the zoom-in view of the graph (𝑅𝑅𝑅𝑅 = 1500,𝑊𝑊 = 5 mm). 

The variation of 𝑁𝑁𝑁𝑁∞ against 𝑍𝑍∗  is depicted in Fig. 8. As it is expected, 𝑁𝑁𝑁𝑁∞ approaches 
infinity at small values of 𝑍𝑍∗ . Since at large values of 𝑍𝑍∗  fluid-solid wall temperature 
difference approaches zero, it is expected that 𝑁𝑁𝑁𝑁∞ also approaches zero. 

We now present a correlation to predict 𝑁𝑁𝑁𝑁∞. Since both developing and developed flows can 
be observed simultaneously in an MLMC heat sink, the correlation must cover both zones. 
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Fig. 8: Variation of 𝑁𝑁𝑁𝑁∞ against 𝑍𝑍∗ (𝑃𝑃𝑃𝑃 = 0.73). 

For a developing flow, by scale analysis, it is known that 𝑁𝑁𝑁𝑁∞ is [29]: 

lim
𝑍𝑍∗→0

𝑁𝑁𝑁𝑁∞ ∝ 𝑍𝑍∗−𝑛𝑛 (12) 

where for circular duct, n is something around 0.5. Furthermore, for fully developed flow in a 
rectangular cross-section, as discussed in Appendix I, 𝑁𝑁𝑁𝑁∞ is: 

lim
Z∗→∞

𝑁𝑁𝑁𝑁∞ ∝ exp (−11.9𝑍𝑍∗) (13) 

Considering the discussed limiting cases and with trial and error, the following correlation is 
introduced: 

𝑁𝑁𝑁𝑁∞(𝑍𝑍∗) = �1.21 + 0.158 Z∗−0.6�exp(−11.3 𝑍𝑍∗) 

10−5 < 𝑍𝑍∗ 
(14) 

for which RMSE is 0.25. In the extreme boundaries, Eq. (14) follows the asymptotic values 
presented in Eq. (12) and Eq. (13). However, the power of 𝑍𝑍∗ is -0.6 instead of -0.5.  

In the same way, the average 𝑁𝑁𝑁𝑁∞ is proposed as: 

𝑁𝑁𝑁𝑁����∞(𝑍𝑍∗) = �0.4 exp(−3.2 𝑍𝑍∗) +
0.566
𝑍𝑍∗0.251�

2.52

 

10−5 < 𝑍𝑍∗ 

(15) 

in which: 

𝑁𝑁𝑁𝑁����∞(𝑍𝑍∗) =
1 
𝑍𝑍∗
� 𝑁𝑁𝑁𝑁∞.𝑑𝑑𝑍𝑍∗
𝑍𝑍∗

0
 (16) 

The variation of the average 𝑁𝑁𝑁𝑁����∞ with 𝑍𝑍∗ is shown in Fig. 9, which shows a comparison of 
predicted values (from Eq. (15)) against numerical results from the present model. 
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Fig. 9: Variation of 𝑁𝑁𝑁𝑁∞ against 𝑍𝑍∗ (𝑃𝑃𝑃𝑃 = 0.73). 

To validate the proposed approach, the same procedure was considered for a duct with a 
circular cross-section and compared against literature results including Churchill and Ozoe's 
correlation [31] for simultaneous developing flow inside a circular duct (Eq. (17)) and the 
available data [32-34] tabulated in Ref. [35]. 

𝑁𝑁𝑁𝑁circular(𝑍𝑍∗) =
0.637[(4 π⁄ )𝑍𝑍∗]−1 2⁄

[1 + (𝑃𝑃𝑃𝑃 0.0468⁄ )2 3⁄ ] 1 4⁄  (17) 

 

 
Fig. 10: Variation of 𝑁𝑁𝑁𝑁circular against 𝑍𝑍∗ (𝑃𝑃𝑃𝑃 = 0.73) for circular duct. 

 

3. Analytical approximation of MLMC heat sink performance 

Figure 11 shows a sketch of a typical MLMC heat sink which is composed of several layers 
of mini-channels. In this figure, 𝑡𝑡v and 𝑡𝑡h are vertical wall and horizontal wall thickness, 
respectively and commonly limited by construction constraints. 

0.1

1

10

100

1000

1E-05 0.0001 0.001 0.01 0.1 1

N
u ∞

Z*

Numerical Results

Predicted Values

0

10

20

30

40

50

60

70

1.E-05 1.E-04 1.E-03 1.E-02 1.E-01

N
u c

irc
ul

ar

Z*

Current study
Churchill and Ozoe
Hornbeck
Manohar
Hwang



 

13 

     

Fig. 11: 3-D sketch and front view of a typical MLMC heat sink including contributing 
geometrical parameters. 

For small values of wall thickness, the wall may be torn out during cutting or drilling. The 
thickness of the heat sink bottom plate and top plate are indicated by 𝑡𝑡𝑏𝑏 and 𝑡𝑡𝑡𝑡, respectively. 
Those thicknesses may be greater or equal to 𝑡𝑡ℎ. In the following section, an MLMC will be 
analysed based on straight fin theory. 

3.1 Straight fin theory 

Figure 12 shows a schematic view of a straight fin subjected to convection heat transfer with 
ambient temperature, 𝑇𝑇∞ and average convection coefficient of ℎ�. The fin base is at the 
temperature 𝑇𝑇b or temperature difference 𝜃𝜃b = 𝑇𝑇b − 𝑇𝑇∞. 

 

 
Fig. 12: A schematic view of a straight fin. 

For a straight fin shown in Fig. 12, the total heat flows to the base of the fin (𝑞𝑞b) is [36]: 

𝑞𝑞b = �ℎ�𝑃𝑃𝑘𝑘s𝐴𝐴𝜃𝜃b tanh(𝑚𝑚𝐿𝐿) (18) 

where ℎ� is the average heat transfer coefficient, 𝐴𝐴 is the fin cross-section area, 𝑘𝑘s is the solid 
thermal conductivity, 𝑃𝑃 is the perimeter of the fin and 𝐿𝐿 is the fin length. 
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𝑚𝑚 = �ℎ�𝑃𝑃/𝑘𝑘s𝐴𝐴  (19) 

An equivalent convective coefficient can be introduced in a way that: 

𝑞𝑞b = ℎeq𝐴𝐴𝜃𝜃b (20) 

So: 

ℎeq = �ℎ
�𝑃𝑃𝑘𝑘s
𝐴𝐴

tanh��ℎ�𝑃𝑃/𝑘𝑘s𝐴𝐴 𝐿𝐿� (21) 

This equivalent convection coefficient is the base of this study. 

3.2 Sub-areas in an MLMC 

To establish a 2-D analytical method, due to its symmetrical structure, only one-half of the 
channels in MLMC are considered for the study. The separated areas are shown in Fig. 13. 
Based on this figure, the area is divided into four sub-areas. The main part is considered a 
straight fin and is called the “Primary Fin” (coloured blue in Fig. 13). All parameters related to 
this area will be indicated by subscript “I”. The branching areas are also considered as straight 
fins named “Secondary Fin” (coloured red in Fig. 13) and will be specified by subscript “II”. 
The remaining areas are the “Base Area” (coloured brown in Fig. 13) and an insulated zone, i.e., 
“Top Area” (coloured yellow in Fig. 13). In the following, each sub-area is considered in detail. 



 

15 

 
Fig. 13: Separated areas of heat sink for study. 

3.3 Secondary fin 

Figure 14 shows a schematic view of “Secondary Fin”. The base of the fin is at the 
temperature 𝑇𝑇II and 𝜃𝜃II = 𝑇𝑇II − 𝑇𝑇∞ . 𝑇𝑇∞ is the ambient temperature. It is noteworthy that 𝜃𝜃II is 
different for each row and will be calculated later. 

 
Fig. 14: Secondary Fin schematic. 

In the same way, for the secondary fin, the equivalent convective coefficient is: 

ℎeq = �2ℎ�𝑘𝑘s
𝑡𝑡v

tanh��2ℎ�/𝑘𝑘s𝑡𝑡v �������
𝑚𝑚II

𝐿𝐿h
2

 � (22) 
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The heat dissipation from the Primary Fin is partly convective and partly conductive. 
However, by introducing the equivalent convective coefficient, it can be assumed that 
convection is the only mode of heat transfer over the Primary Fin. In the next part, the 
temperature variation along the Primary Fin and consequently 𝜃𝜃s will be calculated. 

3.4 Primary fin and top area 

The longitudinal wall can be considered again as a straight fin subjected to channel convective 
heat transfer (ℎ�) and equivalent convective heat transfer (ℎeq), intermittently (Fig. 15).  

 
Fig. 15: Simplified version of the Primary Fin. 

To simplify the problem, assuming a uniform heat transfer coefficient (called effective heat 
transfer coefficient) which is the area-weighted average of those two heat transfer coefficients: 

ℎeff =
𝑁𝑁. 𝐿𝐿v.ℎ� + (𝑁𝑁 − 0.5). 𝑡𝑡v.ℎeq

𝑁𝑁. 𝐿𝐿v + (𝑁𝑁 − 0.5). 𝑡𝑡v�������������
𝐿𝐿eff

 (23) 
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The extra length over 𝑡𝑡v 2⁄  does not participate significantly in heat transfer. Therefore, this 
zone is assumed insulated and with zero temperature gradient. The total amount of heat that 
flows into the “Primary Fin” and dissipated into the air is 𝑞𝑞1 at the temperature difference of 
𝜃𝜃1 (different from MLMC heat sink base temperature difference 𝜃𝜃s). 

Rewriting Eq. (18) for the Primary Fin: 

𝑞𝑞1 = �2ℎeff𝑘𝑘s𝑡𝑡h tanh(𝑚𝑚I𝐿𝐿eff)�����������������
𝐸𝐸

𝜃𝜃1 (24) 

𝐿𝐿eff is the denominator of Eq. (23) and according to Eq. (19) 𝑚𝑚I is: 

𝑚𝑚I = �2ℎeff/𝑘𝑘s𝑡𝑡h  (25) 

The temperature variation along the “Primary Fin” length is [36]: 

𝜃𝜃I = 𝜃𝜃1 cosh�𝑚𝑚I(𝐿𝐿eff − 𝑦𝑦)� / cosh(𝑚𝑚I𝐿𝐿eff), 0 ≤ 𝑦𝑦 ≤ 𝐿𝐿eff (26) 

where 𝜃𝜃I = 𝑇𝑇I − 𝑇𝑇∞. The remaining parameters, i.e., 𝜃𝜃1 and consequently 𝑞𝑞1 is calculated in 
the next section. 

3.5 Base area 

The “Base Area” is basically different from the horizontal branches (“Secondary Fin”), since 
it is directly subjected to the heat flux 𝑞𝑞". 

 
Fig. 16: Heat transfer scheme in the “Base Area”. 

As shown in Fig. 16, there are two parallel zones in the “Base Area”. One is beneath the 
“Primary Fin” and transfers 𝑞𝑞1 to it and the other is in direct contact with the air and 
dissipates 𝑞𝑞2. So, by considering Eq. (24): 

𝑞𝑞". (𝐿𝐿h + 𝑡𝑡h) = 𝑞𝑞1 + 𝑞𝑞2 = 𝐸𝐸.𝜃𝜃1 + ℎ�. 𝐿𝐿h𝜃𝜃1 → 𝜃𝜃1 =
𝑞𝑞"(𝐿𝐿h + 𝑡𝑡h)
𝐸𝐸 + ℎ�. 𝐿𝐿h

 (27) 

and finally: 
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𝑞𝑞" = 𝑘𝑘s  
(𝜃𝜃s − 𝜃𝜃1)

𝑡𝑡v
→ 𝜃𝜃s = 𝜃𝜃1 +

𝑞𝑞"𝑡𝑡v
𝑘𝑘s

 (28) 

 
4. Validation 

Two steps are considered to validate the results. Firstly, it is assumed that the heat transfer 
coefficient is uniform and constant all over the channel area. A 2-D numerical simulation is 
performed and the results of the described analytical method are validated against this 
numerical solution for both high- and low-conductive heat sink materials. Later, a complete 
3-D model including both fluid and solid zone is simulated to find out the effect of 
simplifications used in the described analytical method. 

4.1 2-D numerical simulations 

The summary of simulated geometry is introduced in Table 1. This geometry was solved 
numerically and the temperature contour for stainless steel (S.S.) material (𝑘𝑘s = 13 W/m.K) 
is shown in Fig. 17.  

Table 1: Geometrical parameters used for the 2-D model. 

𝑡𝑡v = 1.5 [mm] 𝐿𝐿v = 3 [mm] 𝐿𝐿h = 3 [mm] 

𝑡𝑡t = 1.5 [mm] 𝑡𝑡b = 1.5 [mm] 𝑡𝑡h = 1.5 [mm] 

ℎ� = 26.8 [W/m2K] 𝑁𝑁 = 5 [-] 𝑞𝑞" = 8 kW/m2 
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Fig. 17: Temperature contours for the 2-D geometry for 𝑘𝑘s = 13 W/m.K (S.S. material, all 
dimensions are in mm). 

The geometry was also analysed using the presented analytical solution. The intermediate 
results are presented in Table 2 for more clarity for both S.S. as a low thermal conductivity 
material and aluminium (Al.) as a high thermal conductivity material. 

Table 2: Output parameters. 

High conductivity (Al.) 

(𝑘𝑘s = 200 [W/m.K]) 

Low conductivity (S.S.) 

(𝑘𝑘s = 13 [W/m.K]) 
Equation 

ℎeq = 55.5 [W/m2K] ℎeq = 55.4 [W/m2K] Eq. (22) 

𝑚𝑚II = 13.6 𝑚𝑚II = 53.4 Eq. (22) 

𝐿𝐿eff = 21.8 [mm] 𝐿𝐿eff = 21.8 [mm] Eq. (23) 

ℎeff = 36.3 [W/m2K] ℎeff = 35.1 [W/m2K] Eq. (23) 

𝐸𝐸 = 1.52 [W/K] 𝐸𝐸 = 1.03 [W/K] Eq. (24) 

𝑚𝑚I = 15.6 𝑚𝑚I = 61.0 Eq. (25) 

𝜃𝜃1 = 22.4 [K] 𝜃𝜃1 = 32.2 [K] Eq. (27) 

𝜃𝜃s = 22.5 [K] 𝜃𝜃s = 33.2 [K] Eq. (28) 
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Figure 18 shows the variation of temperature along the fin height (Line 1 in Fig. 17) for both 
thermal conductivities (Al. and S.S.) which were calculated based on the proposed analytical 
solution and compared against the numerical results. An excellent agreement can be observed 
for both thermal conductivities which shows the ability of the proposed method in heat 
transfer prediction for a broad range of materials. 

  
a) Al. heat sink b) S.S. heat sink 

Fig. 18: Comparison of temperature variation along heat sink height based on analytical 
method and the 2-D numerical solution. 

4.2 3-D numerical simulations 

The next step is devoted to comparing the 2-D approximation with a 3-D solution under 
real operating condition. In this regard, a 3-D model of the mentioned geometry introduced 
in Table 1, was prepared with the heat sink length of 𝐿𝐿f = 0.05 m. For the air average 
velocity of 2.95 m/s in each channel, Re = 480 and Pr = 0.73. Using Eq. (15) for 𝐿𝐿f =
0.05m, 𝑁𝑁𝑁𝑁����∞ = 3.06  and consequently, ℎ� = 26.8  [W/m2K] which is equal to the value 
introduced in Table 1. Equations were numerically solved via the described method. The 
variation of temperature along the heat sink length can be observed in Fig. 19. As is 
expected, the hottest zone can be observed at the end of the heat sink. 
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Fig. 19: Heat sink temperature contour. 

 

In that regard, in Fig. 20 the analytical solution is compared against the results of the 3-D 
numerical solution, over the line 𝐿𝐿f

2
 which display a very good agreement between results.  

 

Fig. 20: Comparison of temperature variation along 𝐿𝐿f
2

 line calculated by both analytical and 
numerical solutions. 

 

5. Further discussion 

To show the superiority of an MLMC heat sink, this heat sink was compared with an 
equivalent plate-fin heat sink. A plate-fin heat sink as a conventional type of heat sink is 
widely used in electronic applications (e.g., CPU cooling). Figure 21 shows the simulated 
plate heat sink inside an adiabatic duct. 
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Fig. 21: Simulated plate-fin heat sink. 

The schematic front views of both heat sinks (MLMC and straight fin) are presented in 
Fig. 22. The heat sink length is 𝐿𝐿f = 0.01 m and the heat sink base is subjected to a uniform 
heat flux 𝑞𝑞" = 8 kW/m2. The inlet air velocity is 3 m/s and therefore, the air mass flow rate 
was 𝑚𝑚. = 1.14 × 10−4 kg

s
. Both heat sinks are made of aluminium. 

 

Fig. 22: Heat sinks geometrical parameters (all dimensions are in mm). 

Both cases were simulated numerically by the described method. Grid independence study 
was conducted on cases; however, for sake of brevity is not presented here. Temperature 
contours of both fins are presented in Fig. 23. This figure shows clearly that the MLMC heat 
sink operates at a temperature much lower than the plate-fin heat sink. The average base 
temperature of MLMC is 307 K while it is 310 K for the plate-fin heat sink. 

Lf =10 mm 

5.8 mm 

6.2 mm 
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Fig. 23: Comparison of working temperatures of MLMC heat sink (left side) and plate-fin 

heat sink (right side).  

The temperature contours at fin outlets are also compared in Fig. 24. Although the average 
outlet temperature for both heat sinks is the same (because of the constant heat flux 
boundary condition), the temperature contour in MLMC is much more uniform which 
shows that heat is distributed uniformly throughout the heat sink. In contrast, two wide hot 
zone and cold zone can be observed in the temperature contour of the plate-fin heat sink 
which specifies the dead zone in which heat transfer is poor. 

 
Fig. 24: Comparison of outlet temperatures of MLMC heat sink (left side) and plate-fin heat 

sink (right side).  
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However, the pressure drop across the MLMC heat sink is higher than the plate-fin heat sink. The 
pressure drop for the current MLMC and plate-fin heat sinks is 36 Pa and 15 Pa, respectively. 
The pressure drop across the heat sink is normally compensated by a DC fan and usually is 
not a serious matter.  

Performance factor (PF) is an effective index to compare performance of different heat 
transfer equipment. It is defined as the ratio of the total heat transfer coefficient for a 
constant pumping power and temperature difference [37]. 

PF =
𝑈𝑈MLMC 𝑈𝑈pf⁄

�𝑓𝑓MLMC 𝑓𝑓pf⁄ �
1 3⁄  (29) 

The total heat transfer coefficient is defined as: 

𝑈𝑈 =
𝑞𝑞

𝑇𝑇s − 𝑇𝑇f
 (30) 

where 𝑞𝑞 is the total heat flux to the heat sink and 𝑇𝑇s and 𝑇𝑇f are average heat sink base 
temperature and average air temperature. The average fluid temperature is approximated as 
𝑇𝑇f = 𝑇𝑇in+𝑇𝑇out

2
 where 𝑇𝑇in and 𝑇𝑇out are inlet and outlet temperatures, respectively. 

The friction factor is defined as: 

𝑓𝑓 =
Δ𝑃𝑃

1
2𝜌𝜌𝑈𝑈

�2
𝐷𝐷h
𝐿𝐿f

 (31) 

where, Δ𝑃𝑃 is the pressure drop across the heat sink, 𝑈𝑈� is the air average velocity, 𝜌𝜌 = 1.0585 
kg/m3 is the air density and 𝐷𝐷h is the heat sink hydraulic diameter which is defined as four 
times of channel cross-section area (𝐴𝐴c) to the wetted perimeter (𝒫𝒫). Required parameters are 
listed in Table 3 and Table 4. 

Table 3: Input parameters of Eq. (30) and Eq. (33). 

Parameter MLMC 
heat sink 

Plate-fin 
heat sink Explanation 

𝑈𝑈 [W/K] 0.0928 0.058 
𝑞𝑞

𝑇𝑇s − 𝑇𝑇f
 

𝐴𝐴c [m2] 2.5×10-5 3×10-5 
MLMC: No. of channels (25) times the area of each square (0.001×0.001) 

Plate fin: No. of passages (5) times the area of each passage (0.006×0.001) 

𝒫𝒫 [m] 0.1 0.07 
MLMC: No. of channels (25) times the perimeter of each square (0.001×4) 

Plate fin: No. of passages (5) times the area of each passage ((0.006+0.001)×2) 

𝐷𝐷h [m] 1×10-3 1.714×10-3 4𝐴𝐴c 𝒫𝒫⁄  

𝑈𝑈� [m/s] 4.31 3.59 𝑚𝑚. 𝐴𝐴c⁄  

𝑓𝑓 0.367 0.377  
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By plugging in listed input data in Table 3 in Eq. 29, calculated PF will be 1.62. It means 
that for equal pumping power and temperature difference, the heat transfer in the MLMC 
heat sink is considerably higher than the plate-fin heat sink.  

Another method to assess performance of heat exchanger from heat transfer and pressure 
drop perspectives is entropy generation [1, 38-40]. Considering the heat sink as a 
thermodynamic system, the total entropy change across the heat sink is [41]: 

Δ𝑠𝑠 = 𝑐𝑐𝑃𝑃 ln �
𝑇𝑇out
𝑇𝑇in

� − 𝑅𝑅 ln(
1

1 + Δ𝑃𝑃 𝑃𝑃amb⁄ ) (32) 

𝑃𝑃amb is the ambient pressure. Eventually, the specific entropy generation is:  

𝑠𝑠gen = Δ𝑠𝑠 −
𝑞𝑞 𝑚𝑚.⁄
𝑇𝑇s

 (33) 

The input parameters of Eq. (32) and Eq. (33) are summarized in Table 4. 

  Table 4: Input parameters of Eq. (32) and Eq. (33). 

m. 1.14×10-4 [kg/s] 

cP 1.016 [kJ/kg.K] 

R 0.287 [kJ/kg.K] 

𝑞𝑞 0.464 [W] 

𝑇𝑇in 300 [K] 

𝑇𝑇out 304 [K] 

𝑇𝑇f 302 [k] 

𝑃𝑃amb 101 [kPa] 

 

The specific entropy generation for MLMC heat sink was 0.30 J/kg.K and for the plate-fin 
heat sink was 0.38 J/kg.K which is 27% more than MLMC heat sink. This shows the 
superiority of the MLMC heat sink. 

 

6. Conclusion 

In this study, a new type of air-cooled multi-layer multi-channel (MLMC) heat sink was 
proposed. To predict the heat transfer rate in the proposed heat sink, the heat transfer in a 
rectangular channel for simultaneously developing flow was considered. Based on numerical 
simulations, correlations were proposed to cover both developing and developed airflow in the 
duct. An innovative analytical solution was proposed to calculate the base average temperature. 
The method was later compared with the numerical solution of MLMC in both 2-D and 3-D 
geometries. It was shown that the results of the proposed analytical solution are compatible 
with 2-D and 3-D numerical solutions, even for materials with relatively low thermal 
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conductivity. Eventually, the MLMC was compared with a plate-fin heat sink, as a 
conventional type of heat sink widely used to cool electronic devices. For the similar working 
condition, it was found that MLMC heat sink temperature is much lower than the plate-fin heat 
sink. Moreover, entropy generation in the plate-fin heat sink was 27% more than MLMC heat 
sink. Entropy generation is a promising index for showing the superiority of MLMC heat sinks.  
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Appendix I 

It is known that for a fully developed flow: 

𝑁𝑁𝑁𝑁���� =
1

4 𝑍𝑍∗
ln �

𝑇𝑇w − 𝑇𝑇∞
𝑇𝑇w − 𝑇𝑇m

� (I1) 

for a distance far enough from the duct inlet, the effect of the entrance region on 𝑁𝑁𝑁𝑁���� is 
negligible and therefore: 

𝑁𝑁𝑁𝑁 = lim
𝑍𝑍∗→∞

𝑁𝑁𝑁𝑁���� (I2) 

However, for a known 𝑞𝑞": 

𝑞𝑞" = ℎ∞(𝑇𝑇w − 𝑇𝑇∞) = ℎ(𝑇𝑇w − 𝑇𝑇𝑚𝑚) ⇒
ℎ∞
ℎ

=
𝑁𝑁𝑁𝑁∞
𝑁𝑁𝑁𝑁

=
𝑇𝑇w − 𝑇𝑇m
𝑇𝑇w − 𝑇𝑇∞

= exp (−4𝑁𝑁𝑁𝑁 𝑍𝑍∗) 
(I3) 

For a rectangular channel, 𝑁𝑁𝑁𝑁 = 2.976 [30]. So: 

𝑁𝑁𝑁𝑁 = lim
𝑍𝑍∗→∞

exp(−4 × 2.976 𝑍𝑍∗) =  lim
𝑍𝑍∗→∞

exp(−11.904 𝑍𝑍∗) (I4) 
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